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TRANSACTIONS OF THE SOCIETY OF RHEOLOGY IV, 1-2 (1960) 


Preface 


Volume IV of the Transactions of the Society of Rheology (1960) 
comprises the majority of the papers presented at the Thirtieth 
Anniversary Meeting of the Society held at Lehigh University, 
November 4-6, 1959. Abstracts are included of those papers not 
printed in full, with the reference to the complete paper where this is 
available at this time. Two Symposia were arranged for this Meeting, 
and the papers so invited are printed together ahead of the con- 
tributed papers, with an introductory statement by the member 
arranging them. The first symposium on Mechanics of Continua 
was organized by Dr. Herschel Markovitz, and the second on Adhesion 
by Professor R. R. Myers. Mr. J. T. Bergen as Program Chairman 
for the Meeting was, with his Committee, responsible for arranging 
the full, varied, and interesting program. 

At the banquet during the meeting, the Bingham Medal was pre- 
sented to Dr. Egon Orowan, George Westinghouse Professor of Me- 
chanical Engineering at the Massachusetts Institute of Technology. 
Professor C. Richard Soderberg’s introduction of Professor Orowan 
and a photograph immediately follows this Preface. 

In addition to the technical program mentioned above, general 
interest talks to commemorate the Thirtieth Anniversary of the 
Society were presented by founding members of the Society after 
luncheon on each of the three days. The speakers were: Professor 
Markus Reiner, Dr. Melvin Mooney, and Miss R. M. Karapetoff 
Cobb. During the course of the meeting, Professor J. D. Ferry 
presented his impressions of rheological research in Europe following 
a recent extensive visit there. Professor Raymond R. Myers, Chair- 
man of the Local Arrangements Committee, was, with his Com- 
mittee, responsible for a full program of supporting activities which 
ensured the success of the Meeting. 
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2 PREFACE 


The Officers of the Society for 1960 are: 


President Vice-President 
J. H. Elliott J. D. Ferry 
Research Center Department of Chemistry 
Hercules Powder Co. University of Wisconsin 
Wilmington 99, Del. Madison, Wis. 
Secretary-Treasurer Editor 
W. R. Willets E. H. Lee 
Titanium Pigment Corp. Division of Applied Mathematics 
99 Hudson Street Brown University 
New York 13, N. Y. Providence 12, R. I. 


The Executive Committee includes the new officers, last year’s 
President, J. H. Dillon, and also R. 8. Marvin and J. P. Tordella as 
elected members. 

I would like’to take this opportunity to thank the referees and 
authors, and especially Mrs. Ezoura Fonseca, for the diligent and 
expert assistance which made it possible to get the majority of the 
papers to the printer within just over three months of the Meeting. 


E. H. Lee 


Providence, Rhode Island 
April, 1960 
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Presentation of the Bingham Medal to 
Egon Orowan 


C. RICHARD SODERBERG, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


I consider it a great honor to have 
the opportunity of paying tribute to 
the work of Dr. Egon Orowan on this 
occasion. I also recall with pleasure 
my acquaintance with Professor Bing- 
ham during the years preceding the 
formation of this society. 

As I look back upon my own career 
as an engineer, I find that there have 
been great changes in points of view 
with regard to the problem of me- 
chanical strength. It is more than an 
accident that the period also spans a 
decade more than the life of this 
society. In the early years there was 
an almost exclusive attention to the 
framework of the theory of elasticity. I remember being deeply im- 
pressed, as a young man, over a statement made by an engineer whom 
I admired very much, that the question of determining the effects of 
stresses, particularly those leading to failure, was far more important 
and far more involved than the one that usually occupied us in those 
days: the determination of the stresses themselves. 

This now sounds self-evident, but it serves as a reminder of the 
narrow point of view of the engineer of that day. It also serves to 
remind us of the great body of knowledge which has been brought 
together since that time by the group of creative scientists to which 
Dr. Orowan belongs. Even in those days we had competent metal- 
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lurgists, chemists, and physicists in addition to the people preoccupied 
with the field of strength of materials. But the real significance to 
this problem of the structure of matter was vaguely realized by only a 
few. 

This reminder of the situation in the years following World War I is 
more than a quaint recollection of a primitive past; the observation 
unfortunately has much truth even today. Engineering education 
has not yet fully faced up to the needs for knowledge in fields like 
solid state physics. We still train specialists whose backgrounds are 
too narrow to enable them to deal with the real problems—we fill 
the minds of young engineering graduates with facts of obsolete engi- 
neering practices, when we should train them in the basic sciences. 

My own principal field has been that of power. By the end of the 
nineteen twenties it was clear that the future of steam power lay in the 
possibility of utilizing high temperatures and high pressures. This 
gave impetus to the already existing field of high temperature metal- 
lurgy, and gradually we became accustomed to deal with substances 
whose behavior was far from the idealized elastic state. The sig- 
nificance of this field was soon to explode into greater magnitude when, 
in the early years of World War II, the gas turbine emerged as the 
major factor in aircraft propulsion. 

I mention these developments merely because they happen to be 
part of my own preoccupation. There were other parallel fields of 
endeavor, such as the ones which have formed the major scope of 
activity of this society. The behavior of textile fibers, of baker’s 
dough, of muscular fibers, of rubbers, of plasties, of earth and rocks 
are no less important objects of study than that of the metals. 

In our search for knowledge in these new fields, we came to appre- 
ciate the contributions of names of distinguished scientists who were 
revealing the facts of this complicated subject. The list is a long 
one——Ludwik, Nadai, Becker, G. I. Taylor, Jeffries, Bingham, 
Prandtl, v. Karman, and Griffith are only a few of the names. Per- 
haps the most important lesson to the engineer was the realization 
that great minds considered it worth while to give their full attention 
to this class of problems. 

It was in this period that I discovered the name Orowan, so that in 
terms of literature and communication of ideas he is an old acquain- 
tance. It was not until 1948 that I first met him, however, and in 
1950 he joined the staff of M.LT. 
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His influence in this position has been very great, but the real 
impact of his presence among us will not be fully appreciated until 
later. In the meantime he has continued to build edifice after edifice 
in his field, all serving to illuminate some deep question. The list 
of such structures is indeed a long one. I shall only remind you of a 
few, such as: 


Dislocations and dislocation mechanisms of cleavage fracture in 
1934 

Fatigue and strain hardening in 1938 

Theory of transient creep in 1947 

Griffith-Orowan fracture criterion in 1949 

Velocity theory of fracture of steel in 1952 

Theory of deep-focus earthquakes in 1956 

Theory of mountain building in 1957 


Each one of these accomplishments represents the final focusing of 
thoughts extending over many precious years. I thus consider Egon 
Orowan a worthy member of the distinguished group of scientists who 
have received the Bingham Medal. 
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Introduction to the Symposium on Mechanics of 


Continua 


HERSHEL MARKOVITZ, Mellon Institute, Pittsburgh, Pennsylvania 


Although the Society of Rheology and even the word “rheology” 
have been in existence for only a few decades, the study of continuum 
mechanics has been going on for several centuries. Recent theoretical 
work in the mechanics of continua is especially pertinent to the study 
of the more complicated deformation properties with which rheolo- 
gists usually deal. One of the purposes in arranging this symposium 
was to acquaint the members of the Society with this recent theoretical 
work. 

Since the decimal system is commonly used in our culture today it 
has become customary that anniversaries numbered in multiples of ten 
be considered occasions for making historical reviews. We therefore 
asked Professor Truesdell to point out some of th landmarks in the 
history of our subject. Dr. Bernstein and Professor Ericksen present 
some of their recent results on two model systems—the hypoelastic 
material and anisotropic fluids, respectively. Dr. Coleman and Pro- 
fessor Noll in two joint communications describe their attempts to 
find out what light is shed on deformation problems by thermody- 
namics. 


~ 
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Modern Theories of Materials 


C. TRUESDELL, Consultant, Heat Division, National Bureau of 
Standards, Washington, D.C.* 


A main point of departure for rheology is the second paper of 
Maxwell' on the kinetic theory, published in 1867, where a simple 
concept of one-dimensional linear viscoelasticity is introduced. 
While Maxwell left it for later generations to obscure his straight- 
forward notions of continuum mechanics by the intermediary of 
springs and dashpots, his approach to the subject may fairly be said 
to have dominated it until 1945; while he claimed to describe vis- 
cosity “independently of hypothesis,’’ in fact his treatment is entirely 
hypothetical and drastically over-simplified in three regards: 

(1) It embodies only one out of infinitely many equally simple and 
natural types of viscoelastic response. 

(2) Itislinear. 

(3) Itis one dimensional. 

The first failing became apparent soon, and much of the older 
literature of rheology seems to concern itself with trying to reach in a 
finite number of steps the infinitely many possible generalizations. 
In the end, infinitely many relaxation times were mastered with the 
aid of Fourier integrals; though variously expressed in terms of 
different models, in effect an arbitrary function is introduced. While 
an empirical fit to any data can be obtained in this way, and some 
correlation of data from different circumstances is possible, the sec- 
ond and third failings of Maxwell’s analysis are not remedied. Line- 
arization means different things in different circumstances. In the 
theory of viscoelasticity, linearization limits the validity of the re- 
sults to small distortions from a preferred state. While many of the 
materials the theory is intended to describe are liable to flow, the 
premises of the theory are violated if any great amount of flow oc- 


* Mailing address: 801 N. College Avenue, Bloomington, Indiana. 
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curs; in physical terms, while linearized viscoelasticity may be ap- 
proximately valid for the internal friction incident to slight deforma- 
tion, it is plainly of no relevance for the elastic recovery of fluids. 
Worse than this, many solutions obtained within the theory indicate 
that a deformation which is initially small will tend to grow large, 
violating the assumptions under which it was derived. Whether or 
not the whole approach is consistent with the principles of mechanics 
is a question never raised. While the one-dimensional treatments 
presume uniformity of various quantities, it is not at all clear that 
such uniformity is possible under the geometrical conditions holding 
in the apparatus used to get data to be compared with the theoretical 
results. A first test which any theory must pass is that, in all cir- 
cumstances to which it may be applied, it be self-consistent and at 
least not obviously absurd. If rheology is concerned with large de- 
formations, most of the theoretical work in its literature fails to meet 
this simplest of.criteria. 

As the beginning of the second period in rheology I might take 
Merrington’s celebrated photograph, published in 1943, of a fluid 
swelling as it emerges from steady flow in a tube.* Whether or not 
this is a nonlinear phenomenon may not be obvious, but certainly it 
is not a one-dimensional phenomenon. One thing is sure: To con- 
strain the fluid within the cylinder just before it leaves, the walls of 
the tube must be supplying a pressure greater than atmospheric pres- 
sure; in other words, the normal pressure on a plane parallel to the 
direction of flow is greater than the ambient pressure. For incom- 
pressible substances, at least, such a phenomenon is not included in 
the classical concept of a fluid in any of the three-dimensional linear- 
ized viscoelastic theories that grew up around Maxwell’s one-dimen- 
sional proposal and are still studied in some circles today. 

While in order to conform to accepted doctrines in the philosophy 
of science I ought to present Figure 1 as showing the crucial experi- 
ment that started all the theorists trying to explain this exciting 
new phenomenon, it would be a little unfair to do so, since some, 
at least, of the theorists did not learn about the photograph u .til 
years after they had published their theories. Motives of theorists 
are sometimes inscrutable, and I will not try to explain them. Rather, 
as the starting point of the second period, I shall take a paper pub- 
lished by Reiner* in 1945, in which he went back to the definition 
of fluid given by Stokes* 100 years earlier and put it into mathe- 
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Fig. 1. Merrington’s efflux phenomenon. 


matical form without adopting the customary linearization. Stokes 
conceived a fluid as a material in which all differences of pressure 
from that given by the thermal equation of state are assignable 
functions of the rate at which the shape of the material is changing: 


s=-pl+fd@, f0) =0 (1) 


where s is Cauchy’s stress tensor and d is Euler’s stretching tensor. 
This theory includes a very simple concept of pure viscosity. Whether 
this idea is physically correct may now be seen to be less impor- 
tant, in the history of rheology, than the determination of its mathe- 
matical consequences. For Reiner was able to show, rediscovering 
an older result from the theory of invariants, that for all polynomial 
functions f in eq. (1), it is possible to replace eq. (1) by the apparently 
simpler relation 


s = (—p + A)1 + Bd + Cd? (2) 


where A, B, C are scalar polynomial functions of the principal scalar 
invariants of d. Various proofs of this representation theorem for 
isotropic tensurs have been given, under clearer and weaker hy- 
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potheses, by various authors. Its importance lies in the survey it 
furnishes of all the infinitely many special theories of viscosity in- 
cluded in Stokes’s proposal [eq. (1)]. In particular, it gives an im- 
mediate qualitative explanation of the swelling observed by Merring- 
ton. For ina simple shearing flow we have 


010 
d « 100 (3) 
| 000 


hence 


, 100 
d? « | 010 (4) 
000 


Substitution into eq. (2) shows that the normal stresses cannot be 
equal, if d # 0; except in the very special theories for which C = 0. 
lar from being in any way extraordinary, Merrington’s effect is typical 
of nonlinearity. Its’ presence indicates nonlinearity but does not 
confirm any particular nonlinear theory. When we realize that the 
representation theorem applies to any continuous relation between 
two symmetric tensors of second order, we see that inferences from 
it apply not only to the theory of simple viscosity but also to various 
theories of elastic and plastic response. 

While what was just said is somewhat vague, it may be rendered 
more precise by appeal to a number of exact solutions of the full set 
of equations of the theory of nonlinear viscosity and of the classical 
theory of finite hyperelasticity in the incompressible case, obtained by 
Rivlin®~* in 1947-1949. On the one hand, these solutions, especially 
those for elasticity, yield precise mathematical predictions, within 
the respective theories, for several situations of great practical and 
experimental interest: in elasticity, simple extension, simple shear, 
simple torsion, and inflation of a hollow circular tube; in nonlinear 
viscosity, simple shearing, flow down a cylindrical tube, flow within 
concentrically rotating cylinders, and spiral flow. On the other hand, 
and more important, these solutions enable whole classes of theories 
to be compared and contrasted, for the functions such as A, B, C 
which enter the equations are left arbitrary. The material con- 
stants of the classical theories have been replaced by material func- 
tions specifying the stress arising in response to a particular deforma- 
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tion. Unlike the dozens of purely arbitrary constants scattered with- 
in the older rheological theories, however, these are delimited: they 
may depend upon the deformation only in a particular way, shown to 
follow mathematically from the original defining equations. 

By 1949 it could be said fairly that all work on the foundations 
rheology done before 1945 had been rendered obsolete. The phe- 
nomenon of normal stresses had been shown to be of second order, 
while departures from the classically assumed linear relation between 
shearing tractions and rates of shearing are of third order in the rates. 
The old viscometers, designed without a thought of normal stresses, 
had fixed opaque walls to help the experimenter overlook the most 
interesting effect in the apparatus or to prevent his measuring the 
forces supplied so as to negate it. By theory, the phenomenon of 
normal stresses was straightaway seen to be a universal one, to be 
expected according to all but very special kinds of nonlinear theories. 
Of course a result so universally to be expected must have been oc- 
curring for a long time in nature, and it was quickly seen that many 
familiar effects, such as the tendency of paints to agglomerate upon 
stirring mechanisms, as well as some carefully concealed mysteries of 
the artificial fiber industry, are examples of it, though a century of 
linear thinking in physics had blinded theorists to the possibility that 
simple mechanics, rather than chemistry, is all that is needed in ex- 
planation. 

Successful prediction of certain striking effects might be thought to 
produce a comfortable triumph of the theorists, but it did not. From 
the position of being unable to explain the phenomena of nature we 
were converted, almost overnight, to being able to explain them too 
easily: Almost any sort of proper nonlinear theory would do. Thus 
began a two-fold search, in theory and in experiment, for features of 
the effects which could serve to distinguish one theory from another. 
It is much easier for a philosopher of science to tell us that science is 
experimental than it is for an experimenter to measure something 
important correctly. Moreover, since theory allows such latitude, 
any measurement of values of a single quantity, such as a shearing 
stress, is useless unless correlated to measurements in a different ex- 
periment on the same substance. Theory reveals, however, certain 
relations of a universal kind which do not require numerical deter- 
mination of any modulus. In the theory based upon Stokes’s ideas, 
for example, the pressure on a plane normal to a shearing flow equals 
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that on a shearing plane and is unequal to that on the plane of shear- 
ing; this is true whatever are the values of the material functions 
A, B, C. From certain semi-theoretical arguments Weissenberg’ 
in 1947 asserted that, on the contrary, the pressures on all planes 
paralle] to the flow should be equal. Here is a case of open conflict 
on a matter which is closer to experimental measurement than are 
most results obtained by theorists. Considerable argument has 
arisen over the ramifications of this difference, but it seems that cur- 
rent opinion regards the Reiner-Rivlin theory, while typical of non- 
linear continuum mechanics and attractively simple, as inadequate 
to represent any physical material yet tested. A very recent un- 
published study by Coleman and Noll shows that this is only to be 
expected from the theoretical standpoint as well. 

In this second period of theoretical rheology, we have said, some 
particular idea of material response was laid down, put into precise 
mathematical from, and explored by exact mathematical analysis. 
Another idea of this kind, which I proposed '~"' in 1952 and later 
named “hypoelasticity,” replaces the classical concept of elastic 
response by a relation among time rates: 


ds/dt = f(s,d) (5) 


The motivation is to eliminate the perfect memory of the initial 
state, which characterizes the classical theory, and instead to considet 
a material responding only to changes from the immediately preceding 
state. As soon as time rates occur in a theory, however, a new prob- 
lem arises, for if a relation of the type of eq. (5) holds in one reference 
frame, it cannot hold in another rotating with respect to it. Now this 
is not right, for the response of a material is independent of the ob- 
server. Therefore the ordinary time derivative on the left-hand side 
of.eq. (5) should be replaced by a derivative which is the same for all 
observers. In a special case, an equivalent problem had been recog- 
nized and solved long ago by Cauchy’; that it is precisely this prob- 
lem which makes generalization of Maxwell’s viscoelasticity to three 
dimensions not a trivial matter was recognized in 1903 by 
Zaremba,'*-'* who gave an adequate solution for another special 
case; and a general solution was given in 1950 by Oldroyd," who, 
however, did not state the problem he had solved clearly enough for 
other students to see what it was until they found it out for them- 
selves. In 1955 the whole matter was set straight by Noll,"* who 
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stated the above requirement clearly as a postulate for all theories 
of materials and indicated the variety of methods by which it may be 
solved; the principle is now known as material objectivity or material 
indifference, but this brings us past the second period of the subject. 

While the second period, which may be regarded as closed by 
The Mechanical Foundations of Elasticity and Fluid Dynamics" in 
1952-1953, gained a number of theoretical predictions of remarkable 
completeness, these are the least of what it gave us. Next is the 
fact that with little exaggeration, there are no one-dimensional prob- 
lems: A situation which is one dimensional in a linear theory is 
automatically two dimensional or three dimensional in any reasonable 
nonlinear theory. More important is the endependence in theory which 
resulted from the realization that any sort of admissible nonlinearity 
would yield the correct general kind of behavior, and that to account 
for the phenomena, far from being difficult, was all too easy. Of a 
theory, we Jearned that both less and more had to be expected. To 
calculate the creep in a buckled elliptical column with a square hole 
in it is too much until the response of materials shall be better under- 
stood than it is today; to be satisfied with a normal stress of the 
right sign and order, with an adjustable coefficient, is too little until 
the response of the same material in a variety of situations is determined 
and correlated, with no material constants or functions altered in the 
process. What is needed is a theory of theories. 

To gain such a theory, we have to recognize that the main tool 
used in the second period is the concept of invariance. Three distinct 
kinds of invariance in addition to classical tensor concepts were used: 

(1) The invariance resulting from the fact that space is three di- 
mensional. For the simpler theories, this is the real content of the 
representation theorem. In a space of two dimensions, clearly, the 
normal stress effect in nonlinear viscosity would not occur, since it 
results only from the term Cd? in eq. (2). In a four-dimensional 
space, there would be a term Dd? allowing a wholly new kind of normal 
and shear stress complications not present in the three-dimensional 
case. 

(2) Invariance of response, expressed by the principle of material 
indifference. 

(3) Invariance of manifestation. According to the principle of 
equipresence, which I proposed"*:® in 1949, all phenomena occurring 
contribute to all effects resulting, except as forbidden by other re- 
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quirements of invariance. Deformation, for example, gives rise not 
only to stress, as in the earlier nonlinear theories, but also to flow of 
energy, not included as a possibility in any classical theory. This 
phenomenological principle corresponds to the fact that on the molec- 
ular scale it is the same molecular actions which are giving rise to all 
the gross effects. The separation of effects familiar in the classical 
linear theories is a consequence of the different tensorial character of 
the variables, combined with linearization, nothing else. 

While invariance was the chief servant of the theorist in the second 
period, in the third and current period it has become the master. The 
most general response consistent with the phenomena and the accepted 
requirements of invariance is sought. After this has been determined, 
different kinds of material possibilities are classified according to dif- 
ferent kinds of more special invariance exhibited. While I shall not 
try to summarize this work, I mention that the program, as far as 
pure mechanics is concerned, has been brought to some measure of 
completion by Noll.™-?! He begins from a principle of determinism, 
according to which the stress at a given particle in any material is 
determined by all the past experience of a small neighborhood of 
that particle: 


r=/ 


s = $(grad x] 
¥ being a functional of the deformation gradient at all times from 
—e«tot. This theory, with a different emphasis, had been proposed 
earlier by Green and Rivlin.** Nearly all the theories of the second 
period are included as special cases. Noll then defines the isotropy 
group of a material as the group of transformations of the material 
particles under which all material properties are invariant. A 
simple fluid, for example, is defined as one having the largest pos- 
sible isotropy group. This viewpoint, while it may seem somewhat 
abstract, has the virtues not only of conciseness but also of simplicity 
in concept. It is really much easier to understand and visualize 
physically than is the older kind of idea in which one or another 
quantity is supposed purely formally to be a function of one or more 
particular variables, so that a mass of elaborate tensorial calculation 
ensues. For example, Coleman and Noll* have succeeded in showing 
that Rivlin’s solutions’ for viscometers according to the visco- 
elastic theory of Rivlin and Ericksen,* involving eight material func- 
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tions, can be extended to all materials satisfying this very general 
definition of a fluid, and that in fact, as previously conjectured by 
Markovitz,” only three material functions are needed to describe and 
correlate all these exact solutions. On the basis of these solutions, a 
rational program of viscosity measurements at last becomes pos- 
sible; as I understand, it is being undertaken by Markovitz. More 
than this, the result shows the extreme insensitivity of the classical 
viscometric tests to the nature of the fluid. All simple fluids behave 
in essentially the same way in all these tests, with three material 
functions, no more, disposable and determinable, in principle, by a 
proper sequence of measurements in any one of the classical tests, 
leaving room for check against the results of the others. This is both 
a gain and a loss: a gain in that as far as viscometric measurements 
are concerned, the experimenter may forget about most of the pos- 
sible distinctions between one kind of fluid and another and thus 
drastically simplify his program; a loss in that now we know that two 
fluids which behave just alike in all the classical viscometers may, and 
generally will, behave entirely differently from each other in some 
other situation, such as, say, flow in an elliptical pipe, as is shown by 
some studies of Ericksen”:™ in a more special theory. 

The most interesting work now being done concerns amplification 
of the mechanical theories to include thermal and electromagnetic 
effects. This I will not describe. Instead, I shall revert to a dif- 
ferent aspect of the mechanics of deformation, the molecular one. 

Since the experiments exhibiting the most dramatic nonlinearities 
are done on polymers, theories of long chain molecules have been 
much cultivated, and it is natural that the effects themselves have 
become associated with a complex molecular structure. This is not 
right, nor is it correct to think that complex structure is necessary 
for such effects to be noticeable or to predominate over the classical 
linear response. I have mentioned Maxwell’s paper' of 1867 on the 
kinetic theory as a major source of rheology; apparently, however, 
the rheologists did not read past the first few pages, for the latter part 
of the paper illustrates Maxwell’s ideas of viscoelasticity by detailed 
elaboration of a particular molecular model, the dilute monatomic 
gas. No structure could be simpler: the molecules are points which 
move in straight lines at constant speed between their relatively rare 
encounters with one another, at which they rebound according to a 
specified law. This may not be a kind of material in which rheologists 
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are interested, but the kinetic theory has one great advantage over the 
theories of long chain molecules, namely, that it has been put into a 
mathematically precise, unequivocal, and universally accepted form, 
meaningful and properly invariant for deformations of any magnitude 
and excitations of any kind. In a word, it is a fully dynamical 
theory, though one of celebrated difficulty. 

After their common start, rheology and the kinetic theory of gases 
pursued their separate ways until 1956, when I had the good luck 
to hit upon the exact solution in the kinetic theory for a kind of simple 
shearing flow.” The same solution was found also by Galkin® 
in Russia. The law of collision is assumed to be a repulsion as the 
inverse fifth power of the distance, not a good model for real gases but 
nevertheless sufficient for illustrating how an assembly of molecules 
in rapid motion may behave; in fact, more realistic laws of molecular 
interaction will lead rather to more than to les. complicated gross 
effects. As usual, the velocity field studied is 


u= Ky, v = 0, w=080 (6) 
where u is the velocity in the x-direction and K is a constant, and 
also we assume that the density 

p = const. in space and time (7) 


It is then impossible that the stresses in this steady flow can be steady, 
for work is continually being done upon the fluid, so that it will heat 
more and more, and since p = Rpé, p must increase steadily. The 
theory is a fully thermomechanical one; not only the equations of 
motion but also the equation of energy is taken into account; and 


the linear viscosity is proportional to the temperature, » = af. 
It turns out that the governing parameter is the truncation number 5, 
3 = uK/p = aK/Rp (8) 


which I had introduced for continuum mechanics*' in 1948. When 
3 is small, the rate of shearing is not too great and the density 
is not too low, while large values of 3 correspond to rapid shearing 
or to low densities. If we neglect a transient which is rapidly 
damped as time increases, the ratios of the remaining pressures 
pi’ to the corresponding static pressure p” turn out to be functions 
of Jonly. The behavior of the ratios p,;?/p” is most easily assessed 
from Figure ?. 
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Fig. 2. Pressure ratios in shear flow of a Maxwellian gas. The dashed lines 
represent the linear approximations. 


The straight lines show the pressures according to the linear 
theory of viscosity. The full lines exhibit characteristic features of the 
nonlinear theories of continua. As 5 increases, the shear stress 
falls rapidly from the Newtonian value; before this effect, which is 
of third order in 3, becomes noticeable, however, the second order 
normal stress effects manifest themselves. Since p,,? = pz”, the 
normal stresses on all planes parallel to the flow are equal; that is, the 
Weissenberg relations are satisfied, though this fact should not be 
taken as implying any validity to the assumptions from which they 
were first inferred. The pressures on these planes are less than the 
mean pressure, while the normal pressure is greater. As soon as 3 
is as large as 1, all the effects of nonlinearity are of the same order 
as would be the linear ones in a linear theory. Since the model is 
not an accurate one for real gases, accurate numerical values are not 
informative, but a rough idea can be gained by inserting fcr a an 
empirical value of «/@ for air at 288°K. This gives 

3 = 2.2 X 10-'(K/p) (9) 
if K is measured in sec.~' and p is measured in g./cc. At | atm., 
then, a rate of shearing of the order of 0.5 K 10" sec.~' is required 
in order to get Jsolargeas1. This is indeed a high rate of shearing. 
However, large values of 3 may be gotten instead simply by rarefy- 
ing the gas. In a vacuum of 10-" atm., 3 = 1 for the rather slow 
shearing of 0.5 sec.~'. Effects of nonlinearity in gases are to be 
expected as the rule in high altitude flight, where, it is believed, the 
density falls ultimately to arbitrarily small values. 
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Fig. 3. The same solution as in Fig. 2, but for a greater range of truncation 
numbers. 


Without any claim in regard to experiment, but only as a speci- 
men of what a real molecular theory predicts, consider the behavior of 
the pressures when 5 is allowed to grow 100 times as large (Fig. 3). 

The linear effects are now scarcely perceptible. The ratio of 
shearing stress to mean pressure rises to the maximum value 0.61 
when 3 = 2.5; thereafter it decreases and approaches 0 slowly as 
3-—> . Thus even the classical notion that the greater the shear- 
ing rate, the greater is the shearing stress, must be abandoned. This 
is not so startling as it might first seem, for both the shearing stress 
and the mean pressure increase very rapidly in time in order to 
maintain the shearing; that the ratio of these two quantities, which 
is independent of time, is less for a more rapid shearing only reflects 
the growth of the normal stresses, which of course contribute to the 
mean pressure but not to the shearing stress. While the normal 
stresses on planes parallel to the flow diminish to 0, that on a plane 
normal to the flow increases rapidly until it dominates the phenom- 
enon. This is easy to understand in terms of the molecular model, 
for when the gas is very thin, so that collisions are rare, in order to 
maintain the distribution of mean velocity in the shearing flow it is 
necessary that the individual molecular velocities must be aligned in 
almost the same way. Thus transfer of momentum across the planes 
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parallel to the flow is insignificant in comparison to transfer across 
the planes normal to the flow. This explanation makes us realize 
that some of the typical effects of nonlinear continuum mechanics 
have long been familiar, though differently regarded, in the phenomena 
occurring in evacuated tubes. This is not the only class of results 
which have, on the basis of puerile confusion of sufficiency with neces- 
sity, been deemed outside the sphere of continuum mechanics. Let 
it be expressly noted that for the special flow just studied, the exact 
results predicted by the kinetic theory include formulas for the stresses 
which are simply and easily recognized as special cases of those given 
by the Zaremba-Noll theory of viscoelasticity. 

The example of the Maxwellian gas suggests that the effects of 
nonlinear viscosity, far from being peculiar to a complex molecular 
structure, are to be expected from any molecular structure. Indeed, 
as should be plain from the researches in the continuum theories, 
those effects are not at all extraordinary. Nonlinear irreversible 
response is typical of mechanics. 
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Synopsis 


Theoretical work on rheological materials shows three distinct phases. (/) 
Karly work, to 1945: Simple models, mainly one dimensional and linear, are con- 
structed by analpgy to discrete systems. Various coefficients are named. (2) 
Intermediate period, 1945-1955: Ideal materials exhibiting nonlinear response 
are defined explicitly as exact mathematical realizations of a simple idea. Their 
properties are studied by means of general theorems and special exact solutions. 
(3) Current phase, from 1955: The most general constitutive equations consistent 
with the observed phenomena are determined. Work of the second and third 
kinds is summarized, with particular reference to the different roles of methods 
of invariance. Open problems are stated. 
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Relations between Hypo-elasticity and Elasticity 


BARRY BERNSTEIN, U.S. Naval Research Laboratory, 
Washington. D.C. 


Introduction 


The equations of hypo-elasticity were introduced by Truesdell.* 
It was his stated intention to find a new concept of elastic behavior, 
mutually exclusive with the theory of finite strain, which reduces to 
the classical theory of elasticity under the appropriate assumptions. 
But Noll‘ has shown that every isotropic finitely elastic body, for 
which the stress-strain relations are invertible, is also a hypo-elastic 
body. It is natural, then, to ask if hypo-elasticity includes finite 
elasticity and to seek conditions under which a hypo-elastic material 
is elastic. Our purpose here is to state without proof the results of 
some researches on these questions, reserving the mathematical argu- 
ments for publication elsewhere. 


Elasticity 
A motion of a material*-‘ is a set of smooth mappings into space of a 
set of material points and time. Material points are designated by 
numerical values of three quantities, X“, A = 1, 2, 3, called material 
coordinates, which may be taken, for example, to be the cartesian 
coordinates of the positions of the material points at some time. Time 


is denoted by ¢. Thus the functions, or mappings, which give a mo- 
tion may be written 


at = x"(X4J4) _ i=123 (1) 


where lower case italic letters denote cartesian coordinates of positions 
in space, bold face letters indicate functions, and light face letters 
denote their values (when the distinction is important). The dis- 
placement gradients, x4‘, are defined by 
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ra = Ox'(X*,t)/OX4 (2) 
and their inverses X ,“ are obtained by solving eq. (1) for X4, 
X4 = X4(z't) (3) 
and writing 
XA == OX4(X?,t) /dz' (4) 


A material is called elastic in the sense of Cauchy, or Cauchy elastic, 
if its constitutive relations have the form 


t! = t%(2,4',X*) (5) 


where ¢’ denotes stress. Henceforth, all tensors with lower case 
italic indices will be cartesian tensors, so these indices may be written 
up or down interchangeably. Summaiion from 1 to 3 will be under- 
stood on all indices repeated in a term. 

If there exists a scalar function 


L(r4',X B) 
so that eq. (5) takes the form 
bt Bp OB(tat X”) ( 
= Z, , 
7 Po 7 Ox,’ { ) 
where p is the mass density and pp» is the mass density at X* for some 
fixed value of x,", the material (5) will be said to be elastic in the sense 
of Green, or Green elastic. Green elastic materials are Cauchy 
elastic materials for which there exists a strain energy function. 
Hypo-elasticity 
The equations of hypo-elasticity may be written in the form‘ 
his = ly — lawn — lou = Avjeiltyg de: (7) 
where the dot denotes material differentiation, and 


way = '/2[(Ov,/Ox’) — (Ov5/Oz"), 
diy = '/{(Ov,/Ox’) + (Ov,/dx*)], % = # 


and Aye; is an isotropic tensor function of stress. Alternatively, eq. 
(7) may be written in the form 


lay = Bijei(lpg) X 4X4" (8) 
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In general, eqs. (7) or (8) are not in themselves sufficient to define 
a hypo-elastic material. We now define a representation of a hypo- 
elastic material. 

Consider a smooth manifold of material points 0. An assignment 
of values of t, and x,4*, subject to the compatibility conditions 


Oxr4*/OXy* = Ox" /OX4 
over IN will be called a stress-configuration pair and denoted by 
b iy," } 
Given two stress-configuration pairs, 


1 9 9 


1 2 
j 7m j » a 
1 by, Taj and ) lay, a Al 


it may or may not be possible to find a solution of eq. (8), subject to 
1 1 
the compatibility conditions, for which | ty,2,4*" | gives the initial values 
2 

and {ty,7,"} the final values. But it is to be noted that if we group 
the stress-configuration pairs into classes, two such pairs being in the 
same class if it is possible to get from one to the other by a solution of 
eq. (8), subject to the compatibility conditions, then these classes are 
equivalence classes and are mutually exclusive. A representation of a 
hypo-elastic material is given by eq. (7) or (8) and one such equivalence 
class of stress configuration pairs. We would say that two represen- 
tations define the same material if they differ by a transformation of 
material coordinates. 

To illustrate the motivation for this definition, consider the fol- 
lowing set of hypo-elastic equations: 


T? =a —(¢* '3)6%q"' (9) 


It can be shown that if the stress is ever a hydrostatic pressure at a 
material point, it is always such, and conversely, if it is once not a 
hydrostatic pressure it is never such. ‘If it is once a hydrostatic 
pressure at all material points, the material is a perfect gas, which is 
elastic in the sense of Green. Otherwise, the material is not elastic 
even in the sense of Cauchy. Thus in general to define a representa- 
tion of a hypo-elastic material, we must specify at least one stress- 
configuration pair. 
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This matter is of course related to ordinary differential equations 
where, in order to specify a solution, one must give some conditions, 
such as initial conditions, in addition to the equations themselves. 
Indeed, the equations of hypo-elasticity may be regarded as a set of 
ordinary differential equations. 


Conditions for a Hypo-elastic Material to Be Elastic 


The first result which we state in this section is the following: 

If a hypo-elastic material has the property that in any motion, at the 
end of which the material pownts return to the same positions which they 
had at the beginning, the work done by the stresses 18 non-negative, then 
it must be zero and the material is elastic in the sense of Green. 

Results of this type have been proven before. Caprioli? showed 
that if for a Cauchy-elastic material there is a preferred value of the 
strain such that in any motion in which this preferred value is the 
initial value, the work done by the stresses is non-negative, then the 
material is elastic in the sense of Green. Bernstein and Ericksen® 
proved theorems of this type for the existence of stress energy func- 
tions in hypo-elasticity. 

Now we turn to the eqs. (7) and (8) themselves. Necessary and 
sufficient that there be a Cauchy-elastic material satisfying eq. (8) 
is that the overdetermined system of differential equations 


lis, Ox," = Bi iX (10) 


have a solution. The standard theory for such systems' may be 
applied to obtain integrability conditions, the first set of which reads 


(OB ijx1/Otes) Braye a (OB tiny, Ot, .) Brees 7 BijeByt + Bijyi xq = 0 (I 1) 


Further integrability conditions are derived by differentiating those 
already obtained with respect to x,* and eliminating first derivatives 
by the use of eq. (10). If by this process more than six independent 
integrability conditions occur, then there is no elastic material 
satisfying eq. (8). If, however, the total number is k < 6, then there 
exist elastic materials satisfying eq. (8) with 6-k of the components 
of stress assigned arbitarily for one value of x4‘. 

Necessary and sufficient that all hypo-elastic materials satisfying 
eq. (8) be elastic in the sense of Cauchy is that eq. (11) hold identically 
in ty. Furthermore, we may show: Gwen that a hypo-elastic material 
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satisfying eqs. (7) and (8) is elastic in the sense of Cauchy, necessary and 
sufficient that it be elastic in the sense of Green is that 


A ijxi + bijdxr = A inji + bid ji (12) 


for all values of stress that occur. 

Necessary and sufficient that all hypo-elastic materials satisfying 
eqs. (7) and (8) be elastic in the sense of Green is that eqs. (11) and (12) 
hold identically in ti. 


Conclusion 


It can be seen, from the above discussion, that among hypoelastic 
materials, those which are also elastic form a special class. Whether 
all elastic materials are hypo-elastic must be answered in the negative. 
An elastic material is isotropic with respect to a given reference 
configuration (i.e., set values of 24‘ over IM) if its constitutive equations 
are invariant with respect to arbitrary orthogonal transformations 
(including rotations, reflections, and translations) of the reference 
configuration. An elastic hypo-elastic material is isotropic with 
respect to a given reference configuration if and only if the stress is a 
uniform hydrostatic pressure for the reference configuration. Since 
there are anisotropic elastic materials for which the stress may be 
made a uniform hydrostatic pressure, we have examples of anisotropic 
elastic materials which cannot be hypo-elastic. Moreover, examples 
of elastic isotropic materials which are not hypo-elastic may be ob- 
tained if the restriction that the stress-strain relations are invertible 
is relaxed. 

The foregoing is an attack on the relations between hypo-elasticity 
and elasticity in which criteria are sought for both theories to define 
the same material. The author believes, however, that the relations 
between these theories would be better seen in terms of some more 
general theory which is just general enough to include both hypo- 
elasticity and elasticity. This we set as a problem for future study. 
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Synopsis 


The equations of hypo-elasticity are not in general sufficient to define a mate- 
rial. It is necessary in addition to indicate one stress-strain configuration. Con- 
ditions may be written which test whether any or all materials satisfying a given 
set of hypo-elastic equations are elastic in the sense of Cauchy or in the sense of 
Green. If the hypo-elastic material is a work hardening material, it must be 
elastic in the sense of Green. 
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Theory of Anisotropic Fluids 


J. L. ERICKSEN,* The Johns Hopkins University, Baltimore, 
Maryland 


I. Introduction 


We present results of recent researches on properly invariant 
theories of anisotropic fluids. These suggest that such theories are 
better able to describe the observed behavior of some fluids commonly 
regarded as isotropic than are comparably simple theories of isotropic 
fluids. They also provide a basis for exploring this possibility. 

We restrict our attention to fluids having a single preferred direc- 
tion at each point. One might visualize these as fluids consisting of 
particles which are figures of revolution, the preferred direction being 
the axis of revolution. This general type of symmetry is assumed in 
theories of liquid crystals, as is discussed by Oseen.' However, the 
theories to be discussed exclude a type of long range interaction which 
seems to be important in these liquids. 


Il. Equations of Motion 


Equations of conservation or balance of mass, linear momentum, 
moment of momentum, and energy provide a starting point for formu- 
lating theories of continua. Let v denote any material volume with 
boundary s and let p, p, m, and e denote the densities of these quanti- 
ties. The usual forms of these laws are then 


. =0 
a Jo - 


d a 
a), pdv = g tds + [te (1) 


* Consultant, National Bureau of Standards. 
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1 . . 
* | mdr = g r X t’és + | r X fdr 
d ¥ 
[eae = g (v-t — g)ds + | v-f dv 
dt J, “ 4 


where t is the stress vector, f the body force per unit volume, r the 
position vector from any origin, v the velocity, and g the heat flow. 
These will suffice for our purposes. It is our opinion that, for liquid 
crystals, generalizations of these of the type discussed by Grad? 
should be used. As usual, we assume the existence of a stress tensor 
tiy and beat flux vector q, such that 


t; = tyv;, q = WwW (2) 


where », is the unit normal to s, directed outward relative to v. 
Under relatively weak smoothness assumptions, the existence of 
these can be derived by reasoning entirely similar to that used by 
Noll. | 

A single preferred direction can be described by a vector n. We 
assume that 


p = pv, m = pir Xv +n Xn), ¢ = ple + '/2¥-¥ + '/2 nn) (3) 


where the dot denotes the material derivative and « is internal 
energy per unit mass. As is discussed by Ericksen,*‘ eq. (3) is suggested 
by calculations of linear momentum, moment of momentum, and 
kinetic energy of a dumbbell molecule. In this model, v is identified 
with the velocity of the center of mass and n is proportional to the 
vector joining the two masses. If we set n = 0 in eq. (3), we obtain 
relations commonly used in continuum mechanics. 

Oseen’s' work as well as further consideration of the above model 
suggests that we should also introduce equations of the form 


pn, = gi (4) 


Ericksen* shows that eqs. (1)—(4) imply that 


px; = big. + fi (6) 
pe = bydy — gti — 45 (7) 


NiGy —~ Nei + by = by = () (8) 
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where 
2d; =i, gt Ry 
iy == hy — Wyn; 


QW yy SS Xi5 — Ty 


A determinate system of equations is obtained by assuming: 

(a) There is a local caloric equation of the form « = ¢(p,n,,s), 
where s is entropy per unit mass. 

(b) ty, gs, and q are all functions of p, m, %,, %, T, and T,,, 
linear in the variables %,, v,,, and 7,,. Here 7 denotes absolute 
temperature, given by T = d¢/ds. 

(c) The form of these relations is preserved under all time depend- 
ent proper orthogonal coordinate transformations. 

(d) The structure represented by n is symmetric with respect to 
reflections in planes parallel and perpendicular to n. 

It then follows that 


€ = e(p,n’,s), n? = nn, (9) 


bis = (cco + crdgx + Cd emNgtm + cratiyny) by; 
+ (cg + arden + ceedemMetm + arzhigny) nn; 
+ ag 4; + cg ye Nyn; + ajo yn, + ayy h, + Cry shh (10) 


eS = BoT ., + BimeT ery (11) 


gi = (Yo + idee + YVodemtMetim + Yattgiy) ny 
+ (ag — cry) d My + (ap — an) ny (12) 
where the a’s, 6’s, and y’s are functions of p, n?, and 7’. An alter- 
native to eq. (9) results from introducing the free energy 
g=e— 7s = o(p, n’, T) (13) 
Using eqs. (7) and (13), one can compute the rate of production of 
entropy and show that the Clausius-Duhem inequality becomes 


) ) . 
T (ps — (qi T),:] = («, + p* = iu) di; —_ (0, + 2 = ns) Ny 
Op . on* 
ql’: T2=0 (14) 
For details, we refer to Ericksen.' Among other things, eq. (14) 
implies that 


ay = —p*(O¢g/Op), Yo = —2(0¢/0n*) (15) 
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It also opens the possibility of introducing Onsager relations in eqs. 
(10)-(12). The equality in eq. (14) provides a basis for describing 
heating caused by flow. For the remainder of the discussion, we 
assume isothermal flow and ignore eq. (14), which is generally in- 
consistent with this assumption. 

In the above treatment, we have proceeded as if any value of n° 
could be attained in equilibrium. We feel that the basic equations are 
applicable to fluids for which this may not be true. We have less 
faith in the Clausius-Duhem inequality and Onsager relations. As 
will be made clear in Section IV, the linearity assumption in (b) 
does not rule out nonlinear behavior. 

As is discussed by Ericksen,‘ two further assumptions simplify 
the equations considerably. One is the common assumption of in- 
compressibility. The other is that the “molecular inertia’ pii_ is 
negligible. In the steady state solutions discussed below, fi = 0, 
so the later assumption is rigorously satisfied. Otherwise, it is similar 
to the approximation generally made in mechanistic theories of 
suspensions wherein the inertia of suspended particles is neglected. 
With these simplifications, the governing equations reduce to 


ty =~ ta = — poy + (Ai + Nod emMeNm) My + 2s iy 
+ 2ru(dunn, + dunn, (16) 


ie = (us + Hod pmNgNm) Ns + pad yn, (17) 
5,3 = dy; = 0 (18) 
pk, = ly.5 + fi (19) 


where p is an arbitrary pressure and the \’s and y’s are functions of 
n*. 

A still simpler theory has been studied by Ericksen.' It can be 
obtained from eqs. (16) and (17) by requiring that the magnitude 
of n be invariable, as it would be if n represented a rigid rod or dumb- 
bell. The A’s and y’s then becomes constants. For consistency, 
we must then set 


a= 0, Ms = —N*u2 (20) 
Ill. Viscoinelastic Fluids in Shear 


Fluids permitting variations in density or in n? will exhibit some 
springiness or elasticity. The simplest theory mentioned above 











THEORY OF ANISOTROPIC FLUIDS 33 


might be called a theory of viscoinelastic fluids since it excludes these 
variations. Response of such a fluid to the simple shearing motion 


v, = Kx, d = vs = O, K = const. (21) 


is analyzed by Ericksen.’ lor —1 S ws S 1, nm varies periodically 
with time. Equations describing this motion are identical in form 
with those deduced by Jeffery® for the motion of an ellipsoid of revolu- 
tion in a Newtonian fluid. According to Jeffery’s calculation, 


ws = (a® — b*)/(a* + 6?) (22) 


where a is the length of the unequal axis, and 5 is the common length 
of the other two. According to Mason and Bartok,’ these equations 
are well confirmed experimentally for macroscopic particles if y; 
is treated as an empirical constant. For rodlike particles, use of 
eq. (22) leads to error. As follows from eq. (16), the stresses will 
also vary periodically with time. Mean stresses, obtained by aver- 
aging these over a period, are similar to stresses predicted by the 
Navier-Stokes equations. 

For | ws | > 1, the behavior is quite different. Instead of varying 
periodically with time, nm approaches a fixed position lying in the 
plane of shear and making an angle y with the streamlines, where 


tan ¥ = [(us — 1)/(us + 1)]'” 


It is easily seen that, for us > 1, ¥ lies between 0° and 45° while for 
us < —1 it lies between 45° and 90°. As nm moves toward this posi- 
tion, the stresses vary with time. This gives rise to a type of stress 
relaxation effect. A plot of the steady state value of the shear stress 
7 = ty vs. the rate of shear K is given in Figure 1. The plot coincides 
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Figure 1. 
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Figure 2. 


with that for a Bingham material, the apparent yield stress being 
proportional to A,. 

As is clear from equations given by Oldroyd,* three-dimensional 
theories of isotropic fluids which predict this type of behavior in- 
volve rather unpleasant singularities. Here this behavior is predicted 
by very smooth equations. 

If we plot a steady state normal stress difference, say v = ty, — te 
vs. K, we obtain Figure 2. When A, = 0, » is proportional to |K}. 

Simpler theories of isotropic fluids invariably predict that v is a 
simple function of K*, which yields quite a different plot. Experi- 
mental data on polyisobutylene solutions, particularly that recorded 
by Greensmith and Rivlin,’ suggest that, as a good first approximation 
v is proportional to |K |. In other respects, the theory is unsuit- 
able for these fluids. A modified theory more appropriate for these 
is discussed below. 


IV. Viscoelastic Fluids 


In dilute solutions of polyisobutylene at rest, the polyisobutylene 
molecules are generally thought to be randomly coiled, therefore 
they define no preferred directions. In shear, it is thought that they 
stretch out and align themselves at some definite angle relative to the 
streamlines. This angle probably depends on the rate of shear. 
We thus have a preferred direction, the direction of greatest stretch, 
which can be represented by a vector n whose magnitude measures 
the amount of stretch. We should then have n = Oat rest. If we 
assume that distance between neighboring atoms in a molecule is not 
sensibly affected by flow, we have an upper bound that n* cannot 
exceed, determined by the average length of a fully extended mole- 














THEORY OF ANISOTROPIC FLUIDS 35 


cule. These thoughts suggest that a theory of the general type con- 
sidered here might be used to describe these fluids, but that the theory 
of viscoinelastic fluids is unsuitable. The following analyses are 
motivated by these considerations. 

In general, the assumption that n = 0 is consistent with the govern- 
ing equations. The equations then reduce to the Navier-Stokes 
equations. For any given flow problem, we may expect to have a 
solution with n = 0, others with n ~ 0. For certain ideal fluids, 
the equations will require that n = 0 in equilibrium. In flow, the 
configuration described by n = 0 may be stable or unstable. To, 
illustrate this, we consider the shear flow given by eq. (21). For it, 
we must have p = 0 by eq. (5). To investigate stability of n = 0, 
we linearize g, given by eq. (12), with respect to n and insert the 
resulting expression in eq. (4). This gives 


hi, = An, + (B — C)Knz. + 2Cn, 
Ne = Ans + (B al C)Kn, a 2Cr» (23) 


fh, = Anz, + 2Cn; 


w 


where 
pA = Ve, 2B = ae ae, 2pC = ais ~~ au (24) 


Here the quantities on the right are evaluated at n = 0, which means 
that A = B = C = 0. It is a straight forward matter to obtain a 
general solution of the system (23). Omitting detail, we find that 
all solutions approach n = 0 in time if and only if one of the follow- 
ing sets of conditions hold: 

(a) B? => C?, C< 0, A<0, A?*> (B? — C*)K? 

(b) BP< C?, C< 0, A <0, —4C°*A > (C? — B*)K? 
When neither of these conditions hold, n = 0 will of course represent 
an unstable configuration. If (a) and (b) holds for K sufficiently 
small, it will not hold for K exceeding the critical value Ko given by 

ro” = A?/(B? — C”) if B>Cc 
4C*A/(B* — C’) if B?< C? 


excluding the exceptional case where B* = C?. 
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lor a subclass of materials such that (a) holds at low rates of shear, 
there is a steady state solution with n ~ 0 for K? > K,’ such that the 
steady state value of n> 0Oas K-— Ky. This is not true of materials 
for which (6) holds. To obtain the steady state value of n, we set 
g = 0, which yields the equations 


(yo + yeKninz)m + (a — B)Knz = 0 (25) 
(yo + y2Kmne)ne + (a + B)Kn, = 0 (26) 
nz = 0 (27) 
where 
2a = ay — a, 28 = aw — ay (28) 
Hence n lies in the plane of shear and we may write 
ny = ncos y, Ne = nsin p (29) 


where y is the angle determined by n and the streamlines. Multiply- 
ing eq. (25) by me, eq. (24) by m, and subtracting, then using eq. 
(29), we find that 


tan? ¥y = (a + B)/(a — £8) (30) 


Since a and 8 may depend on n’, this determines the direction of n 
in terms of its magnitude. We can determine how n’ is related to K 
by eliminating m, n:, and y from eqs. (25), (29), and (30), which 
yields 


m = n{(a — B)/2a]’”", me = an[(a + B)/2al”", «= +1 (31) 


{ yo + 2K yn*[(a? — 8*)/4a*]'"*} [(a — 8)/2a]’” 
+ 2K(a — 8)[(a + B)/2a]”* =0 (32) 


This will be satisfied for K = Ko, n* = 0 if we choose z so that 


ya — B)x< 0 when K > 0 (33) 


0 


>0 when K < 0 


Under quite general conditions, for K? > Ko’, there will exist a unique 
solution n* = f(K) of eq. (32), with x selected as in eq. (33), such 
that {(K) + 0 as K — Ko. This will sometimes be true only for K 
sufficiently close to Ko. There may also be solutions of eq. (32) 
such that n? does not approach zero as K — Ko. These questions 
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would bear investigation. We have made no general investigation 
of them. In particular cases, there is a solution of the type described 
for all K* > Ky’ which is stable in the same sense that n = 0 is stable 
when (a) holds. We restrict our attention to these cases and assume 
that the n thus determined is what the fluid prefers. 

If yo remains bounded, we can effectively set it equal to zero in 
eq. (31) for AK sufficiently large, obtaining after some simplification 


yn? + 2a = 0 (34) 
The procedure described thus gives the steady state value of n as 
a continuous function of K,n = F(K) with 
F(K) = 0 for K? < Ko? 
F(K) > n, = const. for K +> 
where n,, is obtained from eqs. (31) and (34). A similar conclusion 
can be drawn in cases where yo increases without bound but yo/K ap- 


proaches a limitas K— o. For the n thusdefined, we may calculate 
steady state stresses using eq. (16), which reduces to 


try — ter = (Ar + AK nynz)(my? — ne”) 
tee — tag = (Ar + AxKnyne)n2® + WsKnine 
(Ar + AK nyne)neny + (As + Agn*)K 


lis a loz = () 


~ 
ts 
I 


For K? < K,?, n = 0 and the stresses reduce to those of a Newtonian 
fluid with viscosity 


As n= (35) 
For high rates of shear, we have as a first approximation 
lia — tee = Aomsne(n;? — no?) | nano AK 


loo — la = (Ag Ne" + 2A4nNyNe) 





aateth (36) 


lye = (Aon *ne” of} hun?) | pan kk 


At a given rate of shear, this approximation may of course be better 
for one stress component than it is for another. As might be ex- 
pected, this is essentially the same as would be obtained for a vis- 
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coinelastic fluid. At intermediate rates of shear n, hence the stresses, 
will vary in a rather complicated way with the rate of shear. 

In experiments on polyisobutylene solutions such as are summarized 
by Markovitz,"* the normal stresses seem to be nearly proportional to 
K for relatively large rates of shear, as predicted by eq. (36). This is 
discussed by Criminale et al.'' At still higher rates of shear, de- 
partures from proportionality are seen. These may be due to factors 
not included in the analysis such as heating or secondary flows. At 
lower rates of shear, proportionality fails, the observed behavior 
being more complicated, as the theory implies. From eqs. (35) and 
(36), the apparent viscosity varies from one constant value at low 
rates of shear to another at high rates. The existence of two such 
limiting viscosities in polyisobutylene solutions seems to be confirmed 
by experiment. Recent data pertinent here are that of Brodnyan 
et al.’* The existence of an interval of rate of shear values in which 
the behavior is strictly Newtonian, as predicted by theory, is not con- 
firmed nor denied by data which we have seen. In general, there is 
an interval in which any departures from Newtonian behavior are 
within experimental error. 

These rather qualitative considerations suggest that a theory of 
the type discussed here may described a fluid like a polyisobutylene 
solution rather well. More detailed calculations and better experi- 
mental data will be required to determine how well. As Markovitz" 
points out, there are unresolved discrepancies in experimental results 
obtained from different types of instruments. The rather sketchy 
analyses given here do little more than help delimit the class of 
theories which seem promising for this purpose. 
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Synopsis 


We have summarized recent work on theories of anisotropic fluids, drawing 
attention to a class of theories whose predictions resemble observed behavior of 
polyisobutylene solutions in steady shear flow. Further research will be re- 
quired to determine how well these theories can describe the behavior of such 
fluids. It seems rather likely that they will do well in describing many steady 
flow situations. From what is known of the linear behavior of such fluids, it 
would seem that a theory adequate for vibration problems should inciude linear 
viscoelasticity theory as a special case. Since the theories discussed seem not 
to, they may well be found wanting when applied to situations commonly thought 
of as dynamic. 
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Abstracts 


On the Concepts of Equilibrium in Continua. Part I 


BERNARD D. COLEMAN, Mellon Jnstitute, and WALTER NOLL 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


We have attempted to develop a rigorous theory of thermostatics 
for continuous bodies in arbitrary states of finite strain. In this 
theory the concepts of mechanical and thermal equilibrium-are given 
precise definitions. Two physical postulates are assumed. From 
these postulates we prove the existence of elastic potentials for stress- 
strain relations and we derive a tensor inequality which restricts the 
constitutive equations of thermostatics. When the inequality is 
specialized for fluids and solids it yields not only the known inequali- 
ties of hydrostatics and infinitesimal elasticity, but also some new 
inequalities for hydrostatics and elastostatics (including finite elas- 
ticity). 


On the Concepts of Equilibrium in Continua. Part Il 


BERNARD D. COLEMAN, Mellon Institute, and WALTER 
NOLL, Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


A discussion is given of the various precise mathematical meanings 
which can be given in a theory of thermostatics to the physical notion 
of the stability of a global state of a body. 

The results presented in Parts I and II of this paper are published 
in the Archive for Rational Mechanics and Analysis, 4, No. 2 (Decem- 
ber 1959). 
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Introduction to the Symposium on Adhesion and 


Rheology 


RAYMOND R. MYERS, Lehigh University, Bethlehem, Pennsylvania 


An individual who encounters a problem in adhesion has to do a 
certain amount of soul-searching in order to be sure his approach to 
the problem is not subject to bias. Most rheologists who have con- 
sidered the problem assert that adhesion is more closely allied to 
mechanical properties than interfacial forces; a colloid chemist or 
surface chemist will incline toward the opposite view and seek rela- 
tions involving surface free energies, contact angles, and other pa- 
rameters of thermodynamic significance. 

At present the two schools are at opposite poles, despite the fact 
that some of our best adhesives rheologists are also thoroughly imbued 
with surface chemical concepts. One of the objectives of this sym- 
posium is to focus the attention of rheologists on the rheological 
problems in order that they can be carried to an early stage of fruitful 
development. Perhaps then the interfacial aspects will be clearer. 

An additional degree of schizophrenia exists in the division among 
rheologists, themselves, of adhesion problems into liquid and solid. 
In the first case, rupture of a liquid adhesive has been adequately 
represented by a well-known equation of Stefan for the extension 
of a single filament of radius R and thickness ho: 


ad Gs “) 
T= —— — 
t VA? A? 


where the tension 7’ depends directly on the viscosity of the medium 
and inversely on the time of separation; recent work, however, has 
shown that rapid separation of the adhering members induces cavita- 
tion and requires certain modifications of the Stefan equation which 
are still in various stages of confirmation. In the second case, the 
strength of a solid adhesive is so highly dependent on accidental in- 
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clusions that it is almost impossible to derive information of molecular 
significance regarding the adhesive. 

It is in the area of solid adhesives that most problems involving the 
strength of structural adhesives are encountered. The brittle fracture 
of solids covers interesting problems which border on those encoun- 
tered in developing a super adhesive, and the amount of overlap in 
these two fields of endeavor could be used as a measure of how success- 
ful the adhesion technologist has been. The paucity of papers on 
solid fracture suggests that we are far from the ideal adhesive. 

The problems associated with liquid or tacky adhesives are practi- 
cally all encountered in the application of the adhesive, in contrast 
with the situation involving the solid state in which problems are 
encountered in the performance or testing of the adhesive. This fact 
seems to have escaped the attention of earlier authors, but it is 
brought out vividly in this symposium: three papers are concerned 
with performance of a sandwich during peeling, and two are devoted 
to the deformation and flow characteristics of liquids during their 
application to various substrates. 

The papers by Drs. Kaelble, Bickerman (abstract only), and Chang 
are complementary in their treatment of the forces required to sepa- 
rate a thin film of material capable of withstanding prolonged stress. 
The offerings of Erb and Hanson, and of Miss Cobb (title only) cover 
the behavior of coatings while they are still in the liquid state. Erb 
and Hanson point out that under the conditions of rapid separation 
which accompany the decomposition of an adhesive, the liquid can 
also exert a pronounced tensile pull on the substrate; Miss Cobb is 
more concerned with the penetration of an adhesive coating into a 
porous substrate in the moments immediately following its deposition. 

One firm conclusion can be drawn from a consideration of the papers 
appearing in this symposium: the rheological aspects of adhesion are 
important. In the hopes of resolving or avoiding any conflict with 
the proponents of the interfacial approach, it seems appropriate to 
point out that the rheologist is chiefly concerned with the general 
aspects of adhesion without regard to the atomistic picture, while 
the interfacial chemist is more likely to be concerned with specific 
problems involving the adherence of a particular adhesive-substrate 
combination. Both disciplines are bound to achieve certain goals 
independently, but in the final analysis the two must complement 
each other in order to provide a working knowledge of adhesion. 
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Theory and Analysis of Peel Adhesion: 
Bond Siresses and Distributions 


D. H. KAELBLE, Central Research Department, Minnesota Mining 
and Manufacturing Company, St. Paul, Minnesota 


Introduction 


Previous analysis of the mechanics and mechanisms of peel, a 
treatment general with respect to angle of peel, has identified two 
potential modes of failure interface propagation.' These failure 
mechanisms are identified as boundary cleavage and boundary 
shear. Cleavage stresses, normal to the bond plane, are highly 
localized at the bond boundary where the flexible member undergoes 
a sudden transition from maximum to zero curvature. The shear 
stresses, parallel to the bond plane, are distributed throughout the 
bond. 

The cleavage stress distribution has been analyzed by Spies* and 
Bikerman’ for peel at a ninety degree angle of removal. This 
discussion undertakes an extension of the bond stress analysis in 
peel by applying the more general definition of the mechanisms and 
mechanics now available. This treatment remains general with 
respect to angle of peel, thus defining bond stresses from the limiting 
condition of zero angle peel (simple shear) to high peel angles. By 
combinations of the relations resulting from this analysis and the 
previous treatment of process mechanics, new insight into the peel 
process is developed. 


Theory 


A. Basic Assumptions 


The previous assumptions concerning an idealized form of tensile 
peel termed “simple stripback” are adopted for this discussion,' 
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In addition certain assumptions concerning properties of the inter- 
layer are necessary. For completeness, all assumptions concerning 
the process are included below: 


I. Properties of the Flexible Member 
A. Of slender rectangular cross section 
B. Elastically (Hookian) deformed 
C. Bonded and unbonded portions of semi-infinite length 
D. Flexible and extensible 
Il. Properties of the Adhesive Interlayer 
A. Display elastic deformation 
B. A sharply defined bond boundary exists at x = 0 
III. Properties of the Forces 
A. All forces uniformly distributed across the bond width 
B. Applied foree—acts in tension along the central plane of 
the flexible member 
C. Bond shear forces—distributed over the bonded interface 
of the flexible member 
D. Bond stripping forces—a highly localized parallel array, 
perpendicular to the bond plane 
IV. A steady-state unbonding process (applied force and rate 
constant with time) 


These assumptions are individually amplified upon in subsequent 
sections. 

A schematic view of the adhesive joint in the zone of peel is repre- 
sented in Figure 1. During steady-state peel the x — y coordinate 
system translates to the left at a uniform velocity relative to the 














. L i * 
Se 


{4 fy 








\ 
\ 








Fig. 1. External forces acting on the flexible member. 
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TABLE I 
Nomenclature of Principal Terms 




















Symbol Definition 
P peel force 
WwW work of peel 
m moment arm of peel force P about 0 
M bond moment of force 
w angle of peel 
2h flexible member thickness 
a adhesive interlayer thickness 
b bond width 
f reactive bond force in cleavage 
: q reactive adhesive shear force 
o bond stress due to force f 
r bond stress due to force q 
EK Young’s modulus of flexible member 
I moment of inertia of flexible member cross 
section about the neutral axis 
Y Young’s modulus of the adhesive interlayer 
G shear modulus of the adhesive interlayer 
dw /ds exact curvature of the flexible member at x = 0 
/ R exact radius of curvature at z = 0 
a (G/2Eah)'/* 
/ B (Yb/4Ela)‘/* 
, 
: 
; TABLE II 
Statement of Peel Mechanics 
Mechanism Cleavage Shear Combined 
Forces Peo = psinw Ps = p cose p = (p+ ps*)'? 
= Yf, — Lf. = Yq 
= =f 
Moments of M, = p-m, Ms = p-m, M = p-m 
force = Uf-zr = h cos wtq = M.+ Ms 


‘ “J l/e 
2EI(1 — cos w) 
Moment arm m. = m—hcosw m, = hecosw n= 
p 
= 2R(1 — cos w) 








stationary 2% — yo reference coordinates. Since the properties of 
the applied and induced forces relative to the x — y coordinates are 
invarient with time, conditions of instantaneous static equilibrium 
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Fig. 2. Forces and moments acting on an increment of the flexible member. 


apply. The principle terms of nomenclature associated with Figwe 
1 and subsequent discussion are defined in Table I. A statement of 
the peel mechanics' as they apply to this discussion is presented 
in Table LI. 

The nature of the forces acting on a section of the flexible member 
of length (dx) located a distance (—.x) from the origin of the trans- 
lating « — y coordinates is illustrated in Figure 2. Bending forces 
in the flexible member produce bending moments (M,) and (M, + 
dM,). Shear forces in the flexible member are represented by (s) 
and (s + ds). The reactive forces of the adhesive interlayer are 
represented by a tensional force (f) and a shear force (q). Applying 
the condition of equilibrium of external moments and forces to this 
flexible member section we find for the forces: 


ds+f=0 (1) 
dp+q=0 (2) 

and for the moments: 
dM, + sdx — gh = 0 (3) 


where: 


dM,. + dM,, = dM, (4) 
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dM,. = —sdx (5) 
dM,, = +qh (6) 


The moment dM,, is the incremental bending moment due to bond 
cleavage and the moment dM,, is the incremental bending moment 
due to bond shear. 


B. Bond Cleavage Stress 


The derivation of the cleavage stress function involves application 
of eqs. (1) and (5) and the exact relation for bending deformation :’ 


EI (dw/ds). = M, 


A detailed derivation of the cleavage stress function is provided in 
Appendix IA. The resulting equation for cleavage stress at point 
(—2) in the bond may be written as: 


o = 2Be* [(8M. + P sin w) cos Br + BM, sin Bxr\/b (7) 


or 
o = oe (cos Bx + K sin Br) (8) 
where 
K = 6M./(@M. + P sin w) = Bm./(8m, + sin w) (9) 
and 
B = (Yb/(4Ela)“* (10) 


The cleavage stress function defined by eqs. (7) or (8) is graphically 
described in Figure 3 where the ratio of interior stress (o) to boundary 
stress (oo) is plotted versus @r, a relative measure of displacement 
from the bond boundary. The two curves illustrate the general 
form of the cleavage stress function as a highly damped harmonic 
function involving alternating regions of tension and compression. 
The influence of K, the dimensionless parameter defined by eq. (9), 
is shown in Figure 3 where the curves represent the values of K = 0 
and K = 1.0. The factor 8 defined by eq. (10) has the dimension of 
reciprocal length and defines the full cyclic wavelength by factor 
22/8. The 8 parameter may be defined as a cleavage stress concen- 
tration factor in the sense that increasing values of 8 concentrate 
the stress in a smaller active area near the bond boundary. 











50 D. H. KAELBLE 


1.0 

















oe} /] 
OG / | 
} | 
/ | 
04F | 
ef | 
we or} COS AX. 
7 j 
’ 
Or = - —— —_ ~ —+ 
-0.2 - 
x 
e? (cos x + sin x) ~ 
“04F 
“06 4 4 1 i i i 
“6 s a -3 2 =f © 
Bx 


Fig. 3. The cleavage stress function for K = 0 and K = 1.0. 


Evaluation of the cleavage stress function provides new relations 
for the summed cleavage forces =f and moments of force Zfx. With 
regard to the forces, by introducing the relation f = —obdzx into 
eq. (8) and rearranging into integral form we may write: 


Lf = —ba Jf, * & cos Br dx + KS,~* & sin Bx dx 
evaluating the above integral we obtain: 
2f = bool — K)/26 = P. (11) 
Since f = p sin w, eq. (11) may be written as: 
P = ob(1 — K)/26 sin w (12) 


By substitution of the factor 6 as given by eq. (10) into the above 
expression we may rewrite eq. (12) in a form similar to the Bikerman*® 
equation for peel through a Hookian solid: 


P = 0.380bo)(E/Y)* a'*(2h)'“(1 — K)/sin « (13) 


Equation (13), at a peel angle of 90°, is identical to the Bikerman 
equation except for the appearance of the additional term (1 — K). 
The Bikerman theory implicitly assumes K = 0 when, in fact, K, 
as the forthcoming discussion will demonstrate, may be very close 
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to unity at 90° peel and slight changes in K exert a powerful influence 
on the factor (1 — K). 

The summation of cleavage moments of force fx may also be 
evaluated in terms of eq. (8) by introducing the relation fr = — obrdxr 
into this expression with rearrangement into the following integral 
form: 


Sfx = —bo Jf, xe cos Bx dx + KS,~* xe™ sin Bx dx 
evaluating this integral we obtain: 
>> t= Kbayo 2B? = M. (14) 


From consideration of the conditions of force and moment equilib- 
rium the expression for bond cleavage stress and distribution have 
been developed in eqs. (7) through (9). Application of these expres- 
sions to the summation of cleavage forces and moment produces the 
expressions for the cleavage force P, as given by eq. (11) and cleavage 
moment M, as given by eq. (14). 


C. Bond Shear Stress 


Derivation of the shear stress function involves application of 
eq. (2) and is developed in Appendix IB. The resulting equation 
for the shear stress function may be written as: 


d = (P cos w ae™*)/b (15) 
or: 
h = re” (16) 
where: 
a = (G/2Eah)'” (17) 


Equations (15) and (16) express the shear stress function as a simple 
exponential decay form with maximum shear stress at the bond 
boundary (x = 0) and monotonically diminishing stress magnitude 
with increased values of (—x). The factor a defined by eq. (17) 
is also in dimensions of reciprocal length and represents a shear stress 
concentration factor in a manner similar to the cleavage factor 8. 
In other words, increased values of a decrease the active bond area 
under high shear stress. 
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Substituting the relation \ = —q/bdz into eq. (16) with rearrange- 
ment into integral form we obtain: 
tq = —rodbSf,~* &* dx 


Evaluating the above integral we obtain: 

Zq = rob/a = Ps (18) 
where eq. (18) expresses the summation of bond shear forces. Since 
the shear moment of force is simply Ms = hq, eq. (18) becomes: 

h2q = dghb/a = Ms (19) 


Equations (15) through (17) then provide the expressions for shear 
stress and distribution. The summation of shear forces produce 
the relations for the shear force Ps and shear moment Mz as given 
by eqs. (18) and (19), respectively. 


D. Combined Stresses 


Discussion of the two previous sections has concerned the cleavage 
and boundary shear functions as more or less independent stress 
mechanisms. The mechanics of peel' provide relations for steady 
state peel in terms of the combined stresses in cleavage and boundary 
shear. In terms of the equilibrium of bond forces we obtain: 


P = [P2 + Ps*]” 


which upon substitution of eqs. (11) and (18) becomes: 


= [ee = WP, Prop” 7 
p(T +L) a 


The equation for equilibrium of bond moments may be written: 


P= M* _ _(M. + Ms)’ 
bas 2EI(1 — cos w) x 2EI(1 — cos w) 


Substituting eqs. (14) and (19) into the above expression we obtain 
upon simplification and rearrangement: 


. Kao 3°* cos w ro |? yas ; 
die bal art (2a)”* | Mie ee Hee 


eee 
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In eq. (21), which is simplified by substitution of eqs. (10) and (17) 
for (8) and (a), respectively, it may be noted that no parameters 
defining the geometry or rheology of the flexible member appear 
directly. 

In addition to the equations of peel in terms of combined forces, 
eq. (20) and combined moments of force, eq. (21), we may develop 
a very general expression for peel in terms of the total work of peel. 
The work of peel is defined as the product of peel force and its dis- 
placement along its line of action. The total work of peel (W) may 
be expressed as the sum of two work components as follows: 


W=Wr+ Wp (22) 


where W, is the nonrecoverable work of translation of the bond 
boundary as previously defined by the peel mechanics and the 
following equation :' 


Wr = p(l — cos w)AX 


The above equation for Wr is meaningful in terms of the bond 
stresses when we substitute for the term P(1 — cos w) available 
from the expression for combined moments available in eq. (21) 
and rewrite as follows: 


Kay 3 ’ COS @ do 2 
a ax 2: 
, a| + OG)” | (23) 


Since in eur primary assumptions for this discussion we consider 
finite elastic deformation of the flexible member, we must include a 
term Wp which defines the recoverable work of flexible member 
deformation in tension. This recoverable work of deformation 
W p> is expressed by the following equation: 


Wp = pPAX/40hE 
The above expression for Wy can also be given physical significance 
in terms of the bond stresses in terms of the relation for combined 
peel force expressed in eq. (20) by substitution in terms of (P?) as 
follows: 


Ww, = b ee — K)*(ha)'” ad AX 


4 + 


3(YE)" G am 
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in which the expressions for 8 and a@ as given by eqs. (10) and (17) 
have been applied to reduce the equation to prime variables. 

From eqs. (22), (23), and (24) we may now provide a general expres- 
sion for the effective work of peel per unit area unbonded as expressed 
by the ratio W/bAX in the following equation: 

Kay 3°" cos w “ft 
(2Y)” (2G) 
l je — K)*(ha)'”’ oe ( 
4 3(YE)” G 


W/bAX =a | 


Ek. Supplemental Relations 


In the relations for combined stress expressed in eqs. (20) and (21) 
three factors—K, oo, and },»—and their dependence upon peel angle 
bear further development and understanding. Let us first consider 
the cleavage stress factor (K). By substitution of the exact relation 
for flexible member bending M,. = EI/R, into eq. (14) for the condi- 
tion w = 180° and any other angle, assuming 6/26 independent of 
angle we may write: 


R. = (Gon Koo) R.~ (26) 


where oo, and #,, are respectively the boundary cleavage stress and 
radius of cleavage curvature at w = x. Since from the mechanics 
we may write m,. = 2R.(1 — cos w), upon substitution of eq. (26) into 
this expression we obtain: 

2ourktee (1 ) 27) 

Mm, = = — COs w 24 
Kay ( 

Substitution of the above expression into eq. (9) and rearrangement 
produces the following quadratic equation for K: 


Ko sin w 


K-1=0 2 
280,,R.,(1 — COs w) . (28) 


where, when cleavage is the controlling stress mechanism of failure 
o> = oo, the function of K versus w may be calculated by solution 
of the quadratic. However, when shear is the predominating mech- 
anism the cleavage boundary stress becomes variable with peel 


Pn Ae ete 
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or 


angle and further knowledge of the relation between oo and X» with 
angle w is required. 
Solving eqs. (7) and (16) for x = 0 and recognizing that M. = p-m, 


we may write: 
28 / Bm. 
00/A»o = ( + tan ») (29) 


a COS Ww 


Introducing, from the mechanics, the relation m, = 2R(1 — cosw) — h 
cos w into the above relation and rearranging we obtain: 


o%  (3Y)” [= — COs w) | 4 28 ' 
» @& h cos w a -s (9) 


An alternate method of expressing eq. (29) is provided by solving 
eq. (9) in the following terms: 
K sin w 


Bm, = ie 


Substituting this relation into eq. (29) provides the following ex- 


pression : 
do 28 ( l ) t 
= al ) : 
Ao Qa l1— K see . 31) 


for the cleavage to stress ratio. These several relations involve the 
use of both the cleavage boundary radius of curvature (R,) and the 
combined radius of curvature in peel (2) which are interrelated by 
the following expression: 

h cos w 


sahtinadiel 2(1 — cos w) (32) 
We will consider steady state peel failure to proceed by a single 
predominating stress mechanism. The predominating stress mech- 
anism is characterized by a critical boundary stress which is 
independent of angle. Thus for peel by cleavage (when a/A» > 
Cor, Noo) : ; 


oo = Gor 


28 l ah 
ho = Sox “ (; —k tan w (33) 
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and for peel by boundary shear (when ao/A» < o,/doo) : 


_ ae , 

= — an : 

a 00 ae os a w ( ) 
Ao = Aoo 

where oy, is the boundary cleavage stress at w = 180° and Ago the 


boundary shear stress at zero angle of peel. 

Solution for the function of K with peel angle proceeds in a straight 
forward manner where cleavage predominates since the ratio oo/ 0, 
in’ the first term of eq. (28) is unity. However, when the angle of 
peel is in a range where boundary shear predominates a technique 
of successive approximation solution applies. One may solve 
eq. (28) by first assuming oo/¢, = 1.0. We take the approximate K 
value for this solution and apply it to the solution of o from eq. 
(34). The new value of o/o, in eq. (28) produces a different ap- 
proximate K value and this routine of circuitous resubstitution is 
repeated until both K and o» converge to constant values. 


Experimental 


The use of self adhering or “pressure sensitive” bond interlayers 
in the peel adhesion experiments reported in this study provides a 
very close approximation to the steady state peel condition required 
by theory. This type interlayer also provides a convenient means 
of altering the effective rheological properties as measured by moduli 
(Y) and (@), and the apparent adhesion parameters as measured 
by boundary stresses (A») and (ao) by merely changing the time scale 
of the experiment as controlled by peel rate. 

Two basic types of peel experiments are utilized in this study of 
peel adhesion phenomena. The measurement of peel force as a 
function of peel angle is the first of these methods. As later dis- 
cussion will indicate, the nature of this P versus w function provides 
very basic information concerning the bond. The second method 
provides for direct experimental measurement of the internal and 
boundary cleavage stress associated with steady state peel by means 
of the “split-beam transducer.” Résults of the second type of 
measurement provide data of a new and fundamental nature since 
any assumptions of an arbitrary stress distribution and flexible 
member deformation are not a requirement for analysis. 
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A rather explicit additional criteria for the range of experimental 
conditions is provided by eq. (22) of the theory which defines the 
total work of peel (W) in terms of a work of boundary translation 
(Wr) and work of flexible member deformation (Wp). All peel 
measurements reported here are conducted under conditions where 
W p is negligible compared to Wr. Consideration of any peel experi- 
ment in terms of these work contributions points up several interest- 
ing facts concerning steady state peel where Wp = W. First, the 
applied peel rate corresponds directly to the rate of bond boundary 
propagation, a circumstance not available in most tests for bond 
strength where a rate of strain may be applied but failure propagation 
is uncontrolled. Second, measurement and analysis of the process 
of failure interface propagation are much simplified by the fact we 
are dealing with a geometric one-dimensional event or a line propaga- 
tion as opposed to much more complicated geometries of failure in 
most other bond types. 


All-Angle Peel Measurement 


A previously described, peel tester and technique are applied to 
provide steady-state measurements over a wide range of peel angles 
and peel rates.' Peel force measurements were conducted from 
angles of less than 10° to 180° and rates of 0.02, 0.2, 2.0, and 20.0 
in./min. The bonds in these experiments involve a rigidly clamped 
cellophane substrate, self adhering adhesive interlayer, and flexible 
members of (a) cellophane, (6) glass cloth, and (c) aluminum foil. 
Tests were conducted at 25 + 1°C. and 50 + 5% R.H. The com- 
bined reproducibility of the bonding and peel test was about +4%. 


Split-Beam Transducer Measurement 


The prototype apparatus and technique of cleavage stress measure- 
ment have been previously reported. The basic element of the 
apparatus is a split substrate, one side of which is rigid and the 
other side in the form of a slightly deflectable beam which senses 
normal forces by means of a deflection transducer. As the peel bond 
boundary proceeds perpendicularly across the line split from the 
inactive to active substrate, the accumulation of normal bond 
forces (Zf) acting through the adhesive is measured. This first 
derivative of this measured =f response with respect to displacement 
is a measure of bond stress in an area increment (bdz). 
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Results and Discussion 
Low Angle Peel 


As previously mentioned, the primary stress mechanism of failure 
interface propagation may be assessed from a knowledge of the 
relative magnitudes of the boundary cleavage stress o) and boundary 
shear stress Xo. Equation (30) provides the relation for (¢o/Xo) for 
all peel angles. This function is evaluated for four hypothetical 
bond constructions where R is considered as a constant and Y = 3G. 
Table III presents the characteristics of the bonds evaluated. Bonds 


TABLE III 


Bond Properties for Evaluation of o9/d.) Function* 


Bond A B Cc D 


2h (in.) a a da da 
E, psi 1,000)" y 1,000Y Y 
6R/h 240 240 60 60 


28/a 25.7 4.05 18.4 3.24 





*a = 0.001 (in.); 6 = 0.50 (in.); R = 0.02 (in.); Y = 1.0 & 10% (lb./in.’); 
G = Y/3. 


A and C represent bonds where the flexible member Young’s modulus 
(£) is high compared to the adhesive modulus (Y). Bonds B and 
D have flexible member and adhesive modulus of comparable magni- 
tude. Similar backing thicknesses provide equivalent R/h ratios 
for bonds A to B and C to D. 

Examination of eq. (30) indicates that the factor 26/a exerts the 
controlling influence at very low angles and the 6R/h factor pre- 
dominates at higher angles. At zero angle peel the limiting value 
of ao/ko = —3.0. Figure 4 illustrates the nature of these functions, 
where the factor (oo/):) + 3 is plotted on a logarithmic scale versus 
peel angle over a range of low angles, for bonds A through D described 
in Table III. If we assume the cleavage failure predominates when 
go/o > 3.0 and boundary shear when oo/\» < 3.0, then on Figure 4 
the value (o0/\o + 3) = 6.0 is the line of demarkation between 
cleavage and shear as controlling mechanisms. In Figure 4, when 
(oo/ko + 3) = 3.0 the cleavage stress o) makes the transition from 
tensile (+) to compressive (—) stress in comformance with the 
criteria of peel mechanics. At decreasingly smaller peel angles in 
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Fig. 4. The boundary stress ratio function at low peel angles. 
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Fig. 5. The boundary stress ratio function at high peel angles. 
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Figure 4 we note the convergence of boundary stress ratios of A to 
C and B to D is controlled by the factor 28/a. With increasing peel 
angle a similar convergence appears between A to B and C to D as 
controlled by the factor 6R/h. 

Plots of the calculated boundary stress ratios oo/A9 over the full 
range of peel angles from 0 to 180° are presented in Figure 5 for 
bonds A and D which present the extreme values both factors 28/a 
and 6R/h. This cartesian plot presents no detail at the low peel 
angles where the cleavage-boundary shear transition takes place. 
Figure 5 illustrates the discontinuity in the oo/A» function at w =90° 
due to the disappearance of shear stress. For peel angles greater 
than 90° the ao/Ao ratio is negative due to the change in sign of the 
shear stress as it reverses direction. Over the full range of high 
angles the absolute magnitude of the boundary stress ratio | o0/do| > 
3.0 indicating cleavage as the dominant mechanism for both bonds 
A and D. ° 

For a particular bond of the group A through D described in Table 
III we may further evaluate the effect of the boundary stress ratio 
(oo/Ao) upon peel force (P) in the transition from cleavage to boundary 
shear. As defined in eqs. (29) through (31), we consider a principal 
boundary stress associated with the dominate stress mechanism of 
failure which is independent of peel angle and a secondary boundary 
stress determined from the boundary stress ratio function for the 
bond. Bond C of Table III presents the characteristics most analo- 
gous to the bonds evaluated experimentally. By selecting a principal 
cleavage boundary stress o), = 1,000 psi and several principal cleav- 
age to shear boundary stress ratios; o,/Ao = 3.0 for bond C—1, 
Cor/do = 10.0 for bond C—2, o,/o = 40.0 for bond C—3, we 
calculate the several functions, force (P) versus peel angle (w), pre- 
sented in Figure 6. For peel angles greater than zero, eq. (21) for 
the combined moments is applied. The zero angle condition is 
defined by eq. (20) which simplifies to become: 


P = vob a 


The stress ratio function for bond C illustrated in Figure 4 defines 
both the magnitude of the secondary boundary stress and the 
critical peel angle at which the dominate stress mechanism changes 
from cleavage to shear. 
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The upper curve of Figure 6 represents the peel force calculated 
for predominating cleavage failure. Bond C-3 changes from cleavage 
to shear as the predominating failure mechanism at approximately 45° 
peel angle, and with decreased angle the peel force decreases until 
very low angles where it increases to the zero angle limit. Bond 
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Fig. 6. The calculated peel force (P) versus angle (w) function at low angles. 


C-2 displays a similar response with transition in the dominate stress 
mechanism of failure but at a lower angle, about 23°, for the transi- 
tion. Bond C-1 displays a peel force maximum at the peel angle of 
stress mechanism transition, about 10°, but no minimum at lower 
peel angles. The difference between bond C-1 and the other bonds 
of Figure 6 is that for this bond the terms of eq. (21) are: 


Con 3 *o0 


(2Y) ~~ 2G)" 











(2 D. H. KAELBLE 


but for bonds C-2 and C-3 they are 


Con 3 "Noo 
(2v)'* 7 2G)” 

For the hypothetical bonds considered here, we are led to the 
conclusion that where a transition is made from cleavage to shear 
a force maxima will occur on a steady-state peel force versus angle 
curve. Also, that at lower angles where shear predominates we may 
also experience a peel force minimum. In this discussion of the 
theoretical form of the boundary stress ratio functions and the peel 
force versus angle response through the cleavage-shear transition 
we have assumed artificially that the boundary radius of curvature 
R is a constant and the factor K is unity. This is an obvious over- 
simplification of the more complicated exact response predicted by 
the theory, but it serves as an adequate basis for the general con- 
clusions developed concerning the steady state force-angle peel 
function at low angles. 


High Angle Peel 
At sufficiently high angles of peel the cleavage stress mechanism 
is the dominating process of failure and the shear stress contribution 
becomes negligible. In this instance eq. (21) becomes: 
p = ba(K*o,?/2Y) (1 — cos w)~! (35) 
A consideration of the dependence of the variable K in the above 


expression upon peel angle sheds interesting new insight into the peel 


TABLE IV 
Approximate Cleavage Stress Distribution Multiplier Factor (K) 








Case Cc A D B - 
26R. 0.1 1.0 3.30 9.36 18.56 652.4 100 500 
Wdeagrres K K K K K K K K 





l 0.029 0.089 0.156 0.247 0.330 0.485 0.594 0.838 
10 0.089 0.255 0.412 0.583 0.699 0.844 0.906 0.978 
30 0.151 0.400 0.597 0.766 0.853 0.937 0.965 . 


60 0.530 0.870 
90 0.620 — 0.915 
120 0.710 . 0.965 
150 0.820 0.980 


180 1.00 1 00 1.00 1.00 1.00 1.00 1.00 1.00 
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adhesion process in this range of high peel angles. As previously 
mentioned, the value of K at any angle of peel may be calculated by 
eq. (28) which becomes: 


K? sin w LK ' 0 
1- = 36 
26R..,.(1 — cos w) (36) 
where for this discussion o = o,. Table IV presents tabulated 


values of K calculated from the above expression. The selected 
values of 28R. include the four bonds discussed in Table III and 
Figure 4. Examination of eq. (35) produces the following equation: 


P = 2K?P,(1 — cos w)~! (37) 


where P, refers to the peel force at 180° peel angle. Figure 7 presents 
curves of peel force versus angle for two values of 26R,,. A peel 
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Fig. 7. The calculated peel force (P) versus angle (w) function at high angles. 
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force P, = 1.0 is assumed for both bonds. The value of 28R,, = 1.0, 
a magnitude characteristic of self adhering adhesive bonds, produces 
a minimum in the peel force versus peel angle function, as shown in 
Figure 7, between 90 and 180°. The second curve for 26R,, = © 
produces the simple inverse relation of peel force and (1 — cos w). 
An earlier discussion of peel phenomena discussed this minimum 
peel force occurring at high angles in terms of inelastic buckling of 
the flexible member.' While this earlier explanation is valid, it 
now is apparent that the dependence of K upon peel angle provides 
the more direct and theoretically compatible explanation of this 
feature of the steady state force-angle function at high angles. In 
this brief discussion of high angle peel we have ignored the contribu- 
tion of the shear stress mechanism to the peel force P as indicated 
by eq. (35). 
All-Angle Peel 


Individual discussions of low and high angle peel obviously over- 
simplify a rather complicated response which involves a good deal 
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Fig. 8. Peel force (P) versus angle (w) for cellophane tape (adhesive thickness 
a = 0.0002 in.). 
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Fig. 9. Peel force (P) versus angle (w) for cellophane tape (adhesive thickness 
a = 0.0018 in.). 


of overlapping of the prime stress mechanisms as they occur at very 
low (at or near zero) and high (at or near 180) angles of peel. Experi- 
mental all-angle peel measurements at constant rate of peel for se- 
lected self-adhering bonds provide a penetrating insight into this 
more complicated real response. 

Figure 8 presents peel force versus angle data for a bond compris- 
ing a cellophane flexible member of thickness 2h = 1.5 X 10~-* in. 
and transparent adhesive interlayer of thickness a = 2.0 X 10~‘ in. 
As indicated in Figure 8, increasing peel rate increases peel force at 
all angles. At the lower peel rates, 0.02 and 0.2 in./min., a maxima- 
minima in peel force occurs at angles between 30 and 40°. At the 
higher rates of peel, and correspondingly higher peel forces, this 
phenomena does not occur at equivalent angles of peel. It is this 
maxima-minima in the P versus W function we associate with the 
cleavage to boundary shear transition in predominating boundary 
failure mechanism. 
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Fig. 10. Peel force (P) versus angle (w) for glass cloth tape. 


Figure 9 presents similar data for a pressure-sensitive bond identical 
in character to that discussed in Figure 6 except the adhesive inter- 
layer thickness a = 1.80 X 10-* in. for this bond. The ninefold 
increase in adhesive interlayer thickness, aside from reducing peel 
forces at the peel rates of 0.02 and 0.2 in./min., displays properties 
in Figure 9 very similar to those of the thinner adhesive layer discussed 
previously. 

The peel response of a pressure-sensitive bond utilizing a glass 
cloth flexible member is illustrated in Figure 10. A very pronounced 
maxima-minima may be noted in the peel force versus angle curves 
at the lower rates of 0.02 and 2.0 in./min. The data for the lowest 
rate, 0.02 in./min., indicate a smooth transition of peel force in this 
region rather than a sharp discontinuity in peel force. 

The effect of a metal flexible member, aluminum foil, in combina- 
tion with a pressure-sensitive adhesive bond is displayed in the peel 
force curves of Figure 11. Here a sharp decrease in peel force is 
realized at the low peel rates of 0.02 and 0.2 in./min. as the peel angle 
decreases below a critical value of 36 to 40°. No appearance of a 
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Fig. 11. Peel force (P) versus angle (w) for aluminum foil tape. 


force minima was recognized in measurements carried to less than 
20° in peel angles for these two lower rates of peel. The common 
characteristic of the four bonds evaluated in Figures 8 through 11 
is that peel force increases with peel rate for all angles of measure- 
ment. At high angles of peel the data in Figures 8 through 11 all 
display the force minimum at angles between 120 and 160° as pre- 
dicted by the variance in the K factor with peel angle and illustrated 
in Figure 7. At low angles of peel and low rates the experimental 
data display the maxima-minima in peel force associated with the 
cleavage to shear transition in predominating mechanism of boundary 
translation as illustrated in Figure 6. The confirmation of the 
experimental peel force versus angle functions to the calculated 
functions substantially confirm the assumptions of theory. The 
condition of the steady-state as controlled by the rate and temperature 
of peel determine the rheological response as defined by interlayer 
moduli Y and G and the effective adhesion characteristics as de- 
termined by the boundary stresses op, and Ao. In other words, the 
experiments tend to confirm the hypothesis that these rheological 
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and adhesion properties in peel are independent of the angle of peel 
for a constant condition of steady state peel. 


The Propagating Boundary 


An additional and direct test of this theory as it applies to the 
self-adhering bonds discussed here is provided in the direct experi- 
mental evaluation of internal boundary stresses in bonds of this 
type during steady-state peel and comparison to the theoretical form 
of the stress distribution. Measurements of this type are available 
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Fig. 12. The cleavage stress as measured in steady state peel. 





for the cleavage stress distribution by use of a special instrument 
termed the “split beam transducer’’® which measures the cleavage 
stresses acting through the adhesive interlayer upon the adherend. 
A typical directly measured cleavage stress function is presented in 
Figure 12 for a bond involving a self-adhering adhesive and cellulose 
acetate flexible member where: 

Adhesive thickness (a) = 0.001 in. 

Flexible member thickness (2h) 0.0015 in. 

Peel angle (w) 90° 

Peel rate 2.0 in./min. 

Temperature 25 + 1°C. 

Relative humidity = 50 + 5% 
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The general features of the theoretical cleavage stress functions, as 
previously illustrated in Figure 3, are evident. The cleavage stresses 
display a narrow region of maximum tensile stress at x = 0. Pro- 
ceeding toward the bond interior, —.x direction, we recognize the 
region of compressive stress and interior tensile stress. 

The chief deviation of experiment from predictions from theory 
occurs at the boundary. Rather than stress approaching a maxi- 
mum at z = 0 and dropping discontinuously to zero, we experience 
a broad region positive average stress in the region of +2 values. 
This phenomenon is associated with the well-recognized stranding or 
tooth formation which is a mechanism of failure beyond the scope of 
the assumptions of theory. Gent and Lindley® have recently recog- 
nized and theoretically treated a similar phenomena, which operates 
through the nucleation of internal flaws, as they occur in tensile 
stressing of bonded rubber cylinders of high width to thickness ratio. 
In the well-vulcanized examples of Gent and Lindley these internal 
flaws did not control the strength of the bond presumably due to the 
crosslinked network which inhibited their propagation through flaw 
mechanisms. An analogous phenomena of void nucleation has 
been recently reported by Myers, Miller, and Zettlemeyer,’ in the 
splitting of liquid films where flow regions allow void propagation 
and cavitation. In bonds involving self-adhering adhesives, com- 
prising non-crosslinked polymeric adhesives, a phenomena of teething 
as shown by the split beam experiment, Figure 12, could reasonably 
represent a condition intermediate between that of viscous liquids 
and crosslinked elastomers. 

Graphical analysis of Figure 12 indicates the summed bond cleavage 
forces =f = 0.486 lb. and the summation of cleavage moments of 
force Sfx = M, = 4.73 XK 10~-* |b. in. These factors may be applied 
to the calculation of the flexible member modulus from an equation 
of the peel mechanics! (see Table II) which does not depend on the 
particular form of the stress function. Tor 90° peel the equation 
becomes: 


E = (Zfx)*/2TSf = 1.59 XK 10° psi 
where J = 1.45 X 10-™ (in.‘). This calculated modulus is in 


reasonable agreement with the expected values for cellulose acetate. 
Ignoring the already discussed deviation of the stress function of 
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Figure 12 from theoretical predictions, let us calculate the adhesive 
Young’s modulus from eq. (14) which may be rewritten for 90° peel: 

Y = K*e2Elab/M, = 15.0 psi 
where by assumption K = 1.0, and from Figure 12, o = 54 psi. 
The calculated value for adhesive Young’s modulus is in a range of 
magnitude in agreement with expectations and typical of self- 
adhering adhesives. 
Appendix I 
IA. The Cleavage Boundary Stress Function 


Applying the condition of equilibrium of external moments and 
forces we obtain the following relations: 


ds+f=0 (1) 
dM, + sdx = 0 (2) 
Introducing the exact relation for bending deformation? 


EI (dw/ds)c = M, 


and recognizing the valid approximation (dw/ds)e = (d*y/dzx*) 
applicable to small bending defections we obtain: 
EI (d*y/dx*) = M, (3) 


which relates the flexible member Young’s modulus (2), moment 
of inertia about the neutral axis (/), and curvature (d*y/dx*) to the 
bending moment M. 

Differentiating eq. (3) twice we obtain: 


EI (d*y/dx*) = d*M,/dzx* (4) 
Rearranging eq. (2) and differentiating we obtain: 
—ds/dx = d*?M,/dx? (5) 
Combining eqs. (4) and (5) we obtain: 
EI (d*y/dx*) = —ds/dx (6) 
From eq. (1): 
ds = —f = Ybydz/a (7) 
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where Y is the adhesive interlayer Young’s modulus, a the interlayer 
thickness, and b the bond width. Rearranging eq. (7) and combining 
with eq. (6) we obtain: ; 

(d*y/dx*) + (Yb/Ela)y = 0 (8) 


Applying the standard method for solving linear differential equa- 
tions of this type, we write: 


(D‘ + Yb/Ela)y = 0 (9) 
where D is the operator (d/dx). If we assume the convention: 
8 = (Yb/4EIa)'“ (10) 
then eq. (9) becomes: 
(D* + By = 0 (11) 


which may be solved by standard procedures, recognizing y = 0 for 
high negative values of z, to obtain: 


y = &*(A cos Bx + B cos Bx) (12) 
where: 

A 

B 


(6M, + P sin w)/26°EI 
M ./26°EI 


Solving in terms of the adhesive interlayer stress ¢ = yY/a, eq. (12) 

becomes upon substitution for A and B and rearrangements 
Ye* 
-— - —— . +4 2 «3 ne ‘ 

¢= 28°ETa BM (cos Bx + sin Bx) + P sin w cos Br (13) 

The tensional-compressional stresses associated with cleavage are 

completely defined, within the scope of the original assumptions, by 

eq. (13). 
IB. The Shear Stress Function 
Applying the condition of equilibrium of external forces we obtain: 
dp+q=0 (14) 


The flexible member tensile stress (@) is: 


@ = P/2hb 











~I 
to 
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which upon differentiation and rearrangement becomes: 
dp = 2hbdo (15) 


The shear modulus of the adhesive interlayer may be expressed as 
follows: 


G = (—q/bdz)/(u/a) = —qa/ubdx 
or: 
q = —Gubdz/a (16) 


where —q is the applied shear force to the interlayer, and u is the 
shear displacement of the interlayer. Substituting eqs. (15) and 
(16) into eq. (14) we obtain: 


2hbd@ — (Gubdx/a) = 0 
or: 
d@ = Gudx/2ah (17) 


The total flexible member tensional deformation at x equals the 
adhesive shear deformation u. Therefore the tensional strain in 
increment dz is: 


du/dx = $/E (18) 
Differentiating eq. (17) 
d?*o/dx* = (G/2ah)(du/dx) 
and substituting we obtain: 
d*p/dz* = (G/2Eah)¢ 
or: 
(d*o¢/dzx*) — (G/2Eah)¢ = 0 (19) 
if we let: 
a’? = G/2Eah (20) 
then by operator notation eq. (19) becomes 


(D? — a*)¢ = 0 (21) 
Solving eq. (21) by standard methods we obtain: 


o = Ce + C™ (22) 
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Since ¢ = 0 for high negative values of x we obtain: 
C, = 0 
C, = (P cos w)/2bh 
differentiating eq. (22) we obtain: 
do@/dx = Crae** (23) 


The expression for the adhesive shear stress, \ = Gu/a, may be 
substituted into eq. (17) to provide the relation: 


do/dx = /2h (24) 
combining eqs. (23) and (24) we may write the shear stress function: 
= (P cos w ae**)/b (25) 
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Synopsis 

A previous theory is extended to provide expressions, general with respect to 
stripping angle, for the boundary stresses and bond stress distributions. The 
treatment is developed in terms of two stress mechanisms. Boundary cleavage 
involves tension-compression stress and predominates at high angles of peel. 
At some low range of peel angles, predicted from theory, boundary shear pro- 
vides the controlling mechanism. Measurement of peel force as a function of 
angle of peel and rate identify the transition in failure mechanism from cleavage 
to boundary shear and provide comparison data for theoretical force-angle func- 
tions. The results of direct measurement of the internal cleavage stresses, by 
means of a new experimental device termed the “‘split-beam transducer,” further 
characterize this bond failure mechanism. 
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The Peeling Force of Adhesive Joints 


FRANKLIN §S. C. CHANG, Mystik Adhesive Products, Inc., 
Northfield, Illinois 


The peeling force of adhesive joints has been an interesting subject 
for scientific investigations as well as industrial applications, since 
adhesive finds ever-increasing usage. A great deal has been published 
about the phenomenon. For examples, De Bruyne and Houwink' 
reviewed this subject extensively; Busse and co-workers? designed 
a special instrument for the measurement of peeling force; Taylor 
and co-worker* attempted an explanation by use of interaction 
between dipoles of adhesive and ions of adherend surface; McLaren 
and co-workers‘ measured the peeling resistance of various polymers 
between two layers of cellophane; Bright® calculated activating 
energy of adhesive. As the variables involved are not readily 
isolated from one another, the peeling force is generally used to 
represent the adhesive or cohesive property of the joint, or even the 
polymer in the cases of single-component adhesives. The conclusions 
thus obtained are difficult to generalize, although the peeling force 
of adhesive joints is related to the adhesion or cohesion of the ad- 
hesive. Spies* and Bikerman’ made attempts to understand the 
mechanics of peeling by calculating the peeling force of adhesive 
joints made of a Hookian solid under the conditions that the deflection 
angle is small and the length of adherend in the strained region is 
infinitely long. These conditions are unlikely to be encountered in 
practical peeling, and the requirement of a Hookian solid can only 
be approximated at very high peeling speed. This paper is a pre- 
liminary report of the efforts in this laboratory to treat the peeling 
force of adhesive joints in general terms, including the effect pro- 
duced by the combination of peeling speed and viscoelastic nature 
of adhesive. 
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General Equations 


Strings are breaking and forming in the strained region during the 
peeling of adhesive joints. The peeling can be considered as a 
special tensile testing with multiple specimens. The stress in each 
string is given by the theory of plastics as a function of elongation 
and time rate of elongation. 


de 
S=S8S 
(« =) 


The form of this function is dictated by the mechanical model chosen 
to represent the adhesive mass. For the three-element model, 
shown in Figure 1, chosen in this discussion in order not to make the 
treatment too elaborate, the stress S in the string is 


S = Fie = E.€ + nde,/dt 








Fig. 1. A 3-element mechanical model. 


where E, and E, are the Young’s moduli of the elastic elements, 
respectively, 7 the viscosity of the dashpot, and ¢«, and « the elonga- 
tions in the series and parallel parts of the model, respectively. Then 


Hts. 5 (B,, 4) 
=? ‘ S= £, 7°*% (1) 


where ¢ is the total elongation (= «+ «). By the use of the 
relation dL. = vdt, where dL is an infinitesimal length of adherend 
and v the instantaneous velocity of adherend, equal to the instan- 
taneous peeling speed, eq. (1) can be changed into 
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dS + bs K (“ 4 *) . 
yn = 4 9 
aL ; nu y dL (2) 
where b = (FE; + E.)/mv. 
The elongation « is defined as 
e= —1 + (y + yo)/Yyo cos w (3) 


where yo designates the thickness of the adhesive film, and w the angle 
between the string and the ordinate y of adherend. Let y take the 
form of an infinite series 


y = >a,L' 


where a, are constants The end condition that there is neither 
elongation nor bending at the origin requires that y = 0 and @ = 0 
when L = 0. Since dy/dL = sin 6, dy/dL must be null at L = 0 
Therefore ao = a, = 0. For convenience all higher terms than 
L‘ are omitted. This omission is justified post facio for the reason 
that the L‘ term is already small, for all practical application, as 
compared to the previous terms. Thus 


y = aL? + a,l* + aL (4) 
sin @ = dy/dL = 2a,l, + 3a;L? + 4a,L' (5) 
cos @ = 1 — 2aL? — 6aya;L* — (Sara, + 9a;"/2 + 2a,*)L* 
— (12a3a, + 12a2*°a;)L’ — (8a? + 16ae°a, + 27a,7a;7 
+4a8)L§—... (6) 


The value of w depends on the geometrical arrangement of the peeling 
concerned, which can be expressed in terms of ZL as shown later in 
the discussion of individual cases. Then « may be written as a 
polynomial of L, so that eq. (2) can be integrated. Let 


E, de " fe 
wei—<«+- = Lael (7) 
nv aL 
where a, are constants. Then eq. (2) becomes 


dS BE, 
“oe l S => z n L* 
dL a Yo : 
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and 
YoS p> nla,’ ' , non 
(—1)"*" — exp) —bL} > (-—1)" 
| Oe re=On=1 rib" r+l I ne=1 bh" +l 

vA 

ren 
=> 2» (-1)"**! ae’ r>n (8) 
r=2n=1 r'b” stl di 


The calculation of a, can be readily made by means of the theory 
of beams on elastic foundation.’ The bending angle @ is related to 
the load in the following manner: 


o 2a o 
dL’ ~ EI aL ) 
where E and 7 are the Young’s modulus and moment of inertia of 
the bent adherend, respectively, and dV the load on dL. Since 
dy/dL = sin @, the left side of eq. (9) can be expressed in the deriva- 
tives of y. 
d*6 eo —8/s * ‘ 9 
as = St ed yah — mn)? + Stnyaya(l — 1°) 
+ y*(1 + 2yx:7)] (10) 


where y, are the ith derivative of y. The projection of an infinites- 
imal area WdL on the reference plane which is taken at the root of 
the string perpendicular to the center line of the string (cf. Fig. 3), 
is WGdL, W being the width of the joint. The force on this area 
along the string is — WGSdL, of which the component normal to the 
adherend is —WG*SdL. Therefore 


2 5 WSG? 
EI dL ‘EI snd 
Substituting eqs. (10) and (11) into eq. (9), 


, WSG? em 
yall — x*)? + 3yryeys(l — -i?) + w*®(1 + 2m”) = — (1 — ~’) 


EI 
(12) 


Expressing y, in terms of L by use of eq. (5) and collecting terms, eq. 
(12) can be readily transformed into 
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Sa.* + 24a, + 144ae%a3l, + (240a.*a, + 540a,a;? + 64a)L? + ... 


WSG? sii 
=— ——~ (1 — 10a,"L? — 30a.a;13 + ...) (13) 
kl 
When S and G are written as polynomials of L, SG* will be also a 
polynomial of L, say, 26,1’. Then after transposing, eq. (13) 
becomes 


BoW BW 
S8a,* + 24a, + EI + (1440: T = ) L + 
B.W 


(24100:%0 + 540a,a;* + 64a)? + kl 


This equation is true for all values of L, so that all individual terms 
must vanish. Thus 


Sa,* + 24a, + a 0 
' os El 
144a,*a; + 8,W/EI = 0 
240a,*a, + 540a.a;" + 64a. + B.W/EI = 0 (14) 


The force F required to peel the adhesive joint is equal to the 
resistance in the direction of the peeling force offered by strings in 
the strained region. 


dF = —WGHSdL (15) 


where WSGdL is the force in the string as discussed previously and 
H represents the geometrical relation between this force and the 
peeling force. H is also readily expressed in the form of a polynomial 
of L, so as 


7H = StL” (16) 


Combining eqs. (8), (15), and (16) and integrating, with the negative 
sign ignored, 


niin ' r+m+l1 
P - VW EB, > > > 2 (—1)"+"+! Nant ml r>n (17) 


Yo r=2m=0n=1 ri(r + m + 1)b"~"*! 
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Individual Cases 


Several arrangements of adherends generally used in peeling 
adhesive joints are sketched in Figure 2. The so-called 90° peeling 
shown in Figure 2a, hereafter referred to as L-peeling, is carried out 
with the joint and one of the adherends remaining flat and the free 
end of the other adherend perpendicular to the joint. This type of 
peeling was used by Busse and co-worker’ and recommended in ASTM 











a | 
ANAVANAAANS NANANAAAAN 
2a 2b 
L~-PEELING U-PEELING 
2c 2d 
T-PEELING CURVED L-PEELING 


Fig. 2. Types of peeling of adhesive joints. 


Standard D429 for testing rubber-to-metal joint and suggested by 
this author® for testing tack of pressure-sensitive tape. The widely 
applied 180° peeling, designated as U-peeling in this work, is depicted 
in Figure 2b, in which one adherend remains flat as in the previous 
case, but the other adherend is bent back into the direction parallel 
to the unpeeled part of the joint. Two examples of U-peeling can 
be found in ASTM Standard D1000 and the work of Bright. Figure 
2c shows the third type of peeling, in which both free ends of 
adherends are bent away through a 90° angle from the joint. The 
cohesion strength of joint can be measured with this arrangement. 
The ARL test’ for metal-to-metal joint and unwinding test for 
adhesive tape are examples of the case shown in Figure 2d, in which 
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the joint is shaped into an arc of a circle and then one adherend is 
pecled away from the joint to a vertical position. As far as the 
elongation of the adhesive film and the relative coordinates of the 
strained region are concerned, this arrangement is very similar to 
that of L-peeling. Therefore, no special treatment is needed for 
this type of peeling. 


Case I. L-Peeling 


The relative position of string to adherends for this case is detailed 
in Figure 3. The two ends of string are at the same abscissa before 
the string is stretched. If the flexible adherend is not stretchable 











F 
ae 
a e 
—_ - 
Ye yt Ye 
x L—x 


Fig. 3. L-peeling. 


as is assumed in this treatment, the length of adherend from the 
origin to the upper end of string is equal to the distance from the 
lower end of string to the y-axis, at any stage of stretching. Then 
it is apparent from the figure that 


L-—z 2 ve 
1/eos w = (1 + tan*w)'* =| 1 ( )) 
COS w (1 + tan’ w | + > 


. E + (‘ ~ *\"] (18) 
Y 


The approximation is permissible because yo is much smaller than 
y in a large part of the strained region and in the region where yo 
is not negligible (L — x) isalmost nil. Since dr/dL = cos @, inserting 
eq. (6) and integrating, 
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2 3 
sak [ im 3 aL? “7 ae031° + “a (19) 


As will be shown later, tan w is always less than 1, and eq. (18) is 
expandable. Substituting eqs. (19) and (4) for x and y in eq. (18) 
yields, after expansion, 


1/eosw = I + 2a,*L?7/9 + 5aa;l*/9 
+ (47a;"/120 + 28a.a,/45 + 98a2'/405)L* + (a;*/90a2 
+ l4a3a, 15 + 544a,%a; 405) L a ae (20) 
By definition 
e = y/yo cos w + (1 — cos w)/cOs w 
The second term in the last expression can be ignored and 
€ = y/o COS w 


Inserting eq. (20), 
2 7 
€¥o = QoL? + a,l* + (; a* + a) Lt + ° ay’a3L° 


4 (= 24 38 — 98 ) 1 
60 Ae; 45 ae", 4 de 4 


05 
l 19 71 

a a;? + — aaa, + —ar‘a,) L7' +... (21) 
2 15 45 


Then eq. (8) becomes 


s 2a,E2\ L* 
Yet = ay? + (-200 + 6a; + — ) — | 2a — bab 
E, nv 3! 
QanbE: 8 E;\) L' 
_- + 6(; a: + 4a, + @ ‘] +... (22) 
nv 9 nv 4! 


It is apparent that the geometrical function G in this case is 


G = cos (6 — w) 

cos 6 cos w + sin @ sin w 

= cos w (cos 6 + sin 6 tan w) 
s 


27,2 26 3 
1-9 ail — > wml 


232 271 136 
- ( om + —al + ais) Lt =... (23) 





45 — * ae 
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It follows that in the polynomial SG? of eq. (13) 


Bo = 0 

By = 0 
- ak 

a 


Putting these values into eq. (14) yields 


a, = (WE,/1GETy)”* = (3E,/4Eyd*)'* 

a; = 0 

a = —a,'/3 (24) 
since J = W6*/12, where 6 is the thickness of the adherend. Now 


a2 and a, are related, so we may drop the subscript of a, and express 
y as 


y = aL*(1 — a®L?/3) 
at = 3E,/4Eyd* (25) 


It may be observed that the constant a is comparable to the quantity 
defined as the characteristic of the system in the theory of beams 
on elastic foundation for small bending angle. Therefore, a may 
be called the characteristic of the joint. It can be shown that by 
differentiating eq. (25) twice, sin @ has a maximum at al = 1/4/2. 
This shows that the treatment will not cover the region beyond 
L = 1//2a. However, in this region near @ = 2/2, coalition of 
string may happen. This phenomenon is certainly not included 
in this discussion, which needs special consideration, if it is involved. 
In the derivation it was assumed that tan w < 1, so eq. (18) can 
be expanded. As the maximum value for al is < 1/+/2, it is readily 
verified that 1/cos w [eq. (20)] < ./2. Therefore, w is < 2/4 and the 
expression (18) is expandable. Combining eqs. (22) and (24), 


E,a 2E, 
S, = L? —(—f,bL/3! ob? L?/4!— fob? L3/514+-.. 
L = | + E, + B, Sib + fob 4!— fxb*L*/5! + | 
fo = 1 — @L?/9 — 16a‘L*/3*-5 — ... 
3!-4! 1 3!-6! 16 
fi=1- —--adL’ - - = att — ... 


2-5! 9 2-7! 3*-5 








1 — 
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26) 


.Al 1.6! : 
4! 4! 1 aL? — 4! 6! 16 alt — 
2-6! 9 2-8! 34-5 < 
5!-4! 1 5!-6! 16 

—-— gt? — ——@iL'—... 
2-7! +8) 2-9! 3°-5 


The y-component of the stretching force in string is the force 


resisting peeling. 


It is obvious that the function H = cos w. 


Divid- 


ing eq. (23) by eq. (20), we obtain the constants ¢,, for GH. 


Ss 


f= =f =f =0 

= | f2 = —10a*/3? 
14a‘/3* fs = 4a°/3? 
13a*/3* fw = —44a'’/3? 


Thus the peeling force for this case is 


ea WE,aL* | + 6E, 7 ( qbL 2 
.” a aoe 4! 5! 
89 34 
» = l — 27? 44 ome 

- ims° ose” * 
106 65 

”aA=1- — g?]? + — gts OP irs 
135 567 
52 67 

2 = 1 — —aL? + — al +... 
63 567 
6 10 

g=1—-a? + a‘L‘+... 
7 81 


Case II. U-Peeling 


sb?L? — gab 
gv’ — 69 : + 


6! 


The geometry of strained region in U-peeling is very much the same 
as that of L-peeling, so that the stress and elongation functions are 


identical to eqs. (21) and (27). 


is the sum of the z-components of the force in string. 


The peeling force required, however, 
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dFy = WS sin w cos (6 — w)dL 
1H 


sin w cos (@ — w) 
= tan w cos w cos (6 — w) 


Stab” 


f=f=hi& = ho =f =0 


o1 = 2a/3 Ss = — 88a’ 3°-5 
fs = —148a5/3°-5-7 7 = 64a7/3® 
fo = 14a*/3' 


The peeling force F y is 


2WE 2K bL . gib*L? — gsbtL? 
Fy = Lt | go + a (-% += _& +...)] 


3Yo E + BE, 31 rT 51 
49 61 
=-— 272 _— 

jo = 4 5.93.5 7 EU ee ee + awe 
I 47 62 

an 5 as : = a*L? + = - ol! +... 
DS 37°5-4 30.5.7 
l re. 7 

g2 = a a pth’ on re aL! +... 
l 1 

Q=~—- al’ +... 
‘ 8) 


Case III. T-Peeling 


In the case of T-peeling the strained region is symmetrical to a 
plane passing through the center of the joint, as shown in Figure 2c, 
only one half of the joint needs consideration. Therefore, yo in the 
general equations designates one half of the thickness of adhesive 
film. The only other consideration which has to be applied is that 
the angle w has the only value of zero. The case has been discussed 
by this author in another paper.'' Any discussion would be repe- 


titious, but the results are included for the purpose of comparison 
as follows: 
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E,aL? [ a®L? 2K, bL sob? L? 
Sr => 1 — + . \- . 
Yo 3 EB, + E, 3! 4! 
is (: oy baL? | DLs Yt] 
b? 5! 6! oe 
WE,al?* | 6E, ( gibL . geb*L? gyb® L? )] 
Fr = — {| — —— —* a 
’ 3Yyo E, + Es n 7 Bt 6 


7 4 
oe = 1— el? + -oL' +... 
~ 


‘ 


22 8 

a=1-—- —a@l? + -al'+... 
15 5 
46 14 

g=1- - at? + — @i* + ... 
2) 27 


11 18 
eo = 1 - = a*L? + 3 a‘L‘ + *e% 
‘ ‘ 


5 
Di : 


In the stress equation, eq. (8), when the speed of peeling is high 
enough so that b(= (£, + E:)/nv) is small enough to make all terms 
containing bL negligible, the stress and peeling force are then no 
longer influenced by change in peeling speed, since the equations 
contain no v. Equations (26) and (28) for L-peeling, for instance, 
become ~ 

Sr = foE aL? /yo (30) 
F, = goW E,aL* ‘3Yo (31) 
On the other hand, when the peeling speed v is small enough to 


make exp| —bL} vanish, all the other terms in eqs. (8) and (17) will 
vanish except those with r = n and n is even. 


fay EaaL? 

Ss, = ———— (32) 
yo( FE, + Ee) 
gWE,E.aL* 
—— (33) 





wi 3yo(E: + E2) 


Since there is no viscosity term in these equations the adhesive acts 
like a Hookian solid at both high and low peeling speeds. Further- 
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more, if L*, the value of L at the breaking point of string, is put 
into eqs. (30) and (32), the stress will be the ultimate stress. As 
the ultimate stress will not become infinity or zero under these 
extreme conditions, aL will have values other than infinity and zero. 
Therefore, the peeling force will go neither to infinity at infinitely 
high peeling speed nor to zero at infinitely low peeling speed. These 
predictions about the limits of the peeling force agree with the 
experimental data obtained by Busse and co-workers with pressure- 
sensitive tape and glass adherend.’ 

When eq. (32) is substituted into eq. (13), the resulting value for 
the characteristic of the joint is 


re 3 E\E, 
4Eyd*(E; + Ex) 


4 


(34) 


The value of a differs to that given by eq. (24) when bL is less than 
unity. It is likely that a varies with v, and eqs. (24) and (34) give 
the limiting values of a. Experiments carried out in this laboratory 
with joints made of pressure-sensitive tapes showed that a changes 
but slowly with v, perhaps in an exponential manner. Thus, in a 
narrow range of peeling speeds one could consider a as constant to 
v, especially in the high speed region where bL < 1 and in the low 
speed region where exp| —bL } is nil. 

It should be emphasized that the application of eqs. (26) and (28) 
for L-peeling and similar equations for other types of peeling is 
limited to the cases of high peeling speed where bL < 1, while eqs. 
(32) and (33) can be applied to cases of low peeling speed where 
exp} —bL} is nil. For intermediate peeling speeds, one should use 
the general expression for peeling force, which can be calculated by 
substituting the exponential form of S in eq. (8) into eq. (15) and 
integrating. The result is 


Fy n! ad; L*++! 
pl = — 1)*+" — am 
WE, x p> 2! rirtit+i b+ 
° Ont 4 
~ —1)" ni! — 
au Pah ssa bh" t+i+2 
- nia! ang lL’ — 
+ exp} —bL} 2 2 2 (-) pie (35) 
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When the interfacial force between adhesive and adherend is 
overcome by the stress in the string, the string detaches from the 
adherend. The failure is then said to be adhesionwise and the 
peeling force is called adhesion strength, according to the practice 
in the adhesive trade. The maximum stress permissible in the 
string in L-peeling with adhesion failure, for instance, is A/cos *, 
where A designates the apparent adhesion between adhesive and 
adherend and w* is the angle of the detaching string. In the case 
where the interfacial force is larger than the ultimate stress in the 
string, the break occurs in the adhesive phase, and the failure is 
cohesive. When the joint is made of two lengths of pressure-sensitive 
tape and the break occurs between the layers of adhesive, the limiting 
factor may be called cohesion of the adhesive. In all events, the 
maximum allowable stress in the string before failure is limited by 
adhesion or ultimate stress or cohesion, while the maximum allowable 
stress in turn determines the value of the length of flexible adherend 
in the strained region, namely L*. In other words, these properties 
of the adhesive do not effect the form of the force equation which is 
dictated by the construction of the joint and the condition of peeling, 
but furnish the upper limit to the peeling force integral. This is 
the reason why no mention is made about the nature of failure in 
the derivation of peeling force equations. 

Besides offering theoretical analysis of peeling force of adhesive 
joints, the theory will (/) yield a system for characterizing the 
adhesive with four or more mechanical constants, such as EZ, Ez, 
n, and A; and (2) open up, through the study of apparent adhesion 
and cohesion, a way for investigating a group of interesting factors 
which are frequently talked about, such as surface condition of ad- 
herend, wetting property of adhesive, and dwelling time. 


The author wishes to express his thanks to Mystik Adhesive Products, Inc. 
for permission to publish this work. 
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Synopsis 


Peeling of adhesive joint is mechanically a process of stretching the adhesive 
strings in the region of deformed adherend, and can be treated as multiple- 
specimen stretching. By using a three-element mechanical model to represent 
the adhesive, practical expressions of peeling force and stress in the string are 
derived for various geometrical arrangements conventionally used in different 
peeling tests. Application of these expressions will yield (1) analysis of peeling 
force in terms of nature of the adherend, viscoelastic characteristics of adhesive, 
peeling speed, and apparent interfacial force; (2) a group of parameters for charac- 
terizing adhesive; and (3) open up a way to study a number of interesting factors, 
e.g., surface condition of adherend, wetting property of adhesive, and dwelling 
time. 
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The Tensile Strength and Tacky Behavior of 
Polymeric Liquids* 


ROBERT A. ERB, The Franklin Institute Laboratories for Research 
and Development, Philadelphia, Pennsylvania, and ROBERT S§&. 
HANSON, Drexel Institute of Technology, Philadelphia, Pennsylvania 


Tacky behavior in general is related to the tensile strength of liquids 
as well as to the rheological and geometrical considerations in the sys- 
tems under study. The technique used in this investigation of tacky 
behavior involves the rapid separation of parallel plates between which 
a liquid is contained, and permits quantitative measurement of the 
phenomena occurring during liquid film-splitting processes. 

Tensile strength is a property which can be observed when a liquid 
is subjected to a tensile stress (or a negative pressure) under such cir- 
cumstances that it cannot relieve the stress by viscous flow. These 
circumstances include complete confinement, or partial confinement 
with rapid stress application. The tensile strength is the maximum 
stress or negative pressure sustainable before the liquid breaks. 

A number of techniques have been used to experimentally measure 
the tensile strength of liquids. These include stressing the liquid in a 
metal bellows or piston-cylinder apparatus, using centrifugal force 
with bent open-ended tubes containing the liquid, and rapidly separat- 
ing parallel plates between which the liquid is contained. Values 
often vary widely with the method and investigator. For example, 
for water there are reported tensile strengths from —0.2 to —227 
atm.' The lower values do not represent the limiting tensile strength 
of the liquid, but rather premature cavitational failure. The studies 
of Briggs*-‘ appear to have high reliability. His values for organic 
liquids in general are in the order of hundreds of negative atmospheres; 


* This paper is based on a thesis presented by R. A. Erb to Drexel Institute of 
Technology in partial fulfillment of the requirements for the M.S. degree, June, 
1959. 
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the same order of magnitude might also be expected for polymeric 
liquids. 

Theoretical considerations also predict high limiting tensile strengths 
for various liquids. Considerations based on the relationship be- 
tween the internal and external pressure for a bubble in a liquid, and 
the bubble radius and surface tension of the liquid give the following 
expression for the maximum negative pressure sustainable by the 
liquid. 


P, _ 27/1 max (1) 


where ¥ is the surface tension of the liquid (dynes/cm.), and rmx is the 
radius of the largest bubble present in the system. Thus, water con- 
taining a maximum size bubble of radius 150 A. would sustain approxi- 
mately 100 negative atmospheres, or, with a radius of 15 A., 1000 
negative atmospheres. In practice, spontaneously formed elemen- 
tary cavities will determine the maximum tensile stress sustainable by 
a liquid. Fisher* and Bernath,’ applying the nucleation theory of 
Volmer,® have derived expressions for quantitatively estimating the 
limiting tensile strengths of liquids. Table I, related to a compila- 
tion by Bernath, compares the calculated limiting tensile strengths by 
the methods of Bernath and Fisher; included are measured values for 
the four liquids by Briggs. 











TABLE I 
Limiting Tensile Strengths for Four Liquids at Approximately 25°C. 
Calculated 
mae Measured, 

By Bernath By Fisher Briggs 

Liquid (bars) (bars) (bars) 
Mercury 20, 200 22,600 425 
Water 1,140 1,340 263 
Acetic acid 266 326 287 
Benzene 287 343 130 





We include these calculated and measured values to show the mag- 
nitude of tensile strengths which can properly be expected for un- 
filled liquid systems. This is important because of the tendency for a 
number of investigators in the field of tacky behavior to consider 
cavitation in liquids to occur more or less automatically at approxi- 
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mately zero pressure, with occasional allowances to minus one or two 
atmospheres. 

Tacky behavior, itself, is a subject that has been rather. widely in- 
vestigated. For the purposes of this paper we will define tack as a 
measure of resistance to pulling apart of two surfaces which have a 
liquid (or, to be more general, a viscously deformable material) be- 
tween them. 

The magnitude of tack is related to the rate of separation, the 
geometry of the system, and the rheological characteristics of the 
liquid. The basic expression for the separation of flat plates 
with a liquid interlayer which deforms viscously was first given 
by Stefan’ in 1874. One form which gives the force necessary to 
separate circular flat plates from an initial to a final interplate dis- 
tance in a given time is: 


p = 3raR(1/hi? — 1/h,*) - 
At 
where F is the force (dynes), 7 is the viscosity of the liquid (poises), R 
is the radius of the plates (cm.), h; and h, are the initial and final sepa- 
rations (cm.), respectively, and ¢ is the time (sec). 
Banks and Mill” derived the following modification of Stefan’s 
equation : 


A — Py = 3nU/h'R? (3) 


where A is the pressure on the liquid at the outside of the plates 
(usually equals 1 atm. or about 10° dynes/cm.*), Py is the pressure at 
the center of the liquid (dynes/cm.*), and U is the instantaneous veloc- 
ity of separation of the plates (em./sec.). This form of the equation 
is of particular interest because it relates Po, the pressure at the center 
of the sample, to the separation velocity U. Thus we can see that the 
maximum stress which the liquid can sustain gives a maximum limit 
to the velocity of cavitation-free plate separation. After cavitation, 
Stefan’s equation is no longer valid to relate force and separation rate. 

The areas of greatest interest in the study of tacky behavior are 
those ultra-Stefan or non-Stefan situations which involve (a) cavita- 
tion, and/or (b) elastic behavior of the interlayer material. This 
applies especially, for example, to studies in the fields of printing 
and pressure-sensitive adhesives. 
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Two classes of instruments which have been of value in studying 
tack of liquids are (a) roller systems and (b) separating flat plate sys- 
tems. 

Roller systems have as advantages that they can easily produce 
high-speed film splitting and thus permit detection of elastic effects 
and cavitation, with observation facilitated by the essentially steady- 
state conditions present. A disadvantage is that stress-strain func- 
tions cannot be experimentally measured for a single element of 
material. Examples of roller system studies include those of Reed!! 
(the Inkometer); Banks and Mill;'? Myers, Miller, and Zettle- 
moyer"™-'* (the “discone”); and Voet and Geffken.“ One interesting 
conclusion in this last study, where it was shown that elastic effects 
(in printing inks) overshadow viscous effects at printing press speeds, 
was in their statement concerning filament elongation: ‘For most 
commercial inks the maximum stress appears to have an order of mag- 
nitude of 10’ to 10° dynes/sq. cm.”’ These high figures of about 10 to 
1000 bars are in line with the experimental results obtained in our 
study. 

Separating flat plate systems have the advantage that the liquid de- 
formation and break for a given geometrical element can be quanti- 
tively followed through its various stages. A disadvantage, at least 
historically, has been the difficulty of applying proper instrumentation, 
particularly for high-speed film splitting. A number of examples of 
studies with separating flat plate systems are found in the literature. 
Green" used a slow-speed, constant load apparatus (the Tackmeter), 
which apparently operated entirely in the Stefan range; no correla- 
tion of “‘tack” as measured and “picking” of a printing ink (a non- 
Stefan phenomenon) was found, for example. Wetzel" has used an 
Instron Tensile Testing Machine with pressure-sensitive adhesive 
materials. Banks and Mill" employed weights and springs in a slow- 
speed, flat plate apparatus. 

Strasburger" used a piezo-electric transducer and an oscilloscopic 
recording of the forces with a flat plate system. Separation velocities 
up to 4 em./sec. were used. He obtained traces of different shapes 
corresponding to Stefan and ultra-Stefan type behavior. His curves 
of force versus time are similar in shape to some seen in our work, 
but we differ in interpretation. Two of his points on which we differ 
for unfilled systems are (a) that initial cavitation occurs at close to 
zero pressure, perhaps to minus one or two atmospheres (here he 





= 
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follows Banks and Mill), and (b) that increase in the separation of the 
plates subsequent to cavitation is defined by a viscous bubble- 
enlargement mechanism. Concerning the cavitation at zero or very 
small negative pressures, we showed earlier that this is not a theoreti- 
cal requirement, and we shall see, in the experimental results following 
that it is not a practical requirement. It is possible that Stras- 
burger’s instrumentation may not measure accurately the peak force 
in the extremely short period before cavitation occurs (which in some 
of our work was less than '/ 999 sec.). Concerning the second point, a 
viscous bubble-enlargement analysis does not adequately define the 
situation because of the rapid conversion of the initial cavitation 
bubbles to filaments in most cases. Furthermore, in many high speed 
operations (with printing inks, for example) elastic behavior of 
the filaments becomes the mechanism of importance. The con- 
clusions by Strasburger may have been altered significantly if a con- 
tinuous observation of the physical events occurring during film 
splitting had been coupled directly with the force measurements. 


Experimental Method 


The experimental technique used in our study consists basically of 
enclosing a layer of the liquid to be tested between parallel flat sur- 
faces of two blocks of metal of known mass, with the top block sub- 
sequently removed rapidly and the behavior of the liquid and the 
motion of the blocks being followed by high-speed motion picture 
photography. From the motion (if any) of the bottom block the 
force transmitted by the liquid can be determined, using Newton’s 
Second Law of Motion. The position of the bottom block was 
measured to +0.01 em. in this study (with corrections being made for 
wobble, when present). 

The technique described is highly suitable for the quantitative study 
of the behavior of liquids between separating plates. It provides a 
complete record during the separation process of the following: 
(a) Time (in approximately '/ 400 sec. increments with the present 
equipment); (6b) Liquid elongation (and rate of elongation); (c) 
Force across the liquid; (d) Minimum cross-sectional area of the 
liquid, and thus; (e) Maximum stress (force per unit area) across the 
liquid; (f) Energy required for the cavitation and the filament. 
elongation processes. 
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All of these measured quantities are correlated with each other 
and with direct observation of physical events simultaneously occur- 
ring, such as filamentation, liquid break, and elastic recovery. None 
of the experimental techniques described in the literature for studying 
the behavior of liquids between rapidly separating parallel plates 
appear to offer this much information, particularly with reference to 
correlating the physical events to the quantitative measurements. 
Further, this separating plate system has an advantage over the steady 
state systems (roller type) in that each phase of the splitting is studied 
and analyzed separately, as well as compositely, for the above- 
mentioned quantities. 
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Fig. 1. Diagram of‘top and bottom blocks with liquid in place. 


Instrumentation and technique similar to this has been used by 
Stone, Schiefer, Fox, Smith, and MeCrackin"™ for studying the high- 
speed tensile properties of yarns. The technique was also used later 
to test Mylar film in long strips.” 

In our test apparatus, stainless steel blocks are set on a vertical 
pillar which can be rotated so that the top block crossbar can be 
lifted by the projections on a 2 m. circumference flywheel. A 
mechanical switching arrangement synchronizes rotation of the blocks 
into firing position with the start of a 4000 frames/sec. 16 mm. 
Fastax camera. The flywheel is free-turning with the velocity at 
impact determined by a Strobotac stroboscopic device and timing 
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marks. Lighting is accomplished by a single 750 w. reflector lamp 
placed behind a diffusing screen so as to silhouette the sample, blocks, 
and transparent stationary reference scale. By using opaque vertical 
bordering areas on the diffusing screen, sharp delineation of the 
clear liquid during extension is obtained through a lens effect; internal 
discontinuities (e.g., cavitation) show up as opacities. 

All measurements from the films were made directly from projected 
images (on ground-glass viewer screen) or from photographic enlarge- 
ments. The number of frames per second was determined from 
timing marks on the film. 

Figure | is a diagram of the top and bottom blocks with the liquid 
to be tested in place. The distance between the polished plane faces 
of the top and bottom block is adjustable by four pointed screws 
that sit in depressions in the surface of the bottom block. Two 
bottom blocks, each of 200 g. mass, were made for this experimental 
program. Circular grooves of two different diameters, 0.93 and 
1.21 em., were used to define the boundaries of the liquid under test. 
The plane surfaces were cleaned with chromic acid cleaning solution, 
followed by a distilled water rinse and air dry, before each use to 
maximum adhesion. Great care was taken to insure freedom from 
air bubble entrapment during assembly, though the sample liquids 
were not degassed or otherwise specially treated. 


Results and Discussion 


Ten sequences of liquid deformation and break were filmed (100 ft. 
of movie film in each case). Five polymeric or high molecular 
weight liquids having viscosities in their Newtonian region of flow of 
from 60 poises to 1.2 X 10® poises were studied. Table II gives the 
test conditions and observed behavior for each filmed run. Seven 
distinguishable types of tacky behavior were seen, based on mono- 
and multifilamentation, viscous and elastic deformation, and co- 
hesive and adhesive breaks; five types are illustrated in this paper. 

In Figure 2 is illustrated (from Film 2) a simple monofilament-type 
of viscous deformation, in this case with a 200 poise polybutere. 
No cavitation or discontinuity-formation is evident with this film 
or the similar Films 1 and 3. This type of liquid deformation is of 
the type treated with Stefan’s equation or, more correctly, Healey’s 
equation, which applies to the situation in which total immersion of 
the plates is not maintained throughout separation. The 200 g. 








HANSON 


S. 


CRB AND R. 


A. E 


R. 


@ 


“AIVAOIBI 
pue ‘(ao8y yoorq doy wo) 








yveiq 8AIsoype 8 ‘uOT}eUI 
-JOJop IYs¥Te yuoWETY sfdyynyy os¢ OF8E 6z°T 0z0 - ” ” ” ¢ 
*AI9A00 (08897) 
-d1 pu ‘yBeiq BAIseyoo ‘UOT auay Ay epeiry HIV 
~BULIOJEP IjS¥le JUSUTTY asuIg OEE O80F L2°0 0€'0 OI X ZT OOB‘OT -Nqostsjog ‘RT ‘xouvsIA Ff 
‘AIN|IV}] SNOOSIA YUOUTETY [Bulg 00s O98E 80 oro ” ” ” ” € 
(spaepueyg 
jo neaing 
‘OUNILE} SNOOSTA YUOUTBTY aFUIG = OGF 006€ 080 0z 0 002 002 ouayngsjod ‘P¥N) Si-O Z% 
(svuH 7? 
wyouy) ge-D 
‘ANIIV] SNOOSIA YUOUTRTY sFuig OT OFZE 80 0z'0 09 O8ee JayseA]Og xoduieg | 
JOIABYIG PeAII8q() “008 ‘008 “wd “wd ‘sastod “74 setwedg peyse} ‘ou 
/wo /seureiy ‘ojdures ‘iepfoy ‘uode1 ‘jour pinbr] wy 
‘suoy govdun pmby oedures MOY *‘JOAB 
-oefoid jo jo 19} ul uvlUOyMeN ~“xoiddy 
jeeysM juewou -sureIp sound ut pmb 
jo ye umnu ueeMjeq JO ‘9,07 
Aywopa peeds tur aoue =. 4y8 APISOOSTA 
yoeduly wiowleD jenMy = -18eyD 





suNy 38a, payuouNsysuy AypeorydesFojoYg 10] JOLABYIG paasasq¢) puv ‘sUOTIPUOD ‘sTeLayEPy 


Il WTAVL 





_ 
= 
_— 


NSILE STRENGTH OF POLYMERIC LIQUIDS 


~ 
4 


T 








*AJO9A00 

“01 puB *(908B} YOO;]G WI0}30qG 

wiolj) Yyweiq a@AIseype ‘U0 
-BULIOJaP I1SBIa JUBUWITBY a[Zuig 

‘aZully JO UOTYBULIOJap 

snoosIA yuoWeTy = aydiyjnur 

juanbasqns pus (so8y yoo1q 
W0}}0q WoOlj) ywaiq sAISeypy 

“S90B] YIO]G U0730q 

puv doy wioiy Zurddiys aats 

-oype jensed fyveiq aAtsey 

-09 Apjaed pue uorlneULI0; 
-op snoosta quowery adyynyy 

“ywoiq 

ynoyyLaM AJ@A0901 PUB UOTFVUT 
~JOJap d14S¥Ia QUOWTETY afdyjnyy 

*A19A00 

“01 pus ‘yBaiq aAIseyoo ‘UOTy 
-BULIOJap 14SBIo JUBWIBTY aZuig 


0L9 


009 


099 


009 


006E 


006E c6°0 


0G" 


ol 


to 


0&° 








aUuBxo 
-[isAjod 
[Aqjowig 


ayBsAy 

-Nqost 

a7 8208 
aSOIING 


( 91109] 

[Bseuer)) 

Vv aUoITYIg 
[Ay ourtc] 


(UBUTSBY 
dessouua ] ) 


avis 











100 R. A. ERB AND R. S. HANSON 


+ pe 


Frame 0 Frame 3 Frame 8 








Frame 30 Frame 300 Frame 600 


Fig. 2. Monofilamental viscous deformation, cohesive break (Film 2). 


bottom block is not lifted in any of the three films; thus no measure 
of the force across the liquid can be obtained from this source, except 
that, because no motion occurred, the force would be expected to be 
less than 200 g. times the gravitational constant (980 em./sec.*) or 
2 X 10° dynes. A rewriting of the Healey equation variation given 
by Hoekstra and Fritzius?' is: 


F = 3nV?/82th,! (4) 


where ¢ is the time (sec.) to “‘separate”’ the plates and V is the volume 
of the liquid sample. F here is '/, F in Stefan’s equation (2). Using 
this equation for the experiment in Film 2, assuming a time of five 
frames for when the resistance to arp er afforded by the liquid 
sample would be nil, F is in the order of 1.2 X 10° dynes, which is not 
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Frame 0 Frame | Frame 3 





Frame 5 Frame 15 Frame 100 


Fig. 3. Multifilamental viscous deformation, co-adhesive break (Film 8). 


sufficient, as seen above, to lift the bottom block. One thing of 
interest in Films 1, 2, and 3 is that the filament remains unbroken, 
though sagging, throughout the thousands of frames after impact. 

In Figure 3 is illustrated (from Film 8) a multiple filament viscous 
deformation with a partly cohesive break, with sucrose acetate 
isobutyrate, a 2500 poise liquid. For viscous (that is, non-elastic) 
deformation of a liquid in a constant-velocity separating flat plate 
system it would be expected from considerations of Stefan’s or 
Healey’s equation that the highest stress would be in the first moments 
of displacement because of the extremely rapid decrease of the re- 
sisting force as the interplate distance increases. Thus we would 
expect that if cavitation would occur at all it would occur in the first 
moments of displacement. (By cavitation here is meant the forma- 
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Frame 0 Frame 2 





Frame 11 Frame 15 Frame 17 


Fig. 4. Monofilamental elastic deformation, adhesive break (Film 10). 


tion of discontinuities either in the bulk material or between the 
material and the plate surface.) And indeed in both of the films 
(8 and 9) in which viscous behavior and cavitation occur discontinu- 
ities are seen by the first frame ('/o0 sec.) after impact. Note in 
Figure 3, the opacity of the liquid at Frame 1; in Frames 2 and 3 
(illustrated) light can be seen through the break. The extended 
filments do not recoil elastically; no substantial recoverable ex- 
tensibility would be expected to occur with SAIB which has compact, 
ball-shaped molecules. 

A quantitative determination of the force sustained by the liquid, 
possible because of the slight lifting of the bottom block in Film 8, 
indicates that the SAIB has a tensile strength of at least 13 bars. 
How much greater than 13 bars is not known because the failure that 
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Frame 0 Frame 2 Frame 3 





Frame 6 Frame 16 Frame 17 


Fig. 5. Multifilamental elastic deformation, adhesive break (Film 5). 


occurred was not primarily cohesive (as seen from examination of 
the block surfaces after the test). That this is more an adhesive 
strength than bulk cohesive strength is verified by an analysis of 
Film 9 with the same material in which, with a complete failure at the 
bottom block interface, a limiting stress of 11.4 bars was measured. 

In Figure 4 is illustrated (from Film 10) a single filament elastic 
deformation, adhesive break, and recovery, with a 1.75 X 10‘ poise 
silicone. The adhesive failure is seen to start in Frame 5 on the lower 
left-hand edge of the liquid filament, at about 430% elongation. 
This separation continues until a small area remaining in Frame 11 
breaks free. Elastic recovery occurs to the limit in Frame 15, with 
the mass subsequently continuing to bounce around to other con- 
figurations such as in Frame 17. The degree with which the silicone 
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deforms with low force (note that the bottom block is not lifted) 
indicates that the material has a very low dynamic modulus of 
elasticity. 

In Figure 5 is illustrated (from Film 5) a multiple filament elastic 
deformation, adhesive break, and recovery with a 10* poise poly- 
isobutylene. The inception of cavitation is clearly visible in Frame 3, 
with multiple filaments well defined by Frame 6. At Frame 16 an 
adhesive break occurred at the top block (confirmed by examination 
of the blocks after test). Elastic recovery is well along by Frame 17 
with the collapse of the extended filaments seen. 

A measurement of the forces involved throughout the plate separa- 
tion is possible because of the extended period of acceleration of the 
bottom block. Table III lists the measured results by alternate 
frames through the adhesive break. 

Certain conclusions of interest are seen from examination of 
Figure 5 and the corresponding data in Table III: 


TABLE III 
Measured Results from Film 5 








Increase Force Mean Maximum 
in Vertical trans- stress tensile 
Elonga- inter- position mitted across stress 
tion, plate of across top block on 
(hyh), distance, bottom liquid, interface, liquid, 
Frame (ho—0.2 h—ho, block 106 10° dynes 10° dynes 
No. - em.) em. (em.) dynes em.~? em.~? 
0 1.00 0.00 0.00 0.00 0.0 0.0 
2 1.40 0.08 0.01 47.2 31.5 65.3 
4 2.80 0.36 0.09 36.2 24.1 >74.0 
6 3.90 0.58 0.21 29.8 19.9 >84.9 
8 5.00 0.80 0.36 22.8 15.2 >83.2 
10 5.85 0.97 0.55 20.8 13.8 >88 .7 
12 7.0" 1.2 0.78 18.9 12.6 >92* 
14 8.1* 1.42" 1.03 17.5 11.6 >94* 
16 9.1* 1.63" 1.25 15.6 10.4 >96" 
18 Collapsed 1.60 0.0 Failure 





* Extrapolated. 


(a) Cavitation does not by necessity occur as rapidly where 
elastic deformation is involved as with solely viscous deformations. 
Theoretically, and practically as seen in Films 8 and 9, if cavitation 
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will occur at all where viscous deformation is involved in a separating 
flat plate system, it will occur in the very first instants. In both 
Films 8 and 9 the cavitation was well along by Frame 1, '/ 9 sec. 
after impact. In Film 5 (Fig. 5) with an elastic deformation, on the 
other hand, the cavitation that occurs is not visible until Frame 3. 
This delay with subsequent cavitation indicates that the stress on the 
liquid does not decrease, as the plates separate, with the rapidity 
found in a viscously deforming system behaving according to the 
Stefan-Healey type expression. Indeed, from Table III we see that 
the stress on the test material actually increases during the plate 
separation process (even after cavitation). 

(b) A plot of force vs. time from the data in Table III is shaped 
very much like the oscillogram traces which Strasburger" presents and 
designates as peak-and-hump type behavior. It is interesting to note 
that his analysis assumes cavitation and subsequent viscous bubble 
growth, whereas we see here that an elastic behavior can produce this 
shape trace. Additionally, examination of the non-elastic type fail- 
ures of Films 8 and 9 does not suggest the presence of a hump of sus- 
tained force even though cavitation did occur in both cases. It is 
suggested here that Strasburger was detecting some elastic effects in 
those cases in which a hump was formed. 

(c) The experimentally measured tensile strength of the poly- 
isobutylene appears to be somewhat higher when elongated than when 
not. The initial cavitation, first visible in Frame 3 at a mean elonga- 
tion of 1.9, occurred at about 70 bars negative pressure (see Table 
III). Immediately after cavitation the configuration of the liquid 
shifted to a multifilamental structure as the elongation continued to 
increase. By frame 10 there was a mean elongation of about 6 and a 
maximum tensile stress on the liquid of greater than 88 bars. An 
exact value could not be determined from the single view available 
of the multiple filaments as the minimum cross-sectional area of the 
liquid could not be directly calculated. Thus a higher-than-actual 
value was indirectly calculated by dividing the volume of the liquid 
by the distance between plates (i.e., by assuming a uniform cross- 
sectional area throughout). This calculated value may be too high 
by a factor of 1.5 or 2, as suggested by the concentration of material 
near the top and bottom plates (see Fig. 5, Frame 6). By Frame 16, 
the instant of adhesive break, the mean elongation was about 9 with a 
corresponding tensile stress on the liquid of greater than 96 bars, 
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Fig. 6. Foree plotted against interplate distance (Film 5). 


with no failure occurring. Indeed the maximum stress on the poly- 
isobutylene at this point was, no doubt, more than 100 bars and 
possibly as high as 200 bars. That the tensile strength of this poly- 
isobutylene is that high is confirmed by the results of the subsequent 
analysis of Film 6 which is with the same material. Thus we see 
that the tensile strength of the liquid polymer is greater in the 
highly elongated state than when only slightly extended. During 
the extension process the long polymer chains “‘straighten” and line 
up in a semi-crystalline manner, which, according to general polymer 
experience, leads to a higher tensile strength than for the equivalent 
unoriented polymeric material. 

(d) The energy expended in the film splitting can be readily 
calculated along with the answer as to whether the main energy re- 
quirements lie in the cavitation process and initial filament formation 
or in the subsequent elongation of the filaments. The energy total at 
any given point is given by 


E = f,'~™ Fdh (5) 


where £ is the energy (ergs) to separate the plates from h» to h, F is 
the instantaneous force (dynes) across the sample, and h is the inter- 
plate distance (em). This value of EZ is equal to the area under the 
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Frame 0 Frame 3 





Frame 30 Frame 59 Frame 60 


Fig. 7. Monotilamental elastic deformation, cohesive break (Film 6). 


curve in a plot of F vs. h — ho. Figure 6 is such a plot from the 
data obtained from Film 5. From measurement of the area under the 
curve we see that a total energy of 43.0 < 10° ergs was required for 
the separation of the plates through to the adhesive failure which 
occurred at approximately 900% overall elongation. Of this energy, 
7.3 X 10° ergs was required up to the point of visible cavitation 
(Frame 3) and the remaining 35.7 X 10° ergs was required to elongate 
the multiple filaments. Thus, in this, the energy required to elon- 
gate the filaments was about five times that required to initiate 
cavitation and begin multiple filament formation. This is expected 
to be in sharp contrast to a viscously deforming system where the 
prime energy expenditure should be needed to initiate cavitation 
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Fig. 8. Vertical position of bottom block plotted against time (Film 6). 


because of the extremely rapid subsequent drop-off of resistance by 
the liquid to further plate separation. 

In Figure 7 is illustrated (from Film 6) a single filament elastic 
deformation, cohesive break, and recovery, with the 10° poise poly- 
isobutylene, with sufficiently high forces transmitted across the liquid 
during deformation to accelerate the bottom block rapidly. Ideal 
conditions are present for analysis of stresses on the liquid as the 
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Fig. 9. Force and elongation plotted against time (Film 6). 


forees can be measured through an extended acceleration period 
(59 frames) before break and the minimum cross-sectional area can 
be determined directly from the diameter of the filament. 

One phenomenon of note is the extreme rapidity of the elastic 
recovery as seen in Frames 59 and 60. Assuming, for example, 
that the point of rupture is at the upper boundary of Frames 59 or 60 
as shown, the material at the point of rupture would have traveled 
at a velocity of 6800 cm./sec. to reach its outermost position in 
Frame 60. 

The following is a graphical analysis of some of the data from 
Film 6. (A similar analysis was made on Film 4, also representing 
a monofilamental deformation of the 10° poise polyisobutylene.) 
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The first graph shown, Figure 8, is a plot of position of the bottom 
block vs. time, and is the initial one made in a comprehensive force 
and stress analysis procedure. The vertical position is measured to 
the nearest hundredth of a centimeter. (In the graph the top block 
position is also plotted for a few frames.) The quantity of importance 
from this graph is the slope (measured at frame intervals) of the 
position-time curve of the bottom block; this quantity is the instan- 
taneous velocity in centimeters per frame. ‘The fitted curve is very 
smooth and siightly concave upwards (indicating a positive accelera- 
tion) except for part of the first 20 frames after impact. In this 
first region there appear to be rapid changes in the force transmitted 
through the liquid, causing equivalent changes of the slope in Figure 8. 
From the slope of an instantaneous velocity vs. time curve, instan- 
taneous accelerations were obtained and, from these, instantaneous 
forces across the liquid. 

Figure 9 is a dual plot of force and elongation vs. time. Here the 
force is seen constant at 1.79 X 10° dynes for the last 5 milliseconds 
before tensile failure of the filament; this value at the instant of 
break is used to calculate the tensile strength of the material. The 
elongation vs. time data plot very well on a smooth curve which is 
slightly concave underneath from Frame 5 to 59. The extrapolation 
from Frame 34, the last measureable point, indicates that at failure 
the elongation (A/ho) was in the order of 23. This corresponds very 
well to an extrapolated value of elongation from 20 to 22 at break for 
the same polyisobutylene in Film 4. 

The first portion of the force vs. time curve shows a very strong 
oscillatory nature which appears to rapidly damp out and disappear 
by about Frame 40. At two minimum points negative force vectors 
are plotted, which indicate that a downward “push’”’ rather than the 
usual upward “‘pull’’ is being applied to the bottom block at these 
instants. It is theorized that these effects may be due to the passage 
of pulsation waves (originating from the initial impact movement of 
the top block) longitudinally through the liquid sample for several 
cycles. It is noted that such waves are predicted by Voet and 
Geffken" in their viscoelastic theory of film splitting. 

To get the maximum stress on the liquid sample at any point we 
need to know the instantaneous value of the minimum cross-sectional 
area. To get this, the minimum diameters of the liquid filament are 
measured from the individual frames. A plot of minimum diameter 
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Fig. 10. Minimum diameter of liquid plotted against time (Film 6). 


vs. time is shown in Figure 10. A smooth curve was fitted to the 
points, with the latter part of this curve being almost a straight line, 
but with a very slight upward concavity. It is seen, however, that 
the measured points impose a vibrational pattern, possibly sinusoidal 
(see the arrows for maximum deviations) on the base curve. Whether 
the base curve or the individual measured points are used in cal- 
culating the cross-sectional area is of some importance, particularly 
in the last few frames up to and including the instant of break where 
a more than twofold area difference exists. While it appears that the 
sinusoidal-type pattern is due to vibrations in the polyisobutylene 
filament itself rather than equivalent variations in gross elongation 
which do not occur (see Fig. 9), either value may be more nearly 
correct for calculating the true area. To wit: (a) with a longitudinal 
cross section, the directly measured points or a plotted sinusoidal- 
type curve would be properly used as the effective diameter would 
indeed be varying as observed; (b) an elliptical cross section with 
vibratory interchange of the major and minor axes might be present, 
in which case the mean value might be represented by the solid curve 
shown in Figure 10. No decision has been made at this point as to the 
proper effective diameter; this could be determined experimentally 
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Fig. 11. Maximum tensile stress on liquid plotted against time (Film 6). 


in the future by the use of a mirror arrangement to provide a simul- 
taneous right-angle view of the filament. 

Figure 11 is a plot of tensile stress vs. time for the single filament 
extension and break. The tensile stress for each instant is obtained 
by dividing the value of the force (plotted in Fig. 9) by the cross- 
sectional area (from the diameters plotted in Fig. 10). The oscillatory 
character is retained in the first part of the curve, but the amplitude 
is fairly small compared to the stress magnitude recorded in the 
last five frames before break. It is notable that three cycle peaks 
before Frame 25 produced apparent tensile stresses of 400 bars 
without failure. The tensile stress values of particular interest, 
however, are those at the instant of break (Frame 59). These values 
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are: 2.7 X 10° dynes em.~? (2700 bars), using liquid diameter value 
from solid curve in Figure 11; 5.8 K 10° dynes em.~* (5800 bars), 
using directly measured value of liquid diameter as seen in Figure 11. 

These tensile strengths are high, and are indeed higher than ex- 
pected at the beginning of this study. It is noted, however, that 
these values obtained (2.7-6 X 10° dynes cm.~*) are very close to 
those which Voet and Geffken" expected to occur in the filaments of 
printing inks in high-speed film splitting, namely 10’-10° dynes 
em.~*, 

The values for the tensile strength of elongated Vistanex LM 
polyisobutylene obtained in the present study are expected to 
represent essentially the ultimate tensile strength of this material. 
Two conditions for maximum values in this type of system (long 
chain linear polymer) were present: (a) extremely high elongation 
(2300%), and (b) very brief loading period. The extreme elongation 
permitted an anisotropic arrangement of the polymer molecules in a 
pattern oriented parallel to the direction of stress; this linear-type 
arrangement is well known to have a high tensile strength in the 
direction of alignment, thus leading to high values. The very 
brief loading times increase the sustainable stress in the viscoelastic 
material by minimizing viscous relaxation during the stressing period, 
among other effects. It is repeated that these values into the thou- 
sands of bars are believed to represent essentially the ultimate tensile 
strength of the elongated polyisobutylene. Note for comparison that 
cavitation in the same polyisobutylene in Film 5 when essentially 
unelongated (h/hy = 1.9) occurred at about 70 bars a much lower, 
but nevertheless substantial, tensile stress. 


Summary 


In this study of the tensile strength of polymeric liquids and tacky 
behavior, the application of this technique to liquid film splitting and 
the discovery of the wealth of information obtainable from it appears 
to be the most valuable result of the entire program. It is felt that 
many problems in this field can use this technique with particular 
fruitfulness. A good part of its utility lies in the fact that results 
(energies, stresses, etc.) are given in absolute units (ergs, bars, etc.); 
this is in contrast to many of the instruments and techniques de- 
scribed in the first section which use arbitrary or relative units. The 
further value of this technique is that it correlates the quantities of 
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force, stress, energy, elongation, and cross-sectional area with them- 
selves and with time, and correlates all of these with physical 
events (e.g., cavitation, mono- or multifilamentation, cohesive or 
adhesive failure, and viscous or elastic deformation). The technique 
appears to be unique in this respect. 

A second valuable result of the program is the discovery that initial 
cavitation in the liquids occurs at substantially higher negative 
pressures (e.g., about minus 13 bars, or more, for sucrose acetate 
isobutyrate and minus 70 bars for polyisobutylene) thun a number 
of previous investigators would have considered to happen in practice. 

A third valuable result of this program was the determination of 
the ultimate tensile strength of the viscoelastic polyisobutylene 
liquid, which was found to be in the thousands of bars (about 2.7 to 
6 X 10° dynes cm.~*), considerably higher than for the same material 
unstrained. 

A fourth valuable result of this program was from the measurements 
with the multiply filamenting polyisobutylene system whereby it 
was seen that considerably less energy was required in the initial 
cavitation and filament formation process than in the filament 
elongation process. 

In general the Voet and Geffken"™ viscoelastic theory of film 
splitting appears to be verified by these results, as opposed to pro- 
posed cavitation mechanisms which do not consider filament behavior 
to be of importance. 

The technique used in this investigative program can be extended 
to a wide variety of viscoelastic materials to provide fundamental 
knowledge about their properties. The technique is capable of 
further refinements and improvements by, for example, using a 
variety of bottom block masses (other than just the 200-g. size used in 
this program), using a bottom and top block designed to insure co- 
hesive breaks, incorporating mirror or stereo techniques to study 
configurations in depth, and employing higher speed motion picture 
cameras to study cavitation and other rapid phenomena in even more 
detail. 


Thanks are due to Mr. Edmund Thelen for his helpful discussions during the 
course of this work, and to Mr. Alan Dietrich for his help on a number of the 
mechanical details of the impact apparatus. Appreciation is expressed to The 
Franklin Institute for use of laboratory space and facilities, including the Fastax 


camera. 
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Synopsis 


The tensile strength of liquids appears to have considerable importance in de- 
scribing tacky behavior in unfilled systems. An apparatus is described whose op- 
eration involves the rapid separation of flat plates between which the liquid is 
contained, the bottom plate being a block of known mass whose vertical motion is 
followed by a high-speed motion picture camera (4000 frames/sec.), permitting 
measurement of the instantaneous forces operating across the liquid couplet with 
a simultaneous recording of the events occurring during the plate separation. 
Five high molecular weight liquids, with viscosities in the Newtonian flow range of 
from 60 to 1.2 X 10* poises, were studied. Photographic sequences showing five 
different types of tacky behavior are shown; viscous and elastic deformations, co- 
hesive and adhesive breaks, and single and multiple filament formation (the latter 
with cavitation) are distinguishable in the various modes of failure. Stress analy- 
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ses of film failures showed a high viscosity polyisobutylene to have a tensile 
strength of about 70 bars when essentially unelongated and several thousand bars 
when elongated 2300%. Filament elongation was seen to require more energy 
than cavitation and initial filament formation in a system behaving elastically. 
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Abstracts 


Experiments on Peeling 


J. J. BIKERMAN 
Department of Civil and Sanitary Engineering, Massachusetts Institute 
of Technology, Cambridge, Massachusetts 


The force Wo required to peel an aluminum or nickel ribbon glued 
to a rigid glass plate with a polyethylene or a poly(vinyl acetate) 
was determined and compared with the theory (partly new). The 
experimental force was smaller than the calculated (often in a ratio 
between 2 and 5), and the difference was due to two distinct stress 
concentrations. For highly extensible adhesives, their elongation in 
the pull direction was associated with Poisson’s contraction in a diree- 
tion normal to the pull; the stress distribution caused by this lateral 
contraction made W, a linear function of ribbon width w instead of 
being proportional to w. For near-Hookean adhesives at small total 
elongation, W, was found proportional to w; the stress concentration 
dangerous for these materials occurred at the sharp bend in the 
ribbon. The postulated damage to brittle adhesives caused by the 
ribbon deformation could be reproduced without bending, namely 
by stretching the ribbon beyond its yield stress. 


[Published in J. Appl. Polymer Sci., 2, 216 (1959).] 


Effect of Viscosity on the Penetration of Adhesives into Paper 
(By Title) 


R. M. KARAPETOFF COBB 
Lowe Paper Co., Ridgefield, New Jersey 


END oF SYMPOSIUM 
117 











Tene We 


TRANSACTIONS OF THE SOCIETY OF RHEOLOG, IV, 119-129 (1960) 


Flow Down an Inclined Plancv 


RAY D. HOFFMAN* and RAYMOND R. MYERS, Department of 
Chemistry, Lehigh University, Bethlehem, ‘“ennsylvania 


Previous theoretical studies'~® on the flow of a liquid layer with one 
free boundary generally have assumed steady state conditions in 
which the amount of material per ‘init volume on the plate was con- 
stant. The changing conditions ;t the liquid front in transient flow 
down an inclined plane distinguish the present study from earlier work 
and provide the basis for a new relationship governing the flow prop- 
erties of Newtonian liquids and s.ear-sensitive materials. An out- 
come of this work is that a “shear- hinning® index” is derived for cer- 
tain types of dispersions. 


APPARATUS AND METHODS 


An enameled steel plate (22 X 28 cm.) produced by the Shepherd 
Company of Cincinnati, Ohi», was used as the flowplate. It con- 
tained four small wells at the top to hold the sample. One or more 
wells were filled with liquid, the plate tilted, and the material al- 
lowed to flow over the gradwated surface. Additional flowplates 
without wells were constructed cf glass and metals. Unless otherwise 
specified, the enameled plate wa: employed in obtaining the data re- 
ported here. 

The plate was mounted in a rigid adjustable holder which permitted 
control of the tilt angle @ (see lig. 1). Runs were made at roor. 
temperature, which was recorded. ‘xcept during those runs when 
the amount of material was deliberately varied, the material was put 
into the well and leveled with a spatula. 

The material was allowed to flow down the piace =fter it “us tilted 
until it reached a “zero line.”’” On the enameled plate, this line was 


: * Francis MacD. Sinclair Fellow in Chemistry. 
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Fig. 1. Flowplate and holder. 


4.3 em. from the center of the well. At this point timing of the flow 
was begun; and, as the liquid crossed successive marks, the aggregate 
flow time at that point was recorded. Typical data are shown in 


Table I. 


TABLE I : 


Experimental Flow Times for Polybutene* 











D, em. t, sec. D, em. i, see. 
1.25 7.0 7.50 76.5 
2.50 16.5 8.76 00.5 
3.75 27.5 10.00 124.5 
5.00 41.5 11.25 154.5 
6.25 56.5 





* A hydrocarbon (designation H-100) of 7 = 207 poises at the temperature em- 
ployed (25.5°C.), @ = 57°. 


The Newtonian liquids, whose viscosities ranged from 80 to 500 
poises, consisted of polybutenes (molecular weight range: 500 to 
1200), linseed oil 130-150*, and other viscous polymers. Non- 
Newtonian dispersions studied included a series of tack-graded black 
inks prepared by the Interchemical Corporation, two series of com- 
mercial process inks, and other dispersions which varied widely in 
shortness and consistency. Two additional series of dispersions con- 
tained calcium carbonate (surface area = 13.8 m.*/g.) dispersed in 
polybutene H-100, and calcium carbonate dispersed in linseed oil 


* A bodied linseed oil of about 130-150 poises viscosity at room temperature. 
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130-150. Volume concentrations of each series ranged from 5 to 10% 
Each was hand-mixed and run twice through a three-roll mill. 


RESULTS AND DISCUSSION 
A. Newtonian Liquids 
1. Development of the Empirical Equation 


The flow of the liquid is retarded by the friction of the plate. In 
Figure 2, the time to flow a certain distance D is plotted against D, 


Distance (c 









) ee = 





Time f (sec.) 


Fig. 2. Distance of flow as a function of time. Polybutene (#24), 165 poises, 
57° inclination. Slope = dD/dt = v. 


the slope of this curve being the instantaneous velocity v. A plot of 
v against D gives a typical first-order decay curve whose intercept on 
the velocity axis corresponds to the initial velocity v. The empirical 
velocity-distance curve is then expressed as 


log v/v = —kD (1) 


The velocity v is dD/dt, but as a first approximation let v be equated 
to D/t, the average velocity of the liquid front from zero distance to 
distance D, which is in terms of directly measurable quantities. The 
resulting equation is expressed in the inverted form as 

log t/D = kD + C (2) 


where C is a constant to be evaluated later. 
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Fig. 3. Experimental flow decay curves. Top line: Polybutene, 212 poises, 
38° inclination. Middle line: Polybutene, 212 poises, 57° inclination. Bottom 
line: Linseed oil, 142 poises, 57° inclination. 


Experimental data on Newtonian liquids were analyzed by 
plotting log ¢{/D against D. Figure 3 shows such data chosen to 
illustrate a variety of angles of tilt and viscosities. The lines are 
denoted as Flow Decay Curves. The approximation of the average 
velocity D/t for the differential velocity is adequate. 

The slope of the Flow Decay curves is independent of 9 and 6, 
while the intercept is a function of both variables. The slope is 
0.034 + 0.003 cm.~' for Newtonian liquids on the enameled plate. 
The data were analyzed in order to obtain the relation of » and @ 
to the intercept of the Flow Decay Curve. The empirical equation 
which is obtained is 


log (/D = 0.034D + log y — @ — 0.60 (3) 


A single determination of t/D, which is customary with flowplate 
test procedures, does not yield 7 with much accuracy because of the 
several variables involved in a one-point determination. 

A variety of materials was examined in order to determine if com- 
position influences the slope. . Table II shows that from the polar 
poly(vinyl acetate) solution to the inert polybutene, the slope re- 
mained constant within experimental error. 

The final step in the development of the empirical equation consists 
in identifying the last term of eq. (3). Varying amountsof a 205 
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TABLE II 
Effect of the Chemical Nature of Liquids 


Material Polymer type n, poises , Slope 

Alkaline solution of Vinyl acetate 26 0.0381 
Elvadex vinyl polymer 
Acryloid Vinyl! ether 700 0.036 
Sorbitan monolaurate Fatty acid 105 0.032 
monoester 

Linseed oil 130-150 Glyceride 180 0.032 
Polybutene H-300 Hydrocarbon 650 0.036 


Varnish V-415-H Bodied linseed oil 2500 0.031 


TABLE Il 
Effect of Volume of Material on Flow Decay 


Volume, 


V, oc. Cc 

1.5 1.04 
2.0 0.93 
2.5 0.84 
3.0 0.77 
3.5 0.76 


poise polybutene (p = 0.88 g./cc.) were run on the flowplate, and 
gave the expected constant slope. The intercept, on the cther hand, 
contained a contribution due to the volume of material flowing as 
well as one due to gravity (pg). The volume contribution is shown 
in Table III, where the inverse relation between C (of eq. (2)) and 
volume is observed. The result, when added to eq. (3), is 


log t/D = aD + log n — @ — log pg — log V + 2.80 (4) 
Now 
—(log pg + log V) = —log Vog = —log mg = —logF (5) 
Hence, the force due to gravity upon the liquid is empirically ob- 
tained. 
2. Development of the Theoretical Equation 


An analysis of steady flow in a liquid column by Hunter, Fallah, 
and Nash' provided the basis for a similar equation for the inclined 
plane, 
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0 = (pgh?/3n) sin 0 (6) 


where @ is the average velocity and is defined as D/t, g is the acceler- 
ation due to gravity, p is the liquid density, and h is the average film 
thickness. This equation describes the rate of flow of the liquid down 
an inclined surface, assuming steady state flow. The objective is to 
cast eq. (6) into the form of eq. (3). If D/t is substituted for #, and 
logarithms are taken of both sides, then 


log t/D = log » — 2 log h — log sin 6 — log pg + log3 (7) 


Equation (7) is now compared with eq. (4), and the same dependence 
of t/D on viscosity is noted. The linear term in D is matched by a 
log term in h; 6 is approximated so closely by log sin @ over the range 
of angles used that the empirical data fit the log sin @ term almost as 
well as they fit 6; and the constant terms of the empirical equation 
are matched in theory by a log pg (density times gravitational 
constant) term. 
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Fig. 4. Relationship of stream height to distance of flow. 


The key to understanding why the inclined plane offers possibilities 
for measuring structure buildup (and at the same time does an 
unpredictable job with viscosity) can be found in eq. (7). Fora New- 
tonian liquid on an inclined plane, where 7 is constant, every term 
on the right side of eq. (7) is constant except h. In the present in- 
stance, flow occurs from a limited reservior of material so that h 
decreases as the flow proceeds; consequently, log ¢/D increases 
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Fig. 5. Relationship between @ and log sin @. 


monotonically. Thus, even a Newtonian liquid slows down as the 
length of the film increase. This behavior is normal, and does not 
depend on internal structure, wetting, surface tension, or any other 
factor that depends upon the nature of the liquid. 

Proper analysis of flowplate data requires the relationship between 
hand D to be known. Figure 4 shows, from data taken in the course 
of this study, that —log A is linearly related to D. This dependence 
turns out to be twice that which is predicted by comparison of eqs. 
(4) and (7). 

Next, the near linear dependence of log sin @ on the angle @ was 
demonstrated (Fig. 5), thereby confirming that in every major detail, 
the steady state theoretical equation and the nonsteady state em- 
pirical equation are identical for Newtonian liquids. 


3. Interfacial Considerations 


In the original derivation of the flow equation it was assumed that 
the width of the flowing liquid was infinite. Hopf* considered this 
factor in developing an equation for steady flow down an inclined 
plane with finite flow stream widths: 


v = (gp sin 0h?/3n)(1 — 0.63 h/b) (8) 


The last term in parentheses is a correction factor describing the con- 
dition of finite width of the flow stream. In practice, this equation 
has not been used to correct data for such effects but it is of interest 


to examine the reasons for which such a correction might have to be 
used. 
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The liquid stream will change its effective width because of two 
variables. They are wetting of the surface bythe liquid, and the 
shape of the flow stream as it emerges from the reservoir. The more 
readily that the surface wets, the more quickly can the liquid spread 
in a direction transverse to the direction of the flow; the result is a 
lowering of h by a process not accounted for in the general theory, 
and a slight change in the slope of the Flow Decay Curve. 

Table IV shows data taken to analyze these factors. Each slope 
is an average of three to six runs. It is evident from Table IV that 
changing the surface from wetting to nonwetting affected the slope 


TABLE IV 
Effect of Wetting upon the Flow Decay Curves 


Slope,* em. ~! 





Spherical Flat 
Surface well surface 
Enameled steel 0.033 0.026 
Silicone-treated 0.027 0.021 
enameled steel 
Stainless steel 0.022 
Plate glass 0.022 











* Polybutene H-300, » = 750 poises, @ = 57°. 
» Polybutene H-100, » = 220 poises. 


about 20 to 25%, while changing from a spherical reservior to no 
reservoir at all altered the flow pattern such that the slope was 
changed nearly 50%. Considerable effort must be taken to obtain 
the same surface from run to run and to use the same type of reser- 
voir. 


B. Shear-Sensitive Liquids 


Equation (3) provides a basis for describing non-Newtonian flow 
upon the inclined plane. If a liquid is shear-sensitive, the only term 
in eq. (3) which changes during flow is log ». If the structure builds 
up or breaks down due to a gravitationally-influenced shear rate, 
then viscosity changes, with the result that the slope of the equation 
appears to change. Thus changes in viscosity affect the slope although 
the slope, itself, is independent of viscosity. In most experiments with 




















FLOW DOWN AN INCLINED PLANE 127 











es a ee ee eee 
Distance (cm) 
Fig. 6. Flow decay of shear-sensitive materials. Top line: Process yellow 
ink (m = 0.054). Middle line: Process red ink (m = 0.039). Bottom line: 
Newtonian liquid (m = 0.034). 


shear-sensitive materials, the experimental curve remained linear 
(as, e.g., in Fig. 6), although in several significant cases it curved 
upward. 

The slope of log t/D vs. D for Newtonians averaged 0.034. For 
every dispersion investigated, the slope either remained 0.034 em.~! 
or increased in magnitude. This finding indicates that dispersions 
either build up structure or remain at constant viscosity during flow. 
A slope of 0.034 cm.—' indicates that no structural change occurs as 
stress decreases, and therefore the system is “long.” Slopes above 
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Fig. 7. Dependence of flow decay slope on pigmentation. Solid line repre- 
sents calcium carbonate dispersed in linseed oil; dashed line represents the same 
pigment dispersed in 150 poises polybutene. 
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0.034 denote a sensitivity of structure to change of stress character- 
istic of “short” dispersions. 

In order to test the usefulness of the flowplate as a means of de- 
tecting and quantitatively characterizing shear-sensitive flow, two 
series of dispersions were prepared in a range of concentrations. 
Calcium carbonate of known surface area was used as the dispersed 
phase, with one series dispersed in polybutene and the other in linseed 
oil. These dispersions are known to pass from Newtonian to shear- 
thinning behavior somewhere between 3 and 9% volume concentra- 
tion.’ The slopes of the Flow Decay Curves for various concen- 
trations (Fig. 7) increased most drastically between 6 and 8%. Thus 
a value is obtained which corresponds quite adequately to other 
properties, such as viscosity and yield value, in representing the rheo- 
logical behavior of material as a function of concentration. 


CONCLUSIONS 


1. The use of an inclined plane as a viscometer requires greater 
attention to the vuriables affecting its operation than has been paid 
heretofore. Flow, even of Newtonian liquids, decays steadily be- 
cause the applied stress decreases as the liquid flows down the plate. 

2. Flow Decay Curves (log time per unit distance of flow versus 
distance) are suggested as the means of analyzing flow down an in- 
clined plane. 

8. The slopes of the Flow Decay Curves are identical for all New- 
tonian systems studied, providing the same reservoir of material is 
used in all comparisons. A slight dependence of slope on wettability 
of the surface is noted, but no dependence is observed on the angle of 
tilt, the temperature (within reasonable control limits), the viscosity, 
or the chemical nature of the liquid. 

4. When flow down any incline is analyzed as prescribed above, 
shear sensitivity can be detected from the raw data, in contrast to 
the difficulty in measuring absolute viscosity. 

5. A new quantitative index of recovery from shear thinning is 
based on the slope of the Flow Decay Curve. 


The authors are pleased to acknowledge the constructive comments of L. Stoloff, 
J. Daen, and various members of the National Printing Ink Research Institute, 
particularly A. C. Zettlemoyer, D. J. Bernardi, C. F. Geffken, C. B. Blake, A. 
Voet, R. 8. Shepherd, and J. G. Curado. 
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Synopsis 


The flow of Newtonian and shear-thinning Jiquids down an inclined plane was 
studied with the objective of estimating the degree of shear sensitivity from a sim- 
ple test. An empirical relation called the Flow Decay Curve was obtained, by 
means of which a wide variety of materials was characterized by the decrease in 
velocity of the advancing front with distance of flow. In general the decrease was 
an exponential function of distance, and the magnitude of the exponent provided 
an index of shear thinning, independent of viscosity. The Flow Decay Curve 
was compatible with a theoretical equation based on hydrodynamic flow ;rinciples. 
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Rheology and Dental Materials 


RICHARD H. ROYDHOUSE, Northwestern University Dental 
School, Chicago, Illinois 


In dental treatment many materials and techniques are used; two 
forms of repairs are undertaken. First, there are those replacements 
placed within the teeth and these are called restorations. Those 
placed between the teeth or on the soft gums when the teeth are 
lost are called prosthetic appliances. Both of these may be made in 
two ways. The direct method describes the technique where the 
appliance, or more often the restoration, is made in the mouth. The 
other technique, the indirect, depends upon the making of an accurate 
replica of the oral structures, and the fabrication is done in the 
laboratory. 

For aesthetic and hygienic reasons it is desirable that the restora- 
tions fit accurately, and accuracy here is in terms of bacterial size, 
five to ten w. Retention within the mouth of both types depends 
upon this close fit or, alternatively, the creation of mechanical locks. 


Materials 


The main materials used for restorations are: 

(1) Amalgam. Fine filings of a silver-tin alloy are mixed with 
mercury to form a plastic amalgam which is then placed in pieces in 
the cavity that has been cut by the dentist. While suitably confined, 
the plastic material is packed with small pluggers to condense the 
mass, adapt it to the walls, and squeeze out some of the mercury. 
Crystallization occurs, and after 5 to 10 minutes the restoration is 
hard enough to prevent fracture. 

(2) Silicate cement. An alumino-silicate glass ground to fine 
particles is spatulated with a solution of orthophosphoric acid. A 
sand-and-water mix is obtained; this is placed in the cavity, packed 
if possible and held to the correct external contour with a cellophane 
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strip. A matrix of silicic acid gel forms, holding undissolved par- 
ticles together. The set material has a high hardness number and is 
rigid but slightly soluble. 

(3) Zine phosphate cement. Zine oxide is mixed with varying 
proportions of a solution of orthophosphoric acid. Any consistency 
from a doughy mass to a creamy liquid is obtained and this sets by 
crystallization. 

(4) Cast gold and fused porcelain. ‘These restorations are made by 
the indirect method and are cemented into place with zine phosphate 
cement. Wax patterns, for cast gold inlays as they are called, may 
be obtained in the mouth. The wax is warmed, pressed into place 
and carved to shape, and removed when chilled. A refractory of 
silica and gypsum is used to make the mold, into which molten gold 
may be forced. 

Prosthetic appliances are made by the indirect technique and are 
cast in gold alloys, chrome-cobalt alloys, or molded from methy! 
methacrylate in gypsum molds. The replicas for these are made of 
some gypsum product poured into negatives obtained in what are 
called impression materials. 


Techniques 


In general, the less plastic the restorative materials before insertion, 
the greater the strength and the durability of the restoration. The 
operator determines the time he requires for handling by adjusting 
the setting rate. But that which alters the setting rate also alters 
the consistency. The consistency should be such that adaption to 
the walls of the cavity is possible and yet also such that packing with 
small instruments causes condensation rather than skewering; the 
elimination of voids is essential for strength and the attainment of 
smooth polished surfaces. 

The following are closely related: (/) handling time or setting rate, 
(2) liquid and powder proportions, (3) final physical and chemical 
properties, (4) plasticity low enough to allow adaption, and (5) 
plasticity high enough to permit packing. 

Silicate cement can be taken for an example of the above. The 
setting rate is affected by temperature and humidity, and the oper- 
ator controls this by the temperature of the mixing instruments and 
by the liquid/powder ratio. The latter markedly alters the con- 
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sistency, the final strength, and solubility in the mouth (due to the 
proportion of slightly soluble matrix formed). A large percentage of 
these are failures as permanent restorations. A thick consistency 
in hot weather sets before packing, and good adaption is not possible; 
if too “thin,” packing is not possible, except for a brief period, and 
a poor strength and increased solubility result. 

Little, if any, rheological investigations of restorative materials 
have been reported. The specifications for these materials issued 
by the American Dental Association originating from the National 
Bureau of Standards avoid complexity by using totally empirical 
measures. The specified test, a ‘‘one-point” test (where slump is 
assisted by pressure) was established! by averaging the consistencies 
used by a number of dentists. 

The need for investigation is undoubted. At the moment of in- 
sertion of restorative materials the consistency and the rate of change 
of consistency are the most urgent considerations of the dentist. 
The very best restorative materials are no use if they cannot be in- 
serted readily. The dentist, it must be remembered, is working 
rapidly upon a small hole in a warm, moist, dark restricted region that 
is likely to move, resist, and complain. 

In impression techniques the consistency of the impression materials 
when a replica of teeth and gums is required is of paramount im- 
portance. The displacement of the soft tissues of the palate and 
about the teeth and jaws is determined by the plasticity of the im- 
pression material. Thus the accuracy of any replica is affected. 

The technique for taking impressions is as follows: An impression 
tray roughly shaped to the region to be recorded is filled with impres- 
sion material and is pressed against the patient’s oral structures. 
The consistency of the material increases, some to comparatively 
unyielding materials, others to a more flexible state. Into this nega- 
tive plaster of Paris is poured. For impression materials many 
strange mixtures are used.. “Impression compound” is a mixture of 
fats, oils, and resins that is soft at about 45°C. and hard at body 
temperature. ‘Reversible hydrocolloid” is an agar-agar gel which 
is softened in warm water. “Irreversible hydrocolloid” is a mixture 
of sodium-calcium alginate systems, pectins, and carboxy-celluloses. 
Silicone and polysulfide rubbers used are compounded so that they 
polymerize at mouth temperature. Plaster of Paris has been used 
for over a century for these purposes. 
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The difficulties arise because the tissues of the mouth vary in re- 
action to forces. For example, if a thick putty-like consistency is 
used, the replica will show the soft regions of the mouth depressed 
and the hard regions relatively elevated. Thus any appliance made 
thereupon will press heavily upon the soft regions in the mouth. 
Many involved techniques using different materials in turn and other 
complicated procedures have been advocated, but dentists are not 
yet agreed whether differential recording is good or bad, or even 
whether it can be done. It would seem logical to have some knowl- 
edge of consistency of these materials before their effects are con- 
sidered. 


Measures of Consistency 


Dental Rheology is notable for the paucity of the literature. 
Spence? in 1902 worked with ropes of impression compound and meas- 
ured their flow under gravity. Penetration tests were also tried on 
this material. In 1925 the classical dental investigation was done by 
Crowell and Saunders* under the direction of Bingham; they meas- 
ured the flow of impression compound with an extrusion method. 
Modified slump tests have been used on many of the dental materials; 
the substance is pressed out by a weighted plate rather than allowed 
to flow from a certain shape under the effects of gravity. Worner of 
Melbourne*’ investigated the dubious validity of such tests. Other 
attempts to measure flow have failed for reasons similar to Worner’s 
findings, that is, a measure based on the time taken for one shape 
to turn into another under some arbitrary load when the substance 
is not homogeneous and is also setting, cannot be very accurate, and 
must vary with the rate of setting. 

Utility rather than considerations of molecular structure makes 
testing for dental purposes depend on models rather than classical 
viscometers; a paper by Kennedy* clearly justifies technical rheo- 
logists in choosing such systems. However, an outline of the phe- 
nomena to be measured is attempted first. 

The previous brief review of technical dentistry shows what 
qualifications are required to describe dental consistency. 

1. The yield value. This is defined as the load above which flow 
commences, or is observable under the conditions of the test. Such 
a measure indicates the adaption of plastic materials when pressed 
into a cavity under a given load, the size of the instrument best 
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employed to pack it, the force best used on a particular instrument 
with a particular material, the thickness of the final layer formed 
when a material is pressed out between two surfaces and-.so on, to 
mention but a few possible implications. In impression procedures 
the yield values shows the amount of force that will deform soft 
tissues beneath the impression. 

2. The apparent viscosity. Bingham’s modification of Newton’s 
Law or similar variant of a power law with provision for the yield 
value is suggested as a basis for determining this flow-load relation- 
ship, for stiff materials will be tested. This measure of shearing rate 
will not be of primary concern to the dentist; will it flow or not is 
more important than the shearing rate. 

3. The flow-load changes. The D-r relationship will show whether 
an increase in force used in a particular task will benefit the technique 
or speed up the operation. These materials are setting, and time is 
important for the comfort of the patient. 

4. Thixotropy. This measure will be defined to indicate the effects 
of disturbance during the mixing and preparation of the material, 
rather than the effects of flow. Techniques for mixing may thus be 
guided in terms of changes produced in yield value and apparent 
viscosity when the mixture is being used in the mouth. 

5. The rate of change of consistency. The change in yield value and 
apparent viscosity due to the setting action defines the working time 
and consistency at any particular time. Changes in dimension after 
set has finished in those materials used to produce replicas is partly 
due to relaxation. The distortion from this source is related to the 
set of the material during the formation of the replica. The ideal 
would be to complete the impression before any setting has occurred, 
and therefore the setting rate and initial point is defined. 

Some qualifications for equipment to measure these properties are 
as follows: (/) The machine must be readily broken down for clean- 
ing purposes, for these materials set during test, and some of them 
are quite tough. (2) The testing conditions shall resemble service 
conditions. (3) The results must give some values for the above 
measures. 

The parallel plate plastometer is chosen for it may be easily cleaned, 
is simple to make, and appeals as a model similar in size and geometry. 
The squashing of materials between two surfaces is common to many 
dental techniques. The five criteria can be given values, although 
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interpretation of results has proved most difficult. The yield value 
is given by the terminal separation of the plates or some function of 
this related with time. The apparent viscosity is obtained from the 
rate of approach of the plates, when the effects of the changing yield 
value have been removed. Variation in the load upon the plates 
shows the D-r relationship. Thixotropy shows as a change in yield 
value and apparent viscosity due to some variation in mixing tech- 
nique or with changes in shearing rate. If consistency is measurable, 
then changes therein can be detected. 


Experimental Work 


An interest in the fit of dentures and the techniques used for the 
fabrication of dentures lead to an investigation into alginate impres- 
sion materials; these are universally used, low in price, and easy to 
handle. A sodium-calcium alginate system or similar gelling system 
is made up as a powder, heavily loaded with fillers, which is spatu- 





Fig. 1. A view of the apparatus used to establish tests for dental materials; two 
viscometers are used to test each mixture simultaneously, and the clocks record the 
elapse of time from start of mixing and from start of recording. 
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lated in a rubber bowl with a certain measure of water. The thick 
creamy paste produced is reputed to maintain a constant consist- 
ency while calcium ions, produced from calcium sulfate.in the mix, 
are removed by a soluble phosphate, then the balance towards in- 
soluble calcium phosphate is favored. A friable, slightly flexible 
solid is formed in the mouth and this may be withdrawn from around 
undercuts. 

Some of the difficulties in testing are due to the nature of the mate- 
rial. As used, it is a mixture of gelling medium, filler, and air. The 
size and amount of air bubbles cannot be controlled without departing 
from the conditions of use. A given consistency cannot be produced 
although standardization of techniques may be rigorously adhered 
to; a statistical approach to the results is necessary. A homogeneous 
mix is not available; this was demonstrated by the erratic behavior of 
a falling sphere in the mix. Its path, traced by x-rays, was altered by 
the varying size of air bubbles encountered. Metal must be kept out 
of contact with the alginate system for it enters into the reaction. 
The fabrication of accurate parts in acrylic resin is difficult, par- 
ticularly if the parts are alternately wet and dry. The machine used 
was designed after that of Dienes and Klemm.’ Recordings of the 
time and separation of the plates were made by photographing the 
assembly at regular intervals with a 35-mm. camera. 


Interpretation of Results 


The time, ¢, and the separation of the plates, h, with the constants 
from the area of the plates and the force thereon must be related to 
given the measures already mentioned. Four main groups of equa- 
tions for such analysis can be distinguished. 

1. Stefan’s Equation® relates ¢ and h parabolically and is derived 
from Newton’s Law. The yield value does not figure in this, and 
claim® has been made that at the low shear rates between the plates 
only Newtonian behavior-need be expected. This is not so for thick 
materials such as those used in this investigation. 

2. Derivations from power laws, such as that of Williams," have 
been fitted to experimental data. 

3. Bingham modifications of Newton’s Law have served as a basis 
for some derivations, and the yield value figures in the final equation. 

4. Mathematical descriptions of plots of ¢ vs. h have been found 
and various arbitrary consistency variables postulated. This method 
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depends perhaps too much upon accuracy in the experiment and 
graphical work. 

Because stiff materials are tested, the existence of a yield value is 
assumed, and its appearance in the equations is necessary. The 
system, first described by Peek,'' where the yield value operates upon 
the distribution of flow between the plates (see Nadai'*) seems ac- 
ceptable. It is possible to derive an alternative to Peek’s equation 
using another approximation. Peek derived 


3 dh -K h(h — a)? 
dt D 
and the alternative is 
~ dh a a(h — a)? 
dt n 


where hA is the distance between the plates, ¢ is the time, K is related 
to the plate area and force upon the upper plate, 7 is the apparent 
viscosity, and a@ is a value in terms of separation, related to the yield 
value. 


Experimental Values 


Experimental values of t and h are found to be related in logarithmic 
torm'’ as these materials set. The equation, 


h = a + be (1) 


gives highly significant coefficient of correlation between ¢ and h of 
the order 0.99, when a regression analysis is done on transformed data. 
Alterations in machine and mixture constants were detectable in the 
constants a, b, and ¢ in this empirical equation. 

The association of derived and experimental equations has proved 
to be difficult, for simple relationships are assumed to occur in the 
changing yield value and apparent viscosity, if suitable approxima- 
tions are made; the previous equation can be rewritten with f(7,/) 
f(a,t) representing these changing values. 


dh flab |h — flat |? 
= K 
dt S(a,d 
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The existence of these two, and the fact that no run can be duplicated, 
means that two plastometers must. be used for each mixture, so that 
two sets of a, b, and ¢ are obtained for the solution of the equations. 
The use of the eq. (1) simplifies analysis because the range over which 
the plates move is no longer of great concern; this has been the subject 
of many papers by Scott." 

The yield value plays a large part in the interpretation of the results, 
and the effects of its change must be extracted before the determina- 
tion of f(a,t) is possible. In these experiments the relation between 
yield value and experimental values seems to have a logarithmic 
form as, 


f(a,t) = a/(1 + be‘) 


The apparent viscosity seems to increase exponentially. These 
findings are in accord with those of Richardson” who shows similar 
curves graphically when the setting of gelling solutions was examined 
by a method employing the damping of oscillations. 


Conclusion 


This is a descriptive paper, rather than one providing detailed tech- 
nical results. Some analysis of techniques used dentally should 
precede testing of the materials to be used in those techniques. 
Rheological considerations are shown to be important and yet have 
been much neglected. The criteria suggested are minimum considera- 
tions for any dental material. Some experiments show the typical 
difficulties faced by technical Rheologists, but it can be claimed that 
the basis for the analysis is more sound than some form of random 
sampling. 

The work described in this paper was supported by the University of Otago 
Dental School, Dunedin, New Zealand. 
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Synopsis 


rheology in testing and understanding the behavior of these materials. 


has been investigated or reported upon in this application, and a set of criteria for 
dental materials is given; these are the yield value, the apparent viscosity, flow- 
load changes, thixotropy, and the rate of change of consistency; the first is most 
Parallel plate plastometry is chosen as a system for testing because 
of its simplicity of operation and aptness as a model of the dental techniques. 
Some general conclusions related to this machine and its application are given, 


important. 


but the paper is of a descriptive nature. 
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On Anomalies in the Measurement of the 


Complex Modulus 


8S. R. BODNER, Brown University, Providence, Rhode Island 


Introduction 


One aspect of the investigation of the inelastic behavior of metals 
at elevated temperatures has been the measurement of viscoelastic 
properties under conditions for which the material behavior is 
essentially linear. The measurements have included determining 
the complex modulus, or alternatively, the dynamic elastic modulus 
and damping, as a function of frequency at various temperatures. 
They were carried out using the resonance apparatus previously 
described.! In this technique the properties are obtained from the 
natural frequencies and amplitude decay curves of vibrating speci- 
mens. The specimens were long rods, generally 3 ft. long and '/, 
in. in diameter, and were set into either transverse or longitudinal 
vibration. The equipment was modified to permit the specimens to 
be subjected to high temperatures and to constant axial tensile 
loads. The latter facility was initially introduced to measure changes 
of the dynamic modulus during high temperature creep. 

Under certain conditions in the application of the resonance 
technique, various resonances were observed in addition to the 
natural frequency spectrum. A separate program was undertaken to 
investigate the characteristics of these resonances, and the present 
paper constitutes an initial report on this study. The most impor- 
tant result is the correlation of the additional resonances with the 
resonance dispersions observed by Fitzgerald in his measurements of 
the frequency variation of the complex compliance of a number of 
materials.*~* Since the experimental technique employed in the 
present tests is completely different from Fitzgerald’s, the results 
serve as an independent verification of his general findings, namely, 
the occurrence of the resonance dispersions in the materials. 
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The present experiments also show that the additional resonances 
are a direct consequence of the existence of an initial stress state in 
the specimens. The resonances have been observed in specimens 
containing residual stresses and in specimens subjected to static 
tensile or compressive loads. The resonances vanished upon an- 
nealing or upon removal of the external loads. Cylindrical aniso- 
tropy, such as results from an axial load on a long cylinder, was 
shown not to be a factor. Tests on an unstressed rod that had 
pronounced cylindrical anisotropy did not reveal any additional 
resonances. 

Both Fitzgerald’s specimens and those discussed here that exhibited 
the additional resonances were characterized by an initial stress state. 
In addition, both methods of testing result in small magnitude oscil- 
latory variations of the initial stresses. In Fitzgerald’s tests the 
variations rise from nonlinear coupling of the applied oscillatory 
shearing stress and the axial stress. In the present tests they arise 
from coupling and, more directly, from the method of applying the 
oscillatory forces. The basic mechanism that results in the reso- 
nances appears to be the existence of modes for which the effective 
spring constant is a function of the initial stresses on which are 
superposed small oscillatory variations. Such systems have been the 
subject of extensive mathematical treatment,’* and it is well known 
that various combinations of parameters can lead to unstable motions 
which would be observed as apparent resonances. This mechanism 
serves as a possible explanation of Fitzgerald’s results in which the 
frequency of the applied shearing stress was appreciably lower than 
the lowest natural frequency of the samples. 

A particularly unusual effect observed by Fitzgerald for some 
materials, e.g., lead and sodium chloride, was the occurrence of 
negative damping values in narrow frequency regions. The magni- 
tude of the negative damping decayed with time but could be rein- 
forced by increasing the static compression. A unique method of 
energy conversion appears to be operating in this case in which the 
energy of initial compression is transformed by the stress relaxation 
process into energy of oscillation. In terms of the mechanism pre- 
viously discussed, the stress reduction results in a reduction of the 
effective spring constant for the mode of oscillation which, in turn, 
can lead to negative work being done by the spring force. 

Although the experiments indicate that the resonant modes are 
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functions of the initial stress state, they are not conclusive as to 
the origin of the modes. It was shown’ that if the rigidity of an 
elastic system depends upon a stress, then harmonic variations of that 
stress can result in instability. A number of the additional resonances 
observed in the resonance tests as well as in Fitzgerald’s tests would 
appear to be in this category and therefore explainable by continuum 
mechanical analysis. This does not rule out the possibility, however, 
that some high frequency resonant modes of microscopic origin that 
depend on the stress state may be brought into resonance by the stress 
variation. Indeed, the characteristics of certain resonances in 
specimens that contain residual stresses tend to support this possi- 
bility. A considerable amount of further theoretical and experi- 
mental work appears to be necessary before the sources of the res- 
onances can be determined. 


Description of Apparatus 


The experimental arrangement for the vibration tests to obtain 
the frequency dependence of the dynamic elastic modulus and damp- 
ing is shown in Figure 1. The specimen was a circular rod that was 
generally 3 ft. long and '/, in. in diameter which was suspended by 
fine wires at the nodal points corresponding to a free-free beam. Con- 
stant axial tension could be applied to the specimen by a wire and 
pulley system. The wires were long and thin (10 ft. by '/s in. di- 
ameter) and were attached to the rod ends by swivel connections to 
minimize the restraint of the wires to the end motion of the specimen. 
Various checks were made to ensure that the wires themselves did 
not introduce additional resonances into the system. Static axial 
compression was obtained by using a hollow cylindrical specimen 
with a thin central wire that was loaded in tension by plates at the 
ends of the specimen. 

The specimens were set into oscillation by passing an alternating 
current of chosen frequency through a coil wound around one end of 
the rod. Lateral oscillations would result from positioning the mag- 
netic field about the coil as shown in Figure 1. Longitudinal os- 
cillations would be obtained by locating the magnets along the 
longitudinal axis. The lateral loading method resulted in a small 
axial component. Although this effect was insignificant in the tests 
with unloaded specmens, it was probably related to the occurrence 
of the additional resonances observed with the preloaded specimens, 
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Fig. 1. Experimental arrangement for forced and free vibrations of specimens sub- 
jected to axial tension. 











The response of the system to the forced oscillation was obtained 
by a similar coil and magnet arrangement at the other end of the rod. 
The voltage induced in the coil by the motion was amplified and ob- 
served on an oscilloscope. The natural frequencies and therefore 
the elastic modulus at those frequencies could then be determined. 
Damping values were obtained either from the width of the response 
curves or from the decay of the oscillation upon closing the driving 
circuit. Since the properties are measured only at the natural fre- 
quencies of the specimen by this method, it is necessary to change the 
specimen length to obtain details of the frequency variation. The 
frequency range of the equipment was from 10 to 4000 cycles/sec. 

For testing at high temperatures the specimens were placed in a 
well-insulated oven capable of temperatures to 1200°F. The interior 
of the oven could be maintained at almost constant temperature and 
the control system accuracy was about +3°F. 


Preliminary Experiments—Comparison with Results of Fitzgerald 


One of the experiments in the high temperature inelasticity program 
was the determination of the frequency dependence of the elastic 
modulus of a soft aluminum alloy (28). Room temperature lateral 
vibration tests on an unloaded specimen that had been cold worked 
revealed two closely spaced resonance peaks at about 2800 cycles/sec. 
where a single natural frequency was expected. Rotation of the 
axis of lateral oscillation did not alter the effect as would be expected 
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for a specimen of elliptic cross section. The double resonance peaks 
remained until the specimen temperature was raised to the annealing 
temperature of the aluminum alloy (about 700°F). Further tests 
on the specimen at room and elevated temperatures gave only the 
natural frequency spectrum, indicating that the double resonance 
effect was due to residual stresses in the specimen. In all the tests 
on unloaded rods, spurious resonances were never observed with an- 
nealed aluminum specimens or with lead specimens (which anneal 
slowly at room temperature). 

Subsequent tests on rods subjected to constant axial tension showed 
similar additional resonances. The checks that tend to eliminate 
the tensile load wires as a source of the additional resonances were as 
follows. 

(a) Clamping the wires to fixed supports at various locations along 
their lengths did not influence the location or intensity of the spurious 
resonances. If the wires were a factor due to coupling of vibrations 
of the specimen and the wires, then the length and flexibility of the 
wires would tend to affect the results. 

(b) High vibration damping material, a sponge rubber, was fastened 
to the wires along most of their lengths with no effect on the reso- 
nances. 

(c) The additional resonances did not occur at the same frequencies 
for specimens of different materials, indicating that they were not due 
to simple resonances of the tensile wires. 

The observation of the spurious resonances in the vibration tests 
dictated a comparison with the recent findings of Fitzgerald.?—* 
Fitzgerald’s apparatus is not of the resonance type and has the im- 
portant advantage that the components of the complex compliance 
can be obtained at arbitrarily close frequency intervals. The speci- 
men in his tests is a short cylinder, about the size of an aspirin tablet, 
which is clamped and held between relatively rigid plates. A small 
oscillatory shearing stress is applied to the specimen and measure- 
ments are taken which determine the ratios of the strain components 
(in and out of phase with the stress) to the stress. The components 
of the complex modulus or its reciprocal, the complex compliance, 
can then be readily evaluated for the frequency of the test. 

For a large number of materials, including metals, polymers, single 
salt crystals, and glasslike substances, Fitzgerald obtained dispersions 
at particular frequencies that correspond to sharp resonances. A 
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typical result is shown in Figure 2 which was obtained with a lead 
specimen. The parameters J’ and J” are the real and imaginary 
components, respectively, of the complex compliance. 

The resonances observed by Fitzgerald were in the audio range, 
50-5000 cycles/sec., which was appreciably below the lowest natural 
frequency of the samples. Extensive checks tended to eliminate the 
equipment as a possible source of the resonances. The experimental 
resonance dispersions bore a close resemblance to that of the mechani- 
cal model shown in Figure 3, and the experimental results could be 
expressed in terms of the model parameters. The significant aspect 
of this comparison was the high values of the “induced mass per unit 
length,”’ m/l, for the materials. An alternative representation of the 
results was by means of a stress-strain-strain rate law of the form: 


o = koe + kié + kee 


Some of the general observations of Fitzgerald on the location and 
characteristics of the resonances were that they depend upon the 
initial clamping stress, elapsed time between clamping and testing, 
temperature, material state, and orientation in the case of aniso- 
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Fig. 3. Mechanical model and associated frequency dependence of compliance to 
represent resonance dispersion. 


tropic samples. The time effect was especially apparent in relatively 
soft materials that experience stress relaxation. In the lead tests 
annealing the samples removed all but one of the resonances over the 
range of testing. A very prominent resonance at about 2850 cycles/ 
sec. was common to the metals tested (lead, aluminum, and indium), 
and in samples of some other materials. 

Negative damping at particular frequencies was observed for the 
metals and sodium chloride and quartz crystals. The negative ab- 
sorption decreased slowly with time but could be re-established by 
increasing the compressive strain, indicating that a relationship 
probably exists between the negative damping, the static compressive 
stress, and the stress relaxation process. Materials that either had 
very large natural damping or did not experience significant stress 
relaxation did not show any negative damping. 

The spurious resonances observed in the present vibration tests 
on the loaded specimens were extremely sharp and had appreciably 
lower amplitudes than those corresponding to the natural frequencies 
of the rod. They could be readily overlooked in experiments de- 
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Fig. 4. Two degree of freedom model and associated response to a periodic force. 


signed to obtain only the natural frequencies unless an additional 
resonance happened to occur close to one of those frequencies. In 
this event the response in the neighborhood of the natural frequency 
would consist of two prominent peaks (such as appeared in the rod 
with residual stresses). Such a response characteristic is typical of a 
two degree of freedom system, Figure 4, for which the natural fre- 
quencies of the individual components are either equal or very close. 
In representing results of the vibration tests by the mechanical model 
of Figure 4, M/L represents the mass term in the expression for the 
frequency of a laterally vibrating circular rod with free ends. The 
frequency is given by 


f = (Ea'r®/162°L'p)" (1) 


where r, L, and p are the radius, length, and mass density of the rod, 


respectively, & is Young’s modulus for the material, and a is one of 
the solutions of the frequency equation 


cos a cosh a = | (2) 


depending upon the mode of oscillation. The mass term in the 
representation of the lateral oscillation of a beam by a simple spring 
mass system with spring constant Z is therefore 
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M/L = 162°L‘p/a‘r? (3) 


The mass m// in Figure 4 can be considered to correspond to Fitz- 
gerald’s “induced mass” since its existence depends upon a mode 
other than those predicted by classical elastic vibration theory. In 
the model shown in Figure 4, the coupling spring between the masses 
G is taken to supply the total spring force to the mass element m/1. 
This is understood to be only a possible, and the simplest, method of 
representation of the results and not an idealization of the actual 
physical situation. If the natural frequencies of the individual 
spring-mass systems are assumed to be equal, then the value of m// 
can be readily determined from the frequencies of the resonance peaks 
[see, e.g., p. 115 of Ref. 9]. The present tests were not sufficiently 
sensitive to calculate damping values for the double resonance con- 
dition. 

Although the representation of the results of the different experi- 
ments by similar models is interesting, the analogy between the 
models should not be carried too far. Both models are simply the 
mechanical implications of the occurrence of resonances in both 
methods of testing that are not predicted by classical theory. They 
may, however, be due to entirely different causes in either case. 


Experimental Program and Results 


As a result of the previous observations, an experimental program 
was undertaken in the attempt to obtain better insight into the 
nature of the additional resonances. The preliminary experiments 
fairly firmly established that the resonances are directly attributable 
to the presence of either residual or applied stresses in the specimen. 
The following tests were directed toward obtaining quantitative data 
and toward attempting to determine the source of the resonances. All 
of the tests were based upon obtaining the response of the specimens 
to forced lateral oscillations. Unfortunately, meaningful longi- 
tudinal vibration tests were not possible with the present apparatus 
due to the driving forces and the response pickup being extremely 
small for this mode of forced oscillation. 

(a) Further tests were performed on unloaded 28 aluminum alloy 
specimens that were subjected to some cold working during their 
manufacture. For the specimen size, a natural frequency was ex- 
pected at 2800 cycles/sec. Double resonance peaks that were re- 
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movable by annealing were found at 2800 and 2850 cycles/sec. in two 
of the twelve specimens tested. In terms of the model parameters of 
Figure 4, for a beam length of 35 inches, diameter '/: inch, and vibrat- 
ing in the ninth mode (a = 29.8), the calculation of M/L from eq. (3) 
gives M/L = 85,000 g/cm. The ratio of natural frequencies for the 
two modes is 2850/2800 = 1.02. From eq (50) of Ref. 9, the cor- 
responding value of m// is 140 g/em. From Fitzgerald’s work on 
pure aluminum, Ref. 2, the value of m/l calculated by fitting the 
resonance at 2890 cycles/sec. to the model response, Figure 3, was 
790 g/cm. (This value was communicated to the author by Pro- 
fessor Fitzgerald.) Although any comparison of the representative 
models may have little or no meaning, it is interesting to note that the 
“induced mass” values are at least of the same order of magnitude. 
(Anything closer would have been fortuitous.) A test on a shorter 
length beam also showed a double resonance at about 2800 cycles /sec. 
which was close to one of the natural frequency values. The fact 
that the additional resonances at about 2850 cycles/sec. were so 
common for many materials and both methods of testing does sug- 


TABLE I 
Resonant Frequencies of Aluminum Alloy (28) Rod under Tension (Lateral 
Vibration )* 











No 
load o = 454 psi o = 870 psi o = 1280 psi o = 1710 psi 
57-33, 41, 61, 76, 31, 42, 51, 73, 35, 48, 61, 86, 41, 55, 67, 87, 
105 85 98, 107 95, 110, 120 
164 149, 177, 218, 128, 167, 201 172, 184 185, 189, 200 
257 
333 324, 380, 412 339, 430 343, 472 344, 500 
562 531, 681 555 545, 575 560, 571, 600 
852 840 725. 850 745, i. 875, 1108 
1192 1212 1238 1238, 12 1270 
1588 1550, 1620 1505, 1628 1515, a 1820 1535, 1720 
1740, 1770 
2038 1960, 2000, 2000 2020 2010 
2080, 2160 
2545 2410, 2660 2490 2470, 2620 2505 
3100 =3030 3030, 3070 3050 3090 
3695 3450, 3680 3530, 3680 3710 3800 





* Rod dimensions: 35 in. long, '/: in. diameter. Tension wire attachments at 
rod ends. 








MEASUREMENT OF THE COMPLEX MODULUS 151 


TABLE II 
Resonant Frequencies of Lead Rod under Tension (Lateral Vibration)* 





No , 
load o = 586 psi o = 963 psi o = 1138 psi 
15.9 9.3, 23.3 19.7 14.0 
45.5 43.5, 67.9 39.0, 69.0 40.2, 60.0 
89.1 106 94, 108 114 
146 155 153 145, 157, 164 
221 221 211 213, 227, 257 
311 302 292, 340, 380 289, 302 
412 423 426 390, 433 
532 520 508, 610 490, 518, 588 
661 612, 655, 722 700 618, 707 
808 805 750, 780 760, 778 
972 935 881 866 
1133 1129 1112, 1140 1128 
1313 1260 1230 1231 
1512 1438, 1488, 1530 1520 1530 
1722 1680 1650, 1740 1615, 1645, 1780 
1925 1915 1810 1855, 1955 
2170 2075, 2195 2015, 2080 2085 
2405 2460 2530 2570 
2685 2590, 2710 2690 2710 
2920 2900 2890 
3230 3250, 3480 3250, 3500 3540 








* Rod dimensions: 36 in. iong, '/: in. diameter. Tensile wire attachments at 
rod ends. 


gest that they may be due to a basic physical property on the micro- 
scopic level. 

(b) Tests on unloaded lead specimens did not reveal any additional 
resonances. 

(c) Tests on an unloaded fiberglass rod that was strongly orthog- 
onally anisotropic did not show additional resonances. The aniso- 
trophy that results from the application of axial load on a cylindri- 
cal rod therefore does not, by itself, appear to be an important factor 
in these tests. 

(d) A number of lateral vibration tests were made on lead, alumi- 
num, and polyethylene rods subjected to constant axial load. All 
these tests showed additional resonances which varied in a compli- 
cated manner with the axial load. The results of some of these tests 
are listed in Tables I, II, and III. As in Fitzgerald’s tests, the effect 
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of the axial stress was completely reversible as long as it did not ex- 
ceed the elastic limit. 

(e) A hollow tube of aluminum alloy (38) was placed in compression 
by stressing a central wire against the tube ends. The axial stress 
in the tube was measured by strain gages. This specimen also ex- 
hibited additional resonances when laterally vibrated. The resonant 


TABLE III 


Resonant Frequencies of Polyethylene Rod under Tension (Lateral Vibration )* 
1 ) ! 








No 

load o = 110 psi o = 266 psi o = 575 psi o = 865 psi 
24.3 24.0, 37.5 15.2, 25.3, 14.9, 31.6, 46.0, 16.7, 39.4, 57.5, 

35.8, 44.0 55.5 67.8 
52.0 51.9, 58.8 69.0 86.0 102 
89.0 84.8, 114, 90.5, 94.8, 106 132 154 
119 

134 164 142, 188 166, 184 209 

194 213, 227 244, 269 233, 270 265 
262 265, 289 298, 331 293, 345 325, 380 
337 350 382 388, 433 420, 465 


426 412 455 506 532 


* Rod dimensions: 36 in. long, '/: in. diameter. Tension wire attachments at 
rod ends, 


frequencies for a series of tests with increasing axial compression are 
listed in Table IV. 


TABLE IV 
Resonant Frequencies of Aluminum Alloy (38) Tube under Compression (Lateral 
Vibration )* 








No load o = 760 psi o = 1820 psi o = 2170 psi 
170 162, 240 161, 220, 339 163, 239, 365 
503 495, 590 450, 500, 600, 470, 515, 640, 
750 800 

1005 1000, LO9O 998, 1090, 1290 960, 1000, 1145, 
1345 

1650 1650, 1770 1645, 1980 1550, 1650, 2050 


2480 2480, 2630, 3390 2470, 3390 2470, 2800, 3390 


* Tube dimensions: 30'/, in. long, 7/, in. outer diameter, '/\. in. wall thickness. 
Steel end plates ('/, in. thick) and central tension wire added. Lowest longi- 
tudinal natural frequency = 2800 cycles/sec. 
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Discussion of Results 


The character of the additional resonance obtained in the present 
tests and of those observed by Fitzgerald point to the dependence of 
the resonances on the initial stress state of the specimens. The 
general problem of the resonances appears to result from the speci- 
mens exhibiting modes of oscillation in which the effective spring con- 
stant is a function of initial stresses which are caused to vary har- 
monically during the tests. The resonance would then be due to the 
phenomenon known as “parametric excitation.” All the experi- 
mental evidence appears to support this conjecture. The most com- 
mon governing for systems of this class is the Mathieu equation. For 
a simple spring mass system with harmonically varying spring con- 
stant, the equation takes the form 


Mk + (K + AK sin ol)x = 0 (4) 


where a, is the frequency of the variation. In the application under 
discussion, the spring constant K would be a function of the initial 
stress in the specimen and AK would be a consequence of the applied 
oscillatory forces. 

For certain ranges of parameters the solution of eq. (4) becomes 
unstable, that is, the amplitude increases indefinitely with time. The 
mathematical treatment of eq (4) has been very extensive,’ and the 
stability regions have been established. TV igure 5, which is based 
upon Figure 24 of Ref. 7, gives a portion of the regions of stability for 
combinations of the parameters (w,/«,) and (AK/K)(w,/w,), where 
w, is the basic frequency of the system, 


wo, = K/M 


The sloping lines in Figure 5 are lines of constant AK/K. For low 
4K/K the lines lie mostly in stable regions although they intersect 
narrow regimes of instability. An important characteristic of eq. 
(4) is that unstable motions can occur even though the frequency of 
parametric variation w, may be appreciably less than the basic natu- 
ral frequency ap». 

The effect of the addition of a viscous damping term in eq. (4) is 
discussed in Ref. 8. The damping term, among other effects, 
eliminates the narrow instability regions at low AK/K. However, 
if the combination of parameters of a system would have fallen in 
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one of these unstable regions in the absence of damping, the motion 
of the damped system would be similar to the resonance of a simple 
damped spring-mass system. 

The experimental techniques for both the vibrating rod tests 
and Fitzgerald’s tests contain features that could be represented by 
equations similar to eq. (4). In addition, both sets of experimental 
results have characteristics which are similar to those of the solutions 
of eq. (4). 


MX + [K+4K- f(t)]}x = 0 


2. 
w= K/M 


fit) = sinw,t 
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Fig. 5. Stability chart for system with variable spring constant. 


The case of laterally vibrating rods subjected to oscillatory axial 
loads is discussed in Ref. 8. The bending rigidity of a rod is a func- 
tion of the axial stress. Harmonic fluctuations of that stress leads 
to eq. (2.14) of Ref. 8 which, upon elimination of the space variable, 
is a Mathieu equation. A preliminary examination of the additional 
resonances obtained with the axially loaded rods indicates that they 
have the general characteristics of those predicted by the analysis of 
Ref. 8. Details of the comparison will be presented in a subsequent 
report. It would appear then that the additional resonances observed 
in the preloaded bar tests may be completely explainable in terms of 











MEASUREMENT OF THE COMPLEX MODULUS 155 


a continuum mechanical analysis based on the general results of 
Ref. 8. 

The additional resonance observed in the neighborhood of 2800 
cycles/sec. on the unloaded bars containing residual stress poses a 
more perplexing problem. This was the only additional resonance 
in the range 50 to 3500 cycles/sec. and occurred for bars of various 
lengths. As previously discussed, it may result from high frequency 
modes on the microscopic level that arise from the presence of resid- 
ual stresses. Under imposed vibrations the system would again 
be governed by an equation of the Mathieu form for which instabili- 
ties can arise even though the applied frequency is small compared to 
the natural frequency of the mode. A considerable amount of 
further work is necessary on this aspect of the problem. 

Fitzgerald’s method of testing also appears to lead to parametric 
excitation conditions. In his tests the specimen was compressed 
axially and was subjected to oscillatory shearing stress. On the 
basis of second-order elasticity theory, the shear stress would result 
in a longitudinal stress at twice the shear frequency. The elastic 
constants are functions of the axial stress and would therefore ex- 
perience sinusoidal fluctuations. The equations for the coupled 
shear and longitudinal oscillations would then be of the Mathieu 
type with forcing terms added. In Fitzgerald’s tests the amplitude 
variation of the effective spring constant would be small, that is, 
4K /K would be small. The unstable regions of the Mathieu equa- 
tion for this condition occur over very narrow frequency bands 
which is a characteristic of his tests. 

The formulation and solution of the governing second-order 
elasticity equations is needed before anything more definite can be 
said about the resonances in Fitzgerald’s tests. It is possible that the 
resonances may be due to both continuum mechanical effects and 
effects on the microscopic level. The elasticity solution is required 
before the resonances can be sorted out. The reason that the reso- 
nances are not noticed in other measurements of the complex modulus 
is that their existence and observation depends upon the specimen 
being initially stressed and the measurements being sensitive and 
taken over closely spaced frequency intervals. 

Negative damping values were obtained by Fitzgerald in the 
neighborhood of some large resonances for materials that showed 
stress relaxation. The apparent dependence of the spring constant 
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in the resonance mode on the initial stress was previously discussed. 
If this stress decreases exponentially with time then, omitting the 
periodic fluctuation, the governing equation can be expressed as 


¥+ (K/M)e-"‘x = 0 (5) 
Upon making the substitution 

u = (K/M)"” (2/n)e-""/? (6) 
eq. (5) becomes 

ura’ + ur’ + wr = 0 (7) 


where ( )’ indicates differentiation with respect to vu. Equation (7) 
is the Bessel equation of order zero whose solution is 


x = AJo(u) + BY,(u) (8) 


Since Y» becomes infinitely large (negatively) as u-o, or as (>, 
the motion is unstable and is analogous to the motion of a simple 
spring-mass system with negative damping. If the stress relaxation 
effect of eq. (5) exceeds that of natural material damping, then appar- 
ent negative damping values result. In effect, the sample transforms 
the energy of initial compression into oscillatory energy through the 
stress relaxation process. A more complete analysis of this case would 
involve the inclusion of the time decay of the spring constant and 
material damping in the governing Mathieu type equations. 


Conclusions 


Lateral vibration tests on long rods subjected to residual or applied 
stresses have revealed resonances in addition to the natural fre- 
quency spectrum of classical theory. The resonances seem to be 
related in a number of respects to those observed by Fitzgerald. 
The governing equations for the resonant systems appear to be of the 
Mathieu form in which the fluctuating spring constant terms are 
functions of the stress state of the specimen. For some tests the 
governing equations may be derivable from continuum mechanical 
considerations whereas others indicate that the excited modes may 
be of microscopic origin. A qualitative explanation is presented for 
the occurrence of negative damping values in Fitzgerald’s tests. 
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Synopsis 

Resonance tests on aluminum and lead specimens reveal multiple resonance 
peaks, i.e., resonances in addition to the natural frequencies of the system, when 
the specimens are subjected to uniform static stress or contain residual stresses. 
The multiple resonance peaks can be interpreted in the same manner as the 
resonance dispersions observed by Fitzgerald. Experiments have been carried 
out which show that the phenomenon is directly related to the presence of either 
residua! or applied static stresses. A tentative explanation of the phenomenon 
is presented which is based upon the mathematical representation of the experi- 
ments by Mathieu-type equations. The additional resonances are interpreted 
as instabilities of the solution of the Mathieu equation. 
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Concentration Dependence of the Stress-Optical 
Coefficient 


WLADIMIR PHILIPPOFF,* The Franklin Institute, 
Philadelphia, Pennsylvania 


In a series of papers,' measurements of viscosities and flow bire- 
fringence of a number of systems at higher concentration have been 
reported. In the preceding paper, measurements in a birefringent 
solvent have been described. These measurements were made at a 
series of temperatures and have been extended to cover a range of 
concentrations at a constant temperature. The problem we are 
going to deal with here is the calculation of parameters characteristic 
for the solute from measurements on solutions in which the solvent 
has an appreciable flow birefringence. For the analysis of these 
conditions two theories are applicable. The first one, developed for 
rigid suspensions essentially by Peterlin,? considers the rate of shear, 
D, and the rotary diffusion constant, D,, as the factors that determine 
the conditions. The second theory originated from Lodge’s* statement 
that the extinction angle x» in flow birefringence is identical with the 
angle x» between the principal tensile stress and the direction of flow. 
This angle x» is the quantity measured with the so-called “normal 
stresses,”’ for instance, with the Weissenberg Rheogoniometer. This 
basic idea has now been accepted by several researchers; in one recent 
paper Janeschitz-Kriegl* proved its generality. However, this 
relationship is obviously not valid when we consider very dilute solu- 
tions: the birefringence of the solvent always occurs in the direction 
x = 45° to the direction of flow, and its magnitude is strictly propor- 
tional to the shearing stress 7 (a constant stress-optical coefficient C). 
The solute gives values that are not always proportional to the shear- 
ing stress and are oriented to the direction of flow at an angle x» far dif- 


* Present address: Esso Research & Engineering Co., Linden, N. J. 
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ferent from 45°. The problem is now how to derive parameters from 
measurements under conditions where the birefringence of a solvent 
is comparable to that of the solution. The first publication in this 
direction was by Peterlin and Signer’ who analyzed the measurements 
of Schmidli. Peterlin considered that the interaction of the separate 
molecules causes a local increase in viscosity over that of the solvent 
and deduced that measurements at higher concentrations could be 
correlated by arithmetically subtracting from the shearing stress of 
the solution the value given by the solvent. Practically, the degree 
of birefringence An is a function of the specific viscosity: 4,, X D 
Xno, where mo is the viscosity of the solvent. However, he did not 
discuss the birefringence of the solvent. Janeschitz-Kriegl’ in a 
recent publication simply subtracts the birefringence of the solvent 
from the one of the solution at the same D and plots it over the 
Peterlin expression; this amounts to plotting An vs. Dnon,, = Ar. 
In both these methods one arithmetically subtracts the values of 
both An and m of the solvent from that of the solution. It is im- 
probable that this can be done accurately, the reason being that the 
directions of the birefringence components and the stress com- 
ponents of solvent and solution are not identical. We have to find 
a method that takes this into account and therefore must expand 
the Peterlin-Signer treatment to conditions where the components 
are at substantially different angles towards the direction of flow. 
To achieve this, we make two assumptions: (1) that the birefringence 
is oriented at an angle of 45° referred to the shear stress of the partial 
system (solvent or solute) or parallel to the principal tensile stress 
and (2) that we can use the superposition principle developed by 
Sadron*—namely, that the birefringence of a mixture is given by a 
vectorial addition of the degrees of birefringence An oriented under 
an angle of 2 xo toward the direction of flow. This construction has 
not been elaborated by Sadron but is a geometrical conclusion from 
his well-known formula for an i-component system: 


An? = (DUAn, sin 2 x,;)? + (do An;, cos 2x;)? 
and 
> An, sin 2x; 


tan 2x = ——______- 
. DL An, cos 2x; 
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We obviously need a separate calculation of the optical conditions 
and the mechanical conditions because the relation of the stress- 
optical coefficients of solvent and solute can be different from the 
relation of the shearing stresses determined by the solvent and by 
the solute. 


Experimental 


The solutions investigated were the same described in preceding 
papers—namely, a polyisobutylene in a “‘white oil’? which is a mix- 
ture of saturated branched paraffins and naphthenes. A check of 
the literature showed that the values for the stress-optical behavior of 
our sample of white oil was nearly identical to the one previously 
investigated by Signer (510 Br). The initial solution of 3% concen- 
tration was diluted to 2, 1, and 0.5% and investigated at 25°C. in 
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Fig. 1. Dependence of the degree of birefringence An on the rate of shear D for 
solutions of polyisobutylene in ‘‘white oil.”’ 


the described instrument together with the solvent. The stress- 
optical coefficient of the solvent was determined in the previous 
paper as independent of the temperature and equal to 550 Br (10-" 
egs) whereas the polyisobutylene has a C = ~1500 Br. These values 
are quite comparable to each other. The value of 550 Br for the 
solvent is not particularly high, as a study of the literature showed 
that solvents like cetane or methylnaphthalene have respective values 
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Fig. 2. Dependence of the extinction angle x on the rate of shear D for solutions of 
polyisobutylene in ‘‘white oil.’’ 


of 1100 and 1900 Br. The viscosities of the solutions were measured 
with a capillary viscometer in the same range of rates of shear, and 
it was found that the 0.5% solution was essentially Newtonian in the 
whole range. The experimental results are shown in Figure 1, 
An vs. D, and in Figure 2, xo vs. D. 


Evaluation 
In Figure 3, we have plotted the results shown in Figures 1 and 2 
in the way we have previously done—namely, as An vs. tTmaz. = 7/ 


sin 2x = 1/2 Ap where Ap is the difference of the principal stresses. 
We see from Figure 3 that the expected lines at the 45° slope do not 
coincide for the different concentrations as should be the case when 
the stress-optical coefficient is a characteristical value for the solute. 
They change, as is shown in Figure 3, from a value similar to the more 
concentrated solutions of polyisobutylene (1500 Br) down to the 
value of 550 Br for the solvent. On Figure 4, C is shown along with 
the relative viscosity, 7,.:, at low shear rates. Obviously the con- 
cept of a constant stress-optical coefficient is not valid when the 
solvent gives a measurable contribution both to the birefringence 
and to the viscosity. We therefore tried to modify the evaluation 
in the general fashion outlined above. In Figure 5, we have replotted 
the results of Figures 1 and 2 in the way suggested by Peterlin and 
Signer—namely, the amount of change in birefringence AAn vs. the 
increase in shear stress Ar = Dnon,y. We see that this treatment 
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Fig. 3. Degree of birefringence An vs. max. shear stress or '/.4 p for all the 



































solutions. 
"rel 
i Br cnen G f— 
£ oe 
> | 
2 Fl 
3 + 
w woer DO 
2 e * 
% io-5 
2 ND) ea 4N2sp 
< 
ait 2. +0.35 X1O-#% 
i | l | 
v4 sorv. AT 25°C= O.3515P 1 2 3 


CONCENTRATION IN WT % 


Fig. 4. Dependence of the stress-optical coefficient C, the relative viscosity 7 
rel. and the increase of refractive index n of the solutions on the concentration. 


brings all the values at lower shear stresses to one single line described 


by C = 1600 Br with very little scatter. 


However, at higher shear 


stresses, especially for the 3% concentration, the curve bends up- 


ward from the straight line. 


This evaluation of Figure 5 shows that 
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Fig. 5. Peterlin-Signer plot of all values. 
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Fig. 6. Vector diagram of the stress-optical condition. 


the Peterlin-Signer treatment is applicable for comparatively small 
shear stresses. 

However, it doesn’t seem right to arithmetically subtract the 
effects of the solution and solvent, because they are not occurring in 
the same direction. We therefore tried to apply the Sadron treat- 
ment by separating the birefringence into the component caused by 
the solvent and the component caused by the solute. The value for 
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the solvent was calculated as: Ano = 2DCom) where Cy = 550 Br, 
the value of the stress-optical coefficient for the solvent. In Figure 
6 we plotted a vector equal to the measured An, at an-angle 2x, 
to the direction of flow and subtracted graphically: 


Ane = An; — An 


This gives Ane, the contribution of the solute. We then plotted the 
shearing stress t) = mJ) on the horizontal axis as well as r = nD, 
the shear stress caused by the solution, and directed a perpendicular 
to Anz through the end point of 7) as shown in Figure 6 and continued 
until a perpendicular to 7» intersected this line. This end point gives 
us the stress contribution of the solute, with its angular position 
equal to x2. 
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Fig. 7. Dependence of the degree of birefringence Anz on Ar/sin 2x2. 


However, the total shear stress is a composite of the solvent and 
of the contribution of the solute. It is obtained by connecting the 
end point of the intersection with the origin. The angle to the 
horizontal axis is r/2 — 2xm. By the use of this diagram the experi- 
ments were evaluated as to Ane and Tez = Ar/sin 2xXm. 

Both these evaluations are now shown in Figures 7 and 8. We see 
that a plot using x2 gives a definite divergence of the values at higher 
stress values where x. significantly departs from 45°. However, 
the plot using xm gives a linear relationship for all six experimental 
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Fig. 8. Dependence of the degree of birefringence Anz on Ar/sin 2xm. 


curves in the whole range. Practically in the case investigated 
x1 = Xm, 80 that Lodge’s statement is found to be true within experi- 
mental error, that Ar/sin 2x, is the quantity against which AAn is 
to be plotted. This shows the method of treatment of a problem 
where the direction of the birefringence x» is not identical with the 
direction of the principal stress axis x,,. For concentrated solutions, 
as we have shown before, xm = xo. 

In dilute solutions, as we have just shown, this is not the case. The 
diagram in Figure 6 shows obviously how the transition from a vis- 
coelastic solution of high concentration to the solvent occurs. For 
more dilute solution the top triangle merges into a practically vertical 
line where the Peterlin-Signer relation holds because the directions of 
all three birefringences are (within precision) the same under 45° 
to the direction of flow. At the same time, the contribution of the 
solute to the total shear stress becomes so small that x, = 45° 
or x/2 — 2x, = 0: the direction of the shear stress is identical to the 
direction of the flow. In concentrated solutions, the contributions 
of the solvent become negligible, x, = x2 = xm. Zvetkov and Fris- 
man’ in their numerous publications use a value [n]/[n] to describe 
the condition.* This is the same as the Peterlin-Signer treatment 

* Where [»] is the intrinsic viscosity [dy,,,/dc]_.9 and [n] = [An/Dnoc]-—+0, 


the “dynamo-optical constant,” with c in the same units .9 in both expres- 
sions. 
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with [n}/[y] = 2C. They perform the extrapolation to ¢c ~ 0 
from measurements in dilute solutions, while xo > 30°, the differences 
between their treatment and the one proposed here are insignificant 
for practical cases. We feel that our treatment allows measurements 
at higher concentrations to be used for the same purpose, where the 
precision of measurements is much higher. The evaluation of Zvet- 
kov and Frisman’s values give the same stress-optical coefficient C as 
Lodge’s method. The evaluation of the recoverable shear s = 2 
cot 2x, and the plotting of it against + gave nonlinear relations, dif- 
ferent for each concentration. However, evaluating s. = 2 cot 2x 
and plotting s against Ar gave linear relationships for all concentra- 
tions. G = Ar/s was proportional to C, as is expected by the ex- 
pression G = nkT, valid for rubberlike elasticity. Inserting the 
values gave a molecular weight M = 350,000, which is probable, no 
other values of M being available for this polymer at the moment. 

It seems, therefore, that the evaluation s. = f(Ar) gives a physical 
significance to the measured extinction angles: the direction of the 
principal extension of the elastic strain tensor. Experimentally, it 
is distorted by the 45° orientation due to the solvent. This method of 
evaluating the extinction angles of dilute polymer solutions is dis- 
tinctly different from the one of Cerf,'® which considers (Ax/AD) p_.» 
as the pertinent constant, or Leray,'' according to whom one 
plots D/(45 — xo) vs. D to obtain a linear relationship. Obtaining 
more numerous results on different systems will show which method 
is most appropriate; however, the proposed one has a definite 
physical significance for the parameters used. Incidentally by using 
the formula s = 2 cot 2x the slope of all curves in Leray’s plot should 
be constant (= '/,), which is indeed the case of some of Janeschitz- 
Kreigl’s results. A correction for the birefringence of the solvent is 
not attempted in the other plots. 


Conclusions 


Using a new series of measurements of polyisobutylene in white oil 
where the contribution of the solvent both to the viscosity and bire- 
fringence is considerable, we have analyzed the conditions for the 
correction of both birefringence and shear stress for the effect of the 
solvent, taking into account the different directions of the contribution 
of solvent and solute in employing the Sadron method. The evalua- 
tions showed that it is then possible to correlate all available data to 
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a single stress-optical coefficient C in a wide range of variables. Of 
course, a more detailed test of these conditions is necessary before it 
can be ascertained if this is the only right way to treat experimental 
data. The method of Peterlin and Signer, as well as the one of 
Zvetkov and Frisman (which arithmetically subtract the birefrin- 
gence and shear stress of the solvent), is shown to be valid at lower 
shear stresses. The whole purpose of this investigation was to recon- 
cile the treatment peculiar to dilute solutions to the one of the rubber- 
like elasticity using the stress-optical coefficient. 
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Synopsis 

In previous papers it could be shown that the stress optical coefficient C is 
reasonably independent of concentration at high concentrations of polymers. 
However, existing data on measurements in dilute solutions of both birefringence 
and viscosity at the same rate of shear were either not available or not exact 
enough. Measurements on a 3% solution of polyisobutylene in “white oil” 
have been reported. These measurements have now been extended to more 
dilute solutions. Since the “white oil’’ itself shows flow birefringence, it is very 
suitable for investigating the superposition of the properties (viscosity and flow 
birefringence) of the solute, polyisobutylene, on the properties of the solvent. 
The evaluation of the results showed that below a certain stress all concentra- 
tions give a constant stress optical coefficient, as long as the extinction angle x 
does not depart too much from 45°. This is in agreement with the findings of 
Peterlin and Signer. However, when the angle x assumes lower values than 45° 
a systematic departure from this behavior appears. If one follows Sadron’s 
suggestion and adds tensorially the properties of the solvent and solute at con- 
stant shear stress, one obtains a constant value for C for all concentrations. 
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Stress-Optical Properties of Silicones 


WLADIMIR PHILIPPOFF,* The Franklin Institute, Philadelphia, 


Pennsylvania 


In previous articles' we have shown that the stress-optical behavior 
of rubberlike polymers and concentrated solutions are very similar. 
This has also been substantiated by Janischetz-Kriegl.? In this 
paper the evidence of polydimethylsiloxanes, commonly called 
silicones, is presented. These materials were especially suitable for 
the investigation of stress-optical properties as they are completely 
colorless, transparent, and easily soluble in, for instance, toluene. 
The difficulties encountered in other polymers of anomalous be- 
havior at low shear stress has not been observed with silicones. This 
difficulty will be discussed in a future paper. 


Materials Used 


The silicones investigated were supplied by the General Electric 
Company in Schenectady to which thanks are extended. Four 
different samples were used. First, a homogeneous polymer, A, 
having a viscosity of 21,000 poises at 25°C., second, a high molecular 
weight material that could only be used in a 20% solution in toluene, 
B; and third a rubberlike material that could only be used in a 10% 
solution, C. Furthermore, a series that was crosslinked by atomic 
radiation of 20, 30, and 40 mr was supplied by Dr. A. M. Bueche in 
the shape of thin sheets. This material had been previously investi- 
gated by Dr. Bueche.* 


Experiments 
The program planned for the silicones included the investigation 
of the extinction angle x» and the degree of birefringence An together 
with viscosity measurements in the same range of rates of shear and 
* Present address: Esso Research & Engineering Co., Linden, N. J. 
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Fig. 1. Dependence of the degree of birefringence An on the rate of shear 
D for the solutions of silicones in toluene; viscosities listed. 



































RATE OF SHEAR, D ( SEC™') 


Fig. 2. Extinction angle X» as function of D for the silicone solutions. 


measurements with the Weissenberg Rheogoniometer. This allows 
us to check the suggestion of Lodge‘ that the extinction angle xo 
is identical with the direction of the principal tensile stress referred 
to the direction of flow x». Similar measurements have been per- 
formed previously on polyisobutylene and cellulose derivative solu- 
tions.'. The instruments used for this purpose have been described 
in the literature.’ The silicone solutions were well suited for an 
investigation in a very large range of rates of shear, and the optical 
effects measured were quite considerable up to a one-wave length 
phase difference in our instrument. Measurements of the degree of 
birefringence and the rate of shear are shown in Figure 1. It is seen 

















STRESS-OPTICAL PROPERTIES OF SILICONES 171 


100% DIMETHYL SILOXANE| - 
(A) AT 25°C 
. L140 
et | 


Xo 











8 


SHEAR STRESS T IN 1000 DYN/CM 


200 





y 
* 








6 8 8 


nN 
°o 




















DEGREE OF BIREFRINGENCE An |0~® UNITS 
1S 
p3|" 
° 

/ 

° 

i 
\ 
| \ 
| 
*) 

T Oo 


° 
ied 
5 
* 
x 





0 2 4 6 8 10 


RATE OF SHEAR D IN SEc™! 
Fig. 3. Birefringence An, extinction angle Xo, and shear stress 7 as function of the 
rate of shear D in sec.~' for the 100% silicone A. 
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Fig. 4. The same properties as in Fig. 4: for the 20% solution of Silicone B in 
toluene. 


that the measurements of rates of shear vary in a range of 1: 10,000, 
and the observed degrees of birefringence vary in ranges of 1-100. 
The curves for B and C intersect, but this is only fortuitous as the 
concentrations were different for the two solutions. On Figure 2 
the measurements of the extinction angle xo are plotted as a function 
of the rate of shear D, and for the solution C the values for x,, meas- 
ured with the Weissenberg Rheogoniometer are included. From 
this series of experiments it was especially clearly seen that there is 
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Fig. 5. The same properties as in Fig. 4: for the 10% solution of Silicone C in tolu- 
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no essential difference in behavior of the solutions and the 100% 
polymer. ‘To show this most clearly in Figures 3, 4, and 5 the meas- 
urements are plotted on a linear scale. It is seen that for the 100% 
polymer (Fig. 3) the angle x» only decreases to about 35° and merges 
as it should into the 45° direction. With the C polymer, the behavior 
is typical of high polymer solutions, even the most dilute ones, with 
a sharp drop of xo to about 15°. With increasing molecular weight, 
the nonlinear behavior of the An vs. D curve increases considerably— 
from the nearly linear behavior of polymer A to the sharply curved 
one of polymer C. Along with these measurements, flow curves 
i.e., D vs. r, were measured both in the rotational and capillary vis- 
cometer in the same range of D. These results are also plotted on 
Figures 3, 4 and 5, From all these results, the evaluation of the 
degree of birefringence An versus maximum shear stress, Tmax, Was 
performed and is plotted in Figure 6, which has previously been 
published.* It is seen that this plot is linear throughout the whole 
large range of variables. The highly nonlinear behavior of all the 
experimental values as a function of rate of shear D can be made 
linear by using the An vs. tmx plot. This series of experiments is 
one of the best examples of the validity of this type of plotting for 
fairly concentrated polymer solutions. From Figure 6, the stress- 
optical coefficient C in Br [10~'* cgs] was determined and the values 
are shown in Table I. 

The stress-optical measurements on the silicone rubbers were 
performed by using a strip of the material loaded with a known 
weight. The silicone rubbers used were fairly brittle as compared 
with Hevea rubber and did not extend very much during the experi- 
ments but were, on the other hand, completely transparent and very 
suitable for optical observations. Several load values were used. 
The results are shown in Table I. It must be emphasized at this 
time that, as is well known in optical-stress analysis, only one lateral 
dimension, e.g., the breadth of the sample, has to be known with 
precision under load. The reason is that the tensile stress and the 
optical path through the sample compensate in the direction of the 
light beam. This had led values in stress-optical analysis to be 
quoted as wavelengths per centimeter breadth. This fact is very 
heipful in performing such measurements because the exact measure- 
ment of the thickness under load is quite difficult. From Table I, 
it is seen that the dependence of the birefringence on stress was 
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TABLE I 
G. E. Silicone Rubber—Radiation Crosslinked 




















Load, 
10° Breadth, Compensator 
dynes inches degrees C, in Br 
0.104 0.460 0.463 —6°05’ —5°20’ — 206 — 182 
0.202 0.429 0.434 — 12°00’ — 12°00’ —194 —197 
0.300 0.405 0.400 — 18°40’ — 19°00’ —194 —194 
np = 1.4011 Mean value —194 Br 
Irradiation 30 mr 
0.104 0.469 0.469 —5°25’ —5°20’ — 186 — 184 
0.202 0.442 0.447 — 11°30’ —11°15’ — 192 —191 
np = 1.4025 Mean Value —188 Br 
Irradiation 40 mr 
0.104 0.493 0.495 4°20’ 4°20’ -157  —158 
0.153 0.476 0.478 8°54’ 9°00’ -161 —163 
0.202 0.491 0.485 6°40’ 6°37’ -163 —-161 
np = 1.4013 Mean Value —161 Br 
Polymer A: Mol. wt. 65000 np = 1.4029 C = —130 Br 
20% Polymer B C = +590 Br 
10% Polymer C C = +940 Br 





linear and the stress optical coefficient C could be determined with a 
fair degree of precision. The index of refraction np” was measured 
for all samples. 


Discussion 


From the experimental results presented on the silicone solutions, 
it is quite obvious that there is no qualitative difference in behavior 
between the 100% polymer and the polymer solutions. Figures 3, 
4, and 5 show the development of the phenomenon. Newtonian 
liquids, as far as they have been investigated, have a proportionality 
of both 7 and An with D and a constant angle x» = 45°. The polymers 
have increasing departure from this behavior as is very clearly seen 
from these pictures and as is well known in the field. It is to be 
emphasized that these phenomena were measured at roughly the 
same amount of birefringence. However, the shear stresses are 
different by a factor of roughly 10 and the rates of shear are different 
by a factor of about 100. All these facts show that the quantitative 
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conditions are described by the stress-optical coefficient C and the 
shearing stress, and not so much by the applied rates of shear. In 
previous papers we have reported the measurement of the so-called 
recoverable shear, s. However, with these materials no such meas- 
urements could be made, as even the expected s values in the 
range of operation of the rotational viscometer were too small for 
experimental determination. 

The experiments on polymer C have been reported in previous 
publications,® and are one of the best examples for the check of the 
xo and x, of any system investigated until now. It confirms and 
extends the proof that at least in fairly concentrated solution, the 
equality of these two angles is present in a wide range of variables. 
The precision of the measurements of the angles is within 1° and 
probably less. There seems, therefore, to be little doubt on the 
validity of the theory that connects the degree of birefringence with 
the difference in principal stress via the stress-optical coefficient. 
The non-Newtonian behavior is not important for these conditions as 
distinct from the statements of Lodge, as it is fully compensated 
by using the maximum shear stress instead of the rate of shear. 
In many cases, the angle x» deviates from 45° under conditions of a 
constant viscosity. 

In a series of papers, Saunders’ has experimentally determined the 
stress-optical coefficient of rubbers, gutta-percha, polyethylene, and 
polymethylene in the crosslinked rubbery state. (The last systems 
at 130 and 180°C.) He found for rubber (vulcanized natural rubber) 
that the stress-optical coefficient had only a very small dependence on 
the degree of crosslinking, and for gutta-percha at 85°C. practically no 
dependence at all. For polyethylene, however, there was a notice- 
able departure from this rule. The stress-optical coefficient decreased 
roughly twofold when crosslinking was increased by raising the 
radiation dose by a factor of 10. The same pertains to polymethylene, 
where the stress-optical coefficient fell from 1600 to 1260 Br with 
increasing crosslinking. We have evaluated the values for silicone 
rubbers in Table I which shows a comparatively small change of 
C from —194 Br at an irradiation of 20 mr to —160 Br at 40 mr. 
The other values are also shown in Table I. In previous publica- 
tions'* we showed that the stress-optical coefficient for natural 
rubber in the uncrosslinked state was (within error) equal to the one 
in solution. The 100% liquid polymer gave a slightly smaller value 
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of —130 Br. The measurements on solutions gave positive values of 
C, whereas the crosslinked polymer showed a negative birefringence 
distinct from the much higher and positive value of +2000 Br 
obtained by numerous investigators for natural rubber. The 
positive C for the silicone solutions is probably caused by the 
Wiener body effect. As is well known from theory, the stress- 
optical coefficient C is determined by: 

_ 29 (n? + 2)? 

— 
where n is the index of refraction, 7 the absolute temperature, and 
(a; — ae) the anisotropy of the polarizability of the monomer link. 
For natural rubber apparently the main contribution is caused by the 
double bond in the isoprene unit. In the dimethylsiloxanes the 
negative sign of birefringence shows that the Si—CH;— bonds give a 
larger contribution to the anisotropy than the —O—Si—O— bond in 
the chain. At the moment, we do not have enough data to quantita- 
tively analyze these conditions, but it is to be hoped that in a short 
time, bond polarizabilities for the —-O—Si—O— bond can also be 
determined with some precision. 


Conclusions 


The experimental results and their evaluation on silicones and 
silicone solutions have shown that their behavior is very similar to the 
polyisobutylene measured before. There seems to be no qualitative 
difference between the behavior of undissolved liquid polymers and 
concentrated polymer solutions, or for that matter, of dilute solutions 
also. Furthermore, the quantitative comparison of the stress- 
optical coefficient of the dissolved polymer and the crosslinked whole 
polymer are very similar, at least as similar as it is for other polymers. 
However, the stress-optical coefficient is negative (the same is true 
for polystyrene) in the rubbery state as compared to the positive 
value for natural rubber and polyethylene. The results substantiate 
the statement that the optical behavior is primarily dependent on the 
applied stress. 
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Synopsis 


The stress-optical properties of silicone solutions have been reported in previous 
papers. However, the extensive description of the experiments including a check 
of the angle x measured in flow birefringences with the one determined by the 
Weissenberg Rheogonimeter have not yet been given. This has now been done 
and is given in this paper. Furthermore, the stress-optical properties of silicone 
rubber, a transparent polymer crosslinked by atomic radiation, was investigated. 
The stress-optical coefficients C of the silicone solutions in toluene and of the cross- 
linked rubbers are very similar. 
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Rupture of Rubber 


H. W. GREENSMITH, L. MULLINS, and A. G. THOMAS, 
British Rubber Producers’ Research Association, Welwyn Garden City, 
England 


The physics of the fracture of solids began in earnest some forty 
or so years ago with the Griffiths energy balance theory. Since 
then developments in the metals field have come to a point where 
attempts are being made to explain practical strength on an atomic 
level. In the rubber field interest has largely centered on the process 
of tearing; that is, the propogation of a cut or crack already existing 
in the material. 

A variety of methods have been proposed for measuring tear 
strength of rubbers and, as might be expected, they do not all rate a 
given set of materials in the same order, and it is difficult to arrive 
at a satisfactory basis for a fundamental investigation. A crucial 
question is what basic property determines when a tear test piece is 
on the point of tearing. It can plausibly be argued that at the 
instant of tearing the stress, or strain, at the tip of an incision reaches 
the limiting value found in a tensile measurement and evidence will 
be given which tends to support this. However, it is difficult to 
deduce consequences from this assumption which can be experimen- 
tally checked, such as what the applied tearing force will be for a 
test piece of a given shape, for two reasons: first, ignorance of the 
shape of the tip when tearing is about to occur, and second, the 
intractability of the problem in finite elasticity of calculating the 
strain distribution in the test piece. A different approach was there- 
fore necessary. 

In his work on the strength of glass, Griffith proposed that a crack 
in a sheet of glass would grow an amount Ac, creating an area 
AA of new surface, if the amount of elastic energy lost from the system 
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(—AW) was greater than the surface energy created SAA at the in- 
stant of rupture. This can be written 


— (AW/AA) =S 


This approach implies that the surface is formed with no dissipa- 
tion of energy, an assumption which, from observation of a growing 
tear, is inapplicable in the case of rubber, as large scale irreversible 
relaxation of portions of the material can be seen. This will un- 
doubtedly lead to the dissipation of energy as heat and invalidate the 
simple Griffiths approach. However, starting in this field some ten 
years ago, Rivlin and Thomas' argued that this irreversible loss of 
energy would take place in a region immediately around the tip 
and that the amount dissipated would depend upon the strain and 
the physical properties of the rubber there. As the rubber will be 
on the point of tearing it will be at its limiting strain, which is charac- 
teristic of the material, and thus it seemed likely that the irreversible 
losses would be dependent only on the physical properties of the 
material and not on the overall shape of the test piece. Thus for a 
sheet of thickness ¢ it should be possible to set up the equation at 
the instant of tearing. 


— (OW/dc), = tT 


where W is the total strain strain energy in the test piece, c the cut 
length, and 7’ the characteristic tearing energy of the material. The 
partial derivative indicates that the differentiation is carried out so 
that the applied forces do not move and so do no work. 

This provides a tear criterion which can be verified, and in 1953 
Rivlin and Thomas' described a detailed check on the applicability 
of the criterion to the tearing of natural rubber. This was achieved 
by using two types of test piece of novel design which permitted the 
direct calculation of (OW/dc), from measured applied forces and 


Fig. 1. ‘Simple extension’’ tear test piece. 
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Fig. 2. ‘‘Pure shear’’ tear test piece. 
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Fig. 3. “‘Split’”’ tear test piece. 


strains. These were the “simple extension” or “trousers” type in 
which the energy required to tear the specimen is measured by the 
force applied to it, and the “pure shear” type in which the energy 
involved in tearing is derived from the energy stored in the strained 
bulk of the specimen. The test pieces for these tests are shown in 
Figures 1 and 2, respectively. 

Recently? yet a third novel design has been used to confirm the 
validity of the tearing energy criterion. This is the “split” tear test 
piece, shown in Figure 3. 

The important feature of these test pieces is that (OW/0c), can be 
determined without knowledge of the complex strains existing in the 
region around the tips of the growing tears. The relevant expres- 
sions for the determination of the tearing energy are: 


(a) Simple Extension Test 
1 (ow 2\F 
t Oc 1 t 
where w and ¢ are the total width and thickness of the test piece, E 
the strain energy per unit volume in the legs of the test piece, \ their 
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extension ratio and F the applied force. The values of w and ¢ 
can normally be chosen so that \ = 1 and 


l () _ FF 
\ees,, 2 
(b) Pure Shear Test 


1 /Oow 
T=- = El, 
t ( Oc ), 


where /, is the unstrained length and £ the strain energy per unit 
volume in that region of the test piece which is in a state of pure 
shear. 


(c) Split Tear Test 


T = : (-) => . (Fira sin 6 + Fry cos 6 —)z2) — wl (Ek; —- E,)) 
t\oc/, ¢t 

where tan @ = F,/F., and where )\, and ), are the extension ratios 

in the regions A and B, and EF, and £, are the strain energies per unit 

volume in these regions. If \, is not much greater than d, this expres- 

sion is approximately 


= en 
T =~ (1/2) + (WF + Fi? — Fs) 


The results obtained for these three test pieces of widely different 
shapes and characteristics showed that when expressed in terms of 
tearing energy they gave equivalent values and thus provided a good 
test for the validity and usefulness of this tearing energy approach. 
A value of tearing energy, formally equivalent to the surface energy 
in Griffiths theory, of the order of 10° ergs/cm.? was obtained. 
This value is, of course, considerably in excess of the surface energy, 
and its high value indicates that surface energy is far outweighed by 
the irreversible dissipation of energy referred to earlier. 

In recent studies of crack propagation in metals, use of the Griffith- 
type energy balance has also produced values considerably in excess 
of the surface energy, and here the large value of energy required 
to cause crack propagation has been attributed to work done in 
plastic deformation. 
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In view of the ignorance of what occurs at the tip of a tear at rup- 
ture, the behavior of the rubber in the vicinity of model tips has been 
studied. These were formed by giving definite radii to the tips by 
the use of a circular cutter. The resulting incision was then a parallel 
sided slit terminated by a semi-circle of diameter d. The value of 
(OW /dc), can, of course, be defined for any specimen with an incision 
whether or not it is on the point of tearing, and its value can be directly 
deduced from measurements of strains around the tip.* Comparison 
of values obtained both from measurements of strains at the tip and 
from the overall applied forces gave similar values of (OW /dc),. 
Further, if the specimen is at the point of rupture then the theory 
predicts that the tearing energy is approximately given by 


T = Ed 
where £, is the work required to break per unit volume of the rubber 
in simple extension. This relation has been checked experimentally 
for test pieces in which the incision has a definite tip radius and ade- 


quate agreement between the calculated and observed values of the 
tearing energy was obtained.’ ‘ 


Wo 5 
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Fig. 4. Tearing energy surface for GR-S vulcanizate. 
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Fig. 5. Tearing energy surface for GR-S vulcanizate reinforced with FT Black. 


It appears that there is a close connection between tensile and tear 
properties and that the effective diameter of the tip of the tear is 
properties and that the effective diameter of the tip of the rupture is 
an important concept. When tearing occurs from a cut, or nick, 
this relation may be used to calculate values of d from measurements 
of T and E,. It was found that d is usually about 0.2 mm. for gum 
rubbers, and that this is of the same order as the size of the observed 
irregularities developed on the torn surfaces. This observation 
suggests that the roughness of the torn surface reflects the diameter 
of the tip of the tear, and that the roughnesses formed at the tip act 
as if they rounded it off and so reduced the stress concentration. With 
rubbers reinforced by strengthening fillers, such as carbon black, the 
value of d can be several millimeters. These much larger values 
of d are associated with the high tear strength shown by these ma- 
terials when they tear “knottily.’’* 

Of course the energy balance approach provides no information of 
the rate at which rupture proceeds. Nor, in view of the uncertainty 
of the mode of energy dissipation, could an analytical approach to the 
rate problem be envisaged. Hence an empirical study has been made 
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Fig. 6. Tearing energy surface for natural rubber vulcanizate. 


of the dependence of tearing energy on rate and temperature; meas- 
urements were made using a simple extension tear test described 
earlier. This approach has proved fruitful in comparisons of the 
tear behavior of different rubbers. 

The results can be displayed in the form of surfaces generated by 
variables tearing energy, rate, and temperature. Typical surfaces 
are shown in Figures 4, 5, and 6. Figure 4 shows values of the 
tearing energy for an unloaded GR-S vulcanizate. The main feature 
of this surface is a steady increase in tearing energy with both in- 
crease in rate or decrease in temperature; this is considered to reflect 
the viscous or viscoelastic dissipation of energy during the tear proc- 
ess. Figure 5 shows the. effect of the addition of an FT carbon 
black to the GR-S rubber; this is a filler with limited reinforcing 
ability. Here a substantial increase in the tearing energy is shown 
over a range of rates and temperatures, but outside this range the 
carbon black produces a relatively small increase in strength. Figure 
6 shows the behavior of an wnloaded natural rubber vulcanizate. 
This crystallizes on stretching, and the crystallites so formed act in a 
comparable way to filler particles giving much increased strength. 
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Fig. 7. Transformed tearing energy data for butadiene-styrene and butadiene- 
acrylonitrile copolymers. 


At low temperatures little increase in strength due to crystallization 
is evident at the higher rates of tearing. 

A considerable body of data has been built up on a wide variety of 
rubber compounds.*~? Some unification of the data has been 
achieved by the application of the concept of an effective diameter of 
the tip of a tear, and it is found that the observed variations with 
rate and temperature can be interpreted jointly in terms of (/) the 
work required to break the rubber in simple extension at the ap- 
propriate rate and temperature, and (2) the effective diameter of the 
tip, the latter being reflected by the roughness of the torn surface. 
Thus with the carbon black reinforced GR-S vulcanizate shown in 
Figure 5, an effective tip diameter of several millimeters characterizes 
the behavior under conditions of maximum reinforcement, but this is 
reduced to a few tenths of a millimeter at high rates of tearing where 
the carbon black has little reinforcing effect. 

A further unification of the data confirms the importance of vis- 
cous or viscoelastic dissipative processes in determining the value of 
the tearing energy.* This involves the use of a method of reduced 
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variables which Ferry has shown can be used with considerable power 
in describing the dependence of viscous or viscoelastic behavior of 
materials on rate and temperature.’ It has been found that the 
tearing energy of a wide range of rubbers, chosen to exemplify ma- 
terials which are not reinforced by crystallization or by fillers, and 
in which, as a result, the progress of tearing is steady, can be com- 
pletely described by two basic curves. One of these curves des- 
scribes the dependence of a reduced value of the tearing energy on 
rate, and the other the interdependence of rate and temperature. 
Figures 7 and 8 show these master curves obtained on a range of 
butadiene—-styrene and butadiene—acrylonitrile copolymers. Figure 
7 gives the reduced value of the tearing energy obtained by multi- 
plying the measured value by 6)/0, where 6 and ©, are, respectively, 
the temperature of measurement and the second-order transition 
temperature of the polymer. The temperatures are expressed in 
degrees Kelvin. Figure 8 gives the logarithm of the increment ag 
in rate which corresponds to an increment in temperature above the 
second-order transition temperature. 
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Fig. 9. Dependence of tearing energy on damping. 


It appears that the tearing energy of these rubbers is controlled 
by their chemical composition only insofar as the latter affects their 
second-order transition temperatures. The success of this type of 
transform is considered to confirm the important role of viscous 
or viscoelastic processes in the steady tearing of rubber. This is 
also demonstrated in Figure 9, which shows values of the tearing 
energy determined on the range of copolymers at 25°C. at low, 
0.0025 cm. sec.~', and high, 25 cm. sec.~', rates of tearing. These 
are plotted as a function of the imaginary part of the complex shear 
modulus, which was also determined at 25°C. and was derived from 
the damping of oscillations of a torsion pendulum with a period of 
approximately 2 seconds. The figure shows a simple proportionality 
between the values of the tearing energy and the damping. 
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Synopsis 


The paper describes development of work started some ten years ago on the 
application of an energy criterion to describe the rupture of rubber. It is shown 
that, by the use of an energy balance theory analogous to that proposed by 
Griffith to explain the fracture of glass, it is possible to correlate the rupture be- 
havior of rubber samples of widely differing shapes and sizes. This experimental 
study provides a stringent test of the validity of the energy criterion for the 
rupture of rubber and demonstrates the basic significance of the value of the 
rupture energy obtained. Values of this rupture energy of the order of 10° ergs 
em.~*, were obtained. This is considerably in excess of a surface energy and 
indicates that, in the rupture of rubber, the irreversible dissipation of energy 
in highly deformed regions around the rupture path dominates the rupture proc- 
ess. The important role of these dissipative processes is also demonstrated by 
a study of the dependence of rupture energy on rate, temperature, and the nature 
of the rubber polymer. It is found that using Ferry’s method of reduced vari- 
ables, previously applied to viscous and viscoelastic properties, the rupture 
energy of all the rubbers examined can similarly be described in a simple unifying 
way by two basic curves relating its dependence on rate, and the interdependence 
of rate and temperature. 
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Rheological Properties of Molecules in Fibers 


SEIHUN CHANG, FRANCIS H. REE, TAIKYUE REE, and 
HENRY EYRING, University of Utah, Department of Chemistry, 
Salt Lake City, Utah 


Stress-strain curves of synthetic and natural fibers usually exhibit 
hysteresis loops.'~*> This is due to a breakdown of structure in the 
fibers. Thus, it seemed to us that a detailed study on the thixotropic 
loops would elucidate the rheological behavior of molecules in the 
fibers. 

For this purpose, we obtained the thixotropic loops and the stress- 
relaxation curves for nylon 66 under various experimental conditions. 
The experimental results obtained are reported here and explained in 
molecular terms. 


I. Apparatus and Experimental Procedure 


An extensometer which makes use of a transducer was built in this 
laboratory and used in the present experiments. The capacity and 
precision of the extensometer could be changed by selecting from the 
transducers made by Statham Development Corporation. The ends 
of a fiber sample (monofil) were fixed to the upper and lower jaws of 
the extensometer by Duco cement. The sample was stretched by 
pulling the lower jaw at a constant rate using a gear system. The 
stress, f, exerted on the fiber at time, ¢, was recorded on chart paper 
using a Type 153 Electronik autographic recorder made by Brown 
Honeywell Co. After the sample was pulled to a given stress, the 
fiber was allowed to shorten at the same rate as in pulling the fiber, 
until the stress became zero. Since the elapsed time on the chart 
paper is proportional to the strain, the latter is readily calculated by a 
calibration. 

The sample to be tested was held in an air bath whose temperature 
was kept constant within +0.05°C. The humidity inside the bath 
was controlled by using a saturated salt solution. 
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Fig. 1. Schematic representations of the stress-strain curve (ABC), spring line 
(abc), and stress-relaxation curves. AB (upeurve) and BC (downcurve) are ob- 
tained in elongation and contraction of the fiber, respectively. 


In Figure 1, a stress versus time (strain) curve, ABC, is schemati- 
cally shown. AB is the curve obtained during the elongation of the 
fiber, and is called the “upeurve.”” BC, the “downcurve,” is obtained 
in the contraction process. The stress-strain curve, ABC, is repre- 
sented as recorded on the chart. The elapsed times during the elon- 
gation, OX, and during the contraction, XY, are proportional to the 
positive and negative strains, respectively. In Figure 1, if the down- 
curve is reflected from the vertical line, bX, to the side of the upcurve, 
one obtains a hysteresis loop. 


Il. Stress-Strain Curve 


Figure 2 represents the results obtained for nylon 66 at 30°C. and 
28% R.H. (relative humidity) with a strain rate of 2.10 X 10-* 
em./see. Here only the upcurves are shown to avoid complication 
arising from the intercrossing of the curves. In this paper, the stress 
is force per unit initial undeformed cross section, and strain is Al/lo, 
where Al is the deformation from the length under zero load at the 
start of each experiment, and J) is the length under zero stress for a 
completely relaxed sample. The radius of the undeformed fiber is 
1.03 X 10-* em. and the value of I) in each experiment is given in the 
caption of the corresponding figure. In Figure 2, the curve labeled 
At = 0 was obtained for the sample which, after repeatedly being 
pulled and contracted, showed a constant shape of the stress-strain 
curve. After the downcurve, following the upcurve (At = 0), was 
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Fig. 2. The upeurves obtained at 30°C. and 28% R.H. for the monofil nylon 
66 relaxed according to the program in the text. The initial length of the fiber, lo 
= 2.55¢m. 
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Fig. 3. The upeurves obtained at 30°C. and 28% R.H. for the monofil nylon 66 
relaxed according to the program given in the text. /, = 2.55 cm. 
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Fig. 4. The downcurves associated with the upcurves represented in Fig. 2. 
The upcurve associated with the downcurve corresponding to At = 0 is shown to 
exemplify the hysteresis loops formed during the cyclic deformations. 


completed, the sample was rested for 3 minutes. At this time the 
upeurve (At = 3) was obtained followed immediately by the down- 
curve. The At labeled with each curve in Figure 2 indicates the 
resting time since completing the preceding downcurve. The order 
in which the curves were obtained is shown by a horizontal arrow in 
Figure 2, i.e., they were obtained in the order of increasing resting 
time. Figure 3 shows the curves obtained for the same sample under 
the same experimental conditions used in the experiments recorded 
in Figure 2 except for a change in the order of the experiments. 
Here, the first experiment was carried out with the sample which 
relaxed for a sufficiently long time, and the successive experiments 
were done with decreasing resting time, At, as shown by the horizontal 
arrow. 

Figures 2 and 3 show the following facts: (/) The stress-strain 
curve is reproducible, i.e., under given experimental conditions, the 
stress-strain curve has a definite shape. (2) The upcurves converge 
approximately to a point, which is also the inflection point of each 
curve, except for the curve (At = 0) which has apparently no inflection 
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Fig. 5. The upeurves obtained at 38°C. and 75% R.H. for the monofil nylon 66 
relaxed according to the program given in the text. i = 3,35 cm. 


point. (3) At low stresses, below the convergent point, the longer 
the resting time, the steeper the slope of the curve; immediately 
above the convergent point the reverse is true, whereas at higher 
stresses the stress-strain curves become parallel to each other. 

In Figure 4, the downcurves associated with the upcurves in 
Figure 2 are shown, and the upcurve (At = 0) is only reproduced to 
show the hysteresis loop which was obtained during the cyclic de- 
formation. One sees that the stress of the downcurves is monoto- 
nously decreasing with decreasing strain and that the curves are par- 
allel to each other at high stresses. We shall not show the downcurves 
associated with the upcurves in Figure 3 and in the figures which will 
be given later, since they are very similar in form to those of Figure 4. 
We found similar experimental facts to those depicted in Figures 2, 3, 
and 4 for nylon 610, Dacron, and nylon 6. The results for these fibers 
will be published in a later communication. 

We increased the pulling rate from 2.10 X 10-* to 8.28 xk 107° 
em./sec., but no appreciable effect on the stress-strain curves was 
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Fig. 6. The upeurves obtained at 38°C. and 75% R.H. for the monofil nylon 66 
relaxed according to the program given in the text. J) = 3.35 em. 


observed in agreement with the facts reported by others.6 Thus, 
only the results obtained with the pulling rate (2.10 K 10—* em./sec.) 
are reported here. 

The curves in Figures 5 and 6 were obtained for nylon 66 at 38°C. 
and 75% R.H. in the increasing and decreasing order of At, respec- 
tively. The curves showed the same tendency as noted in the ex- 
periments in Figures 2 and 3. Here, however, the convergent point 
was depressed to a point of lower stress than in Figures 2 and 3. 

Similar experiments were conducted at 49°C. and 75% R.H., and 
the results are represented in Figures 7 (increasing resting time, At) 
and 8 (decreasing At). 

At 59°C. and 75% R.H. the curves showed neither convergent 
point (cf. Figures 9 and 10), nor inflection point. 

In all experiments mentioned above, the fiber was first brought to 
zero stress on the previous downcurve, and then was further shortened 
for 20 seconds (the strain rate = 2.10 X 10-* cm./sec.) before the 
fiber was rested. Since the resting time, At, included the 20 seconds. 
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Fig. 7. The upcurves obtained at 49°C. and 75% R.H. for the monofil nylon 66 
relaxed according to the program given in the text. /) = 3.67 em. 


only the sample for the experiment with At = 0 was not rested slack. 
Because of this procedure, the initial length of the sample in each 
measurement of a series of relaxation experiments was approximately 
equal to lo, except the experiment with At = 0. This approximation 
was justified by experiments. For the case with At = 0, the initial 
length was extended from |, by 0.2% in the average. 


III. Stress-Relaxation 
1. Spring Line 


In Figure 1, the curve abc is a “spring line,” which is obtained from 
the stress-strain curve, ABC, by the following procedure: 

(a). At a point d on the upcurve, the pulling is stopped and the 
fiber is kept at a constant length. 

(b). The stress decreases with time as shown by the curve def, but 
reaches an equilibrium value of stress. A horizontal line showing the 
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Fig. 8. The upeurves obtained at 49°C. and 75% R.H. for the monofil nylon 66 
relaxed according to the program given in the text. 4, = 3.67 em. 
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Fig. 9. The upeurves obtained at 59°C. and 75% R.H. for the monofil nylon 66 
relaxed according to the program given in the text. 1 = 3.67 cm. 
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Fig. 10. The upcurves obtained at 59°C. and 75% R. H. for the monofil nylon 66 
relaxed according to the program given in the text. 4, = 3.67 em. 


equilibrium stress is drawn and the crossing point, h, with the vertical 
line at d is obtained. 

(c). The relaxation experiments are carried out at other elongations, 
the crossing points being similarly obtained. 

(d). By connecting the crossing points, the spring line ab results. 

(e). Applying the above mentioned procedures for the downcurve 
BC, the spring line be is obtained. One sees that the downcurve and 
the spring line cross at a point, 7. 


2. Reference Curve 


We have not yet explained how to establish the stress-strain curve 
ABC for the spring line abc. The following is the detailed procedure 
for obtaining this curve: 

(a). Repeat the cyclic deformation, with a given maximum elonga- 
tion, Al,», several times, the fiber being rested for 3 minutes between 
two successive cycles. This procedure yields a reproducible stress- 
strain curve. 

(b). After being rested for 3 minutes, the fiber is pulled to a given 
elongation, and the stress-relaxation is observed for 20 minutes. 
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within which time the stress reaches an equilibrium value (cf. the 
relaxation curve def in Figure 1). 

(c). The fiber is contracted to zero stress, and is rested for 3 minutes. 
The stress-relaxation experiment is then repeated at other elongations, 
increasing the latter from zero to Al,,. In each experiment, the stress- 
decay is observed for 20 minutes, and the fiber is relaxed for 3 minutes 
after being contracted to zero stress. 
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Fig. 11. The reference curve and the spring line obtained at 38°C. and 75% R.H. 
for the monofil nylon 66. Ib = 3.35 em. 


(d). After the relaxation experiment at Al,, is carried out, the fiber 
is rested at zero stress for 3 minutes. Then the fiber is pulled to 
AL, and then contracted to a given elongation, Al. The relaxation 
experiment is then conducted at this elongation, Al, for 20 minutes, as 
usual. 


(e). Repeat the above relaxation experiment at other elongations, 
decreasing the latter from Al, to Alo, at which the stress becomes 
zero. Every time that the stress-relaxation experiment is carried 
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out, the fiber is previously relaxed at zero stress for 3 minutes, then is 
pulled to Al, and is contracted to Al, where the stress-decay is ob- 
served for 20 minutes. 

(f). After the relaxation experiment at Aly is performed, the fiber is 
relaxed at zero stress for 3 minutes, as usual. Then, the fiber is pulled 
to Al, and contracted to zero stress. This stress-strain curve is taken 
as the “reference” curve, i.e., the curve ABC. The latter usually 
coincides with the stress-strain curve obtained prior to the first re- 
laxation experiment (in procedure (a)). 

Using the reference curve ABC, the spring line abe is procured using 
the method described in Section /. Figure 11 represents the results 
obtained for nylon 66 at 38°C. and 75% R.H. Here, the reference 
curve and the spring line are represented by a full curve and a dotted 
line, respectively. One sees that the spring line is nonlinear, i.e., 
non-Hookean,?’ and that the downcurve and the corresponding spring 
line cross at a point. Similar results were obtained for nylon 66 at 
30°C., 28% R.H., at 49°C., 75% R.H., and at 59°C., 75% R.H. 
The results, however, are not reproduced here. 


3. Relaxation Curve 


The stress-relaxation curves, which were used for obtaining the 
spring lines for the up and down curves, are represented in Figures 12 
and 13, respectively. Here the percentage elongation labeling each 
relaxation curve indicates the elongation of the fiber at which the 
stress-decay measurements were made. All relaxation curves in 
Figure 12 show that, the stress decays with time. (This group of 
relaxation curves is represented by def in Fig. 1.) On the other hand, 
Figure 13 reveals that above 7.8% elongation, stress decays with time 
as usual, while below this percentage elongation, stress increases with 
time. The elongation of 7.8% corresponds to the crossing point 7 in 
Figure 1, and the decreasing and increasing relaxation curves are 
exemplified by the relaxation curves, jk and lm, respectively. Similar 
facts to those mentioned above were observed earlier by Stein, Halsey, 
and Eyring,?”? and were used to determine “the zero relaxation 
point,” which corresponds to the crossing point @. 

We performed many relaxation experiments for nylon under various 
conditions, and confirmed the above-mentioned experimental facts, 
but the results will not be presented here in any greater detail. 
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Fig. 13. Stress-relaxation curves obtained on the side of the downcurve represented 
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IV. Discussion 
1. Thixotropy of Nylon 


In an unstretched state, fiber molecules are in their relaxed tangled 
form. By applying stress, the entangled molecules disentangle. 
A thixotropy due to the transition, entanglement — disentanglement, 
has already been found in grease and related substances.* The 
hysteresis loops found in nylon 66 are due to the transition, entangle- 
ment — disentanglement, which occurs mainly below the convergent 
point. This conclusion is drawn from the following experimental 
evidences: 

(a). Over the low range of stress, below the convergent point, the 
slope of the stress-strain curve (which corresponds to an apparent 
Young’s modulus) becomes greater the longer the fiber is relaxed. 
This is explained as follows: when the fiber has rested for a long time, 
the fiber molecules restore the entangled state more completely than 
when more briefly relaxed. Thus, the more relaxed sample presents a 
larger Young’s modulus, which is a function of the number of en- 
tanglements. 

(b). The convergent point appears at a lower stress when the tem- 
perature and relative humidity are raised, and eventually it disappears 
at 59°C. and 75% R.H. 

The entangled portion is thought of as a kind of dashpot, whose 
strength becomes weaker at high temperature and whose lubrication 
is improved by water. Thus, the above-mentioned facts are well 
explained. 


2. Hydrogen-Bond Formation 


When the fiber was pulled beyond the convergent point, the dis- 
entangled molecules begin to line up and hydrogen bonds will be 
formed between two adjacent molecules, as shown below: 
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Thus, the Young modulus for this portion becomes larger than that 
below the convergent point, especially at high stresses. The reason 
that the up- and downcurves over the high stress and strain range are 
parallel to each other is due to the fact that the same molecular orien- 
tation is reached irrespective of the resting time. 

At a given stress, above the convergent point, the shorter the 
resting time, the smaller the strain of the upcurve, while the reverse 
is the case below this point. The explanation for the phenomenon 
below the convergent point has already been given. In the following, 
we shall consider the reason for the situation above the convergent 
point. 

We have already mentioned that the shorter the resting time be- 
tween cycles the larger the degree of disentanglement. Thus, the 
molecules in the samples with small resting times readily line up, and 
consequently the hydrogen-bond formation occurs more easily than in 
fibers which have been relaxed sufficiently. As a result, the Young 
modulus for a briefly relaxed sample is relatively large. This explains 
why at high stresses, above the convergent point, the strain becomes 
smaller with decreasing resting time. 

The hydrogen bond formed by lining up of the molecules hinders the 
recovery of the structure which was thixotropically broken down. 
Thus, a complete recovery, which is due to the transition, disen- 
tanglement — entanglement, occurs only when the sample is relaxed 
sufficiently. 


3. Mechanism of the Stress Relaxation 


Eyring and Halsey' proposed a model (Fig. 14) to explain the 
mechanical properties of high polymers. This model consists of a 
non-Newtonian Maxwell unit (a spring in series with a dashpot) in 
parallel with a spring. The Halsey-Eyring model needs some exten- 
sion to explain the aforementioned thixotropic nature and the non- 
Hookean character of the fibers, but it still sufficies to elucidate 
qualitatively the stress-relaxation phenomena which we observed. 

First, the significance of the spring line will be considered in terms 
of the original model. If we elongate a fiber, both the parallel and 
the Maxwell unit springs stretch. Since the strain is fixed at a given 
strain in relaxation experiments, the stress on the spring in the Max- 
well unit decays through adjustment of the dashpot, eventually 
reaching zero stress. Even in this case, there remains on the parallel 
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Fig. 14. The Eyring-Halsey model. 


spring an amount of stress corresponding to the elongation of the 
spring. Thus, the spring line represents the stress acting on the 
spring in parallel with the Maxwell unit. 

In the relaxations on the upcurve side, the Maxwell unit spring as 
well as the parallel one are both stretched; thus the stress always 
decays with time, as we found experimentally (Fig. 12). This is well 
explained using Figure l also. One sees that the spring line is located 
below the upcurve. Thus, the stress on the Maxwell unit spring is 
represented by the stress difference between the two curves at a given 
strain (e.g., hd), and this amount of stress-decay is brought about by 
the relaxation (cf. the relaxation curve, def). 

In the “downcurve relaxation,” the situation is quite different. 
When relaxed at fairly high stresses, the Maxwell unit spring is still 
in a highly elongated state; thus the relaxation accompanies stress 
decay as usual. But, when relaxed at fairly low stresses, the Maxwell 
unit spring is in a compressed state at the beginning. This is due to 
the following reasons: when the fiber is contracted from the maximum 
elongation to a given length, an immediate response occurs in the 
parallel and the Maxwell unit springs, but the response on the dashpot 
is slower, leaving the latter in an extended state only somewhat less 
than in the maximum elongation; as a result, the Maxwell unit spring 
is compressed. The compressed spring, whose stress is negative, 
relaxes through flow of the dashpot, decreasing the absolute value of 
the stress on it. Let F be the applied stress acting on the unit of the 
Eyring-Halsey model, and f, and fy be the stresses on the parallel 
and the Maxwell unit spring, respectively (cf. Fig. 14). Since F = 
fo t+iu =fp - \fae|, the stress relaxation brings about a stress 
increase with time as observed (Fig. 13). 

Figure 1 also provides a good explanation in the downcurve relax- 
ations. Here, the downcurve and the spring line cross at the point 7. 
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Above i, the spring line is below the downcurve; consequently the 
relaxation in this region follows the ordinary pattern, i.e., a stress 
decay. Below i, the spring line is situated above the downcurve; 
the negative stress on the Maxwell unit spring is represented by the 
stress difference between the two curves at a given strain (e.g., ni). 
This amount of negative stress disappears during the relaxation, thus 
stress increases in this case (cf. the relaxation curve lm). 
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Synopsis 

Using an extensometer, the stress-strain curves and stress-relaxation curves 
were determined for nylon 66 at various temperatures (30-59°C.) and relative 
humidities (28-75%). The fiber sample (monofil) was relaxed for various dura- 
tions of time between successive cyclic deformations (elongation and contraction). 
The stress-strain curves thus obtained crossed approximately at a point. It is 
concluded that below the convergent point, entangled molecules become disen- 
tangled (a thixotropic breakdown), and above the point hydrogen-bond formation 
occurs between lined-up disentangled molecules. Stress-relaxation experiments 
were conducted with fibers under different conditions, and it was found that there 
were two types of relaxations. In one type, the stress decreased with time, and 
in the other, it increased with time. The relaxation phenomena were qualitatively 
well explained by the Eyring-Halsey mechanical model consisting of a non- 
Newtonian Maxwell unit in parallel with a spring. The spring line, which 
represents the stress-strain relation for the parallel spring, was also non-Hookean. 
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The Significance of Rheology in the Making and 
Using of Paper 


ALFRED H. NISSAN, H. G. HIGGINS* and A. LAGANIT, JR., 
Department of Chemical Engineering, Rensselaer Polytechnic Institute, 
Troy, New York 


INTRODUCTION 


Paper is made from cellulose fibers. Wood or other plant material, 
such as straw, esparto grass, bagasse, or bamboo, is either mechani- 
cally or chemically treated to separate the fibers from each other. 
They are dispersed in water and subjected to mechanical “‘refining”’ 
or “beating” which shortens them but, more significantly, gives 
rise to fibrillation, i.e., the appearance of fine and ultra-fine fibrils. 
The fibers are further dispersed and the dilute suspension, of between 
0.1 and 1.0% concentration, is drained on a moving screen of woven 
wire to form a sheet of some 20% solids. The tender sheet is further 
dewatered by pressing it between rotating rolls while it is supported 
on a woven woollen felt and finally dried on one or on a series of 
revolving steel cylinders through which steam is passed and supplies 
the necessary heat by condensation. 

There are, of course, many other processes through which the wood, 
the pulp, and the fiber suspension pass before the wet web of paper 
isformed. Similarly, there are several treatments to which the paper 
web is subjected either during its dewatering and drying stages or after 
the dry paper is taken off the paper machine. Only the barest essen- 
tials are mentioned here. These essential steps are illustrated by 
Figure 1, which is reproduced by courtesy of the West Virginia Pulp 
and Paper Company. Working from the top left-hand corner di- 
agonally to the bottom right-hand corner, wood is shown being pulped, 


* Present address: Division of Forest Products, Commonwealth Scientific and 
Industrial Research Organization, South Melbourne, Austratia. 
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refined and formed into a fiber suspension which in turn is drained 
over a bronze wire screen, pressed, dried, calendered, and finally 
slitted and wound into reels. 

In order that the meaning of this discussion becomes clear it is 
necessary that, in addition to the rudimentary sketch of the proc- 
esses involved, a picture of the form and nature of the fibers used 


KRAFT FIBRE 








ceOss SECTION 


— Tweets «« 
. ¢ 7 - 


Fig. 2. Kraft pulp fiber in external view and cross section.' 


be borne in mind. Figure 2 shows a typical wood fiber at low mag- 
nification.' Figure 3 illustrates, at a higher magnification, the 
fibrillation which results from beating the fiber and, furthermore, 
shows how these fibrils cross over and bind fibers to each other. This 
interfiber bonding is an essential step in paper making and in it 
lies the secret to the rheologically complex behavior of paper. During 
drying, the surface tension of the water pulls the fibrils and micro- 
fibrils together until they are within molecular distance of each other. 
As the last molecules of water evaporate from between such ele- 
mentary units, hydrogen bonds are formed between the OH groups 
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Fig. 3. Paper-making fibers at high magnification (9,000). (Courtesy Dr. J. 
Cronshaw. ) 


and oxygen atoms of the cellulose chains to give a coherent sheet of 
paper. 

It is perhaps apparent that rheological studies are significant in 
many phases of paper making. The flow of fiber suspensions of dif- 
ferent concentrations, the drainage of water from an increasingly 
concentrated mat, the yielding and recovery of a wet web in the 
presses, the transfer of the delicate sheet from the wires to the presses 
and from, the presses to the dryers, the shrinkage and restraint of the 
drying sheet, the calendering of the dry web between rolls at very 
high normal and shearing stresses—each of these processes can pro- 
vide the serious rheologist with ample opportunities for mathematical, 
physico-chemical and phenomenological studies which are both 
satisfying and useful. But this is not the end of the story. The 
uses of paper as a base for writing or printing, or as packaging material 
for light home-use or as heavy-duty industrial shipping containers, 
as insulating tapes and strings of high strength or as decorative light 
weight buntings, as a base for sand-paper or as soft tissue fit for 
milady’s cheek—these and many other uses present a further series 
of rheological problems of great promise. Indeed, some of these 
problems are as yet undefined: one such is the “softness’’ of tissue; 
another is the mechanical property or properties which give paper its 
peculiar rattle; or the smoothness of paper during and after it re- 
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ceives the impression in printing as well as the complieated inter- 
action between the rheologically complex ink and the equally com- 
plex surface and body of paper. 

So that this discussion should have any depth at all, it is essential 
to be very selective. Accordingly, only the following subjects will 
be touched upon—and these very briefly: (/) Flow of fiber sus- 
pensions, (2) wet webs, and (3) dry paper. 


FIBER SUSPENSIONS 


The hydrodynamic behavior of single fibers in suspension was 
studied by one of the present authors' but much more elegantly by 
Mason and his colleagues at the Pulp and Paper Institute of Canada.’ 
Probably the most interesting single fact which emerges from these 
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Fig. 4. Flow of fiber suspensions in rotational viscometer. 
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FIBRE CONCENTRATION [G./100G_] 


Fig. 5. Flow of suspensions of fibers of different lengths. 


studies, which have been carried out in great detail by Mason et al., 
is the agreement between the observations carried out on single fibers 
with their complicated shapes and the predictions of classical hy- 
drodynamic theory worked out for ideal cylinders. One of these 
theoretical predictions which has been confirmed by observations is 
that fibers in a shear field should rotate in certain orbits, although 
they should also tend to assume a preferred statistical orientation in 
the direction of flow. As a consequence of their rotation and their 
very large ratios of length to diameter, fibers begin to show hydrody- 
namic interaction at very low concentrations. In Figure 4 are shown 
the flow curves or more strictly, experimental consistency curves, 
measured in a modified Stormer rotational viscometer for wood cellu- 
lose fibers dispersed in concentrated sugar solution (Golden Syrup). 
The eucalypt, pine, and klinki fibers are all chemical kraft pulps and 
are in increasing order of fiber length. The numbers on each curve 
represent the concentration in grams oven-dry fibers/100 g. liquid. 
The deviation from Newtonian behavior, which manifests itself at 
low concentrations and which increases with fiber length, is apparent. 
The effects of fiber length are shown a little more clearly in Figure 5, 
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Fig. 6. Patterns of flow of fiber suspensions in tubes. (Courtesy British Paper 
and Board Making Association of Great Britain and Ireland.) 


where the actuating weight necessary to produce an arbitrary rate of 
rotation of the inner cylinder of 2 revolutions per second is shown for 
different concentrations of fiber segments cut to various lengths from 
klinki pine fibers. The figures shown on the curves are the maximum 
length of fiber segment within each fraction. Details of this work 
are contained in a report, by one of us (H.G.H.) and Miss V. Gold- 
smith, which has not yet been published. 

The hydrodynamic interference and physical entanglement of 
the fibers in all concentrations of practical usefulness have profound 
effects on the flow properties of fiber suspensions in paper making. 
The reader will find this subject succinctly discussed by Forgacs, 
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Fig. 7. Friction factor vs. Reynolds number for fiber suspensions. (Courtesy 
Industrial and Engineering Chemistry.) 


Robertson, and Mason in a recent summary which they gave in 
England on the hydrodynamic behavior of paper-making fibers.* 
Figure 6, taken from this work, gives evidence of the formation of 
flocs which produce plug flow, as well as the clear layer of liquid near 
the wall. Daily and Bugliarello have confirmed these observations 
at the Massachusetts Institute of Technology and went further in 
both experimental observations at high Reynolds numbers as well as 
in the theory of turbulence suppression by these systems.‘ Figure 7 
shows a typical set of results, plotted as a chart of the friction factor 
versus the Reynolds number (calculated on the basis of water vis- 
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cosity and density). The subject needs a great deal of further work 
in order to generalize these findings, but some clarification of long- 
known difficulties and paradoxes (note the lower values of f for higher 
concentrations of fibers at high Re) are already apparent from the 
point of view of the hypothesis of annulus formation. Space does 
not allow discussion of either the influence of the many factors in- 
volved or even the details of the theory which is emerging. The 
controlling factors are connected, essentially, with the tenacious 
entanglement of the fibers even at low concentration. Interfiber 
bonding manifests itself early in the making of paper and increases 
its influence as the wet web is formed and finally dried into a paper 
sheet. 


THE WET WEB 


The first occasion on which these interfiber bonds are subjected 
to a critical amount of stress in paper making is when the delicate 
sheet, consisting of about 1 part fiber to 4 parts water, is stripped off 
the woven wire on which it has been formed and is carried freely across 
a gap of up to a few feet to the first press of the machine, at a speed 
which may range from several hundred up to, say, 2,000 ft./min. The 
sheet is not only stretched by several per cent due to a direct pull but 
has also to overcome the adhesion which tends to hold it to the wire 
and the surface tension forces which arise due to the partition of the 
water film between itself and its support. The ability of the sheet to 
withstand these and other stresses due to centrifugal and Coriolis 
forces induced by the curved path it follows is of critical importance 
to the economics and efficiency of paper making on a modern high 
speed machine. Thus, rheological studies of this phase of paper for- 
mation are highly significant in practice. 

A number of studies of the factors involved in this operation have 
been made. The most recent and comprehensive approaches have 
been published by Mardon and his co-workers,’ by Howe et al.® in 
Canada, and by Gavelin in Sweden.’ Figures 8 and 9 illustrate the 
geometry and the forces involved, respectively. It is not possible 
to discuss here these engineering aspects of the problem but instead 
a brief summary of the rheological behavior of paper at this stage 
will be attempted. 

In a paper which is destined to be of classical importance in this 
area, Lyne and Gallay® elucidated the development of strength in 
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PAPER EXTENDING 
AS PLASTIC BOOY 





Fig. 9. 


Diagram of the forces involved in stripping the wet web of paper from a 
roll. (Courtesy Pulp and Paper Magazine of Canada.) 
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Fig. 10. Work capacity of pulp and glass fiber wet webs over a range of solid 

Contents. Left: Pulp. Right: Glass fiber. (Courtesy Tappi.) 


wet webs as the solid content increases from about 8% until the sheet 
is dry. Coupling their work with that of Mason and co-workers* 
(who have devised an interesting method of measuring fiber network 
strength at solid contents down to 0.2% and who find a close correla- 
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Fig. 11. Load-elongation relationship for glass fiber webs. 1: Surface tension, 
72 dynes/em. 2: Surface tension, 33 dynes/em. (Courtesy Tappi.) 


tion between strengths so measured at 0.8% and at 18-20% solid 
contents) and with other rheological studies on the dry paper, to be 
discussed below, we have a fairly complete picture of at least some 
aspects of these complex types of behavior. 

Of the many findings of Lyne and Gallay, two deserve special at- 
tention. The first is that mechanical strength development proceeds 
along three distinct paths. Even at very low concentrations, the net- 
work resists deformation by virtue of “frictional” forces between the 
fibers and/or their fibrils. As water is removed and voids are created, 
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Fig. 12. Load-elongation relationships with and without recycling for wet webs 
showing memory effect, permanent set and creep recovery; autographically 
recorded. land 2: Pulp. 3: Glass fiber. (Courtesy Tappi.) 


surface tension forces come into play which tend to pull the flexible 
fibers together. The influence of surface tension reaches a maximum 
at 20-25% solids content. Beyond these points interfiber bondings 
of a more intimate and particular nature assert themselves between 
cellulose fibers. 

The influence of surface tension is illustrated in Figures 10 and 11, 
taken from Lyne and Gallay. 

It is seen that the work capacity shown in Figure 10 increases with 
solid content to a maximum for both pulp and glass fiber wet webs. 
Detailed studies, reported in the original paper, show that during this 
increase in work capacity, both types of materials develop their 
strength through the same mechanism. Thus, Figure 11 illustrates 
the fact that the surface tension of the suspending medium is of pri- 
mary significance during this stage. 

Above, say, 25% solids, glass fibers lose most of their ability to 
withstand stress as a coherent mass while cellulose fibers, after an 
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initial drop, begin to develop inherent strength to an increasing ex- 
tent as the solid content increases. Thus, a different mechanism of 
interfiber bonding is coming into operation. 

The second point of importance which we wish to stress in Lyne 
and Gallay’s work is their finding that “the wet webs down to about 
8% solids show all the usual rheological properties found for dry paper, 
including permanent set, recoverable creep, work hardening, re- 
silience, and memory effect.” Figure 12 is an illustration of this 
statement. Since we shall be studying these properties for dry paper 
in some detail, we propose to leave the subject of the wet web at this 
point. 


DRY PAPER 


The use of paper depends greatly on its rheological properties. Not 
only do direct relationships exist, such as that between the use of a 
board or paper as a rigid box and the high stiffness characteristics 
which are demanded for this purpose, or that between a soft tissue 
and the low Young’s modulus required, but certain more subtle 
relationships exist which demand a far more sophisticated study. 
For example, when paper is used as a cement bag, it is found that the 
rigorous demands of transportation and storage are not necessarily 
satisfied by a high value of load to rupture. The total work to rup- 
ture, in which the extension to break naturally plays an important 
part, is more significant—provided certain other minimum require- 
ments in- breaking load, breaking stretch, and relaxation properties 
are met. Similarly, the interaction of moisture content and rheo- 
logical parameters is of vital importance to certain processes in paper 
making, such as calendering and supercalendering, and to operations 
in its subsequent use, such as multi-color printing. It is not sur- 
prising that this subject has received attention by many workers in 
different countries. This work is well summarized by Rance,’ who 
himself has spent a very great deal of time elucidating it. 

The chief mechanical characteristics of paper may be summarized 
as follows: 

(1) A load-extension plot yields a nonlinear curve as shown in 
Figure 13, where it is also seen that the properties of the sheet in the 
machine direction, i.e., in the direction in which the sheet is running 
when it is made, are different from those in the transverse or “‘cross”’ 
direction. 
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Fig. 13. Typical load-extension curves for paper. 


(2) Paper shows time dependent rheological behavior—it creeps 
under constant load; it relaxes under constant stretch; the load- 
elongation curve is a function of the rate of loading; the maximum 
load to break and the maximum stretch similarly depend on the rate 
of loading. 

($3) Paper is extremely sensitive to the humidity of the atmosphere. 

In order to formulate the laws governing the behavior of paper, 
Steenberg and Ivarsson” adopted a mechanical model to represent 
it. A spring in parallel with a Maxwell element (a spring in series 
with a dashpot) was adopted. The general behavior of paper sug- 
gested that if the springs were Hookean, then the dashpot should 
have a non-Newtonian liquid. Since Halsey, White, and Eyring" had 
resolved a similar difficulty with cellulose fibers by assuming the 
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dashpot to contain an Eyring liquid-with a hyperbolic sine law-Ivars- 
son and Steenberg adopted the same equations for paper sheets. 
Elastic moduli and viscosity coefficients were then computed to fit 
the curves. Although it became apparent that a fourth element in 
series with this model was necessary, some very useful deductions, of 
great significance to the use of paper, resulted from the use of this de- 
vice. 

Rance*:"? argued against the adoption of such models for paper on 
two grounds: (/) The irreversible flow is not “‘viscous’” unless one 
ignores the specific technical meaning of “viscosity,” and (2) the 
models are not linked with the known structure of paper. While these 
are moot points, the abandonment of models is inevitable for paper 
on the basis of work carried out by Steenberg and his colleagues in 
collaboration with one of the present authors.'* In this work, in- 
stead of assuming an Eyring liquid in the dashpot, it was only as- 
sumed that the 3-element model possessed Hookean springs. The 
viscosity of the dashpot was then evaluated by graphical means 
from the rheological curves themselves. (The method is described 
in full in reference 13.) The resulting viscosity-load curve for the 
Maxwell element did not show an Eyring-type behavior. Thus, 
while such a model was still useful for many purposes, it became clear 
that not only the springs were arbitrary but the dashpot too—the 
only link with the physical nature of the material through Eyring’s 
theory of liquids—was to be an arbitrary element. The system would 
degenerate to an empirical curve-fitting by an arbitrarily chosen set 
of equations. 

This situation led Nissan'‘ to reevaluate the problem and to pro- 
duce a theory which is based on the one essential fact of paper making 
and use: at all concentrations of fibers in water exceeding 25% solids, 
the fiber network exhibits mechanical properties which are linked with 
the propensity of cellulose fibers to form hydrogen-bonds within 
and between fibers. By making some drastic simplifying assump- 
tions, the problem became tractable, and a theory based on molec- 
ular and thermodynamic parameters which applies not only to paper 
but to all systems which owe their rheological characteristics primarily 
to the hydrogen-bond, such as ice, regenerated cellulose sheets and 
fibers, and nylon, became possible. 

A uniform and homogeneous cellulose sheet is assumed to be 
strained in one direction. The strain energy is assumed to be stored 
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in stretching the OH O links of the hydrogen bonds of the amor- 
phous portion of the cellulose. The direction of the H O link of 
the bond is assumed random; for small strains this is equivalent to 
saying that '/; of the total number of bonds will be oriented in the 
direction of the applied strain and '/; in each of the two directions at 
right angles thereto and to each other. Thus, each cubic centimeter 
of the sample is assumed to consist of n cubes each containing one 
hydrogen bond lying in the direction of the macroscopic tensile strain 
and each being subjected to a strain o which is equal to the macro- 
scopic strain of the sample. For a sample with random distribution 
of directions of bonds the total number of hydrogen bonds per cubic 
centimeter of the amorphous region will then be 3n; the total num- 
ber of hydrogen bonds per cubic centimeter of the sample will be 
(3n + n,,), where n, is the number of such bonds in the crystalline and 
other regions which are not available for taking part in the straining 
operation. If the side of each of the n cubes is 1 = n~'/* em., it is 
postulated that the increment 5/ = a/ is due to the sum of the stretch 
dr, in r; plus the stretch dr, in r2, where r; is the length of the OH and 
r. is the length of H--—-O links of the OH © bond. Finally, 
it is assumed that the Morse function 


U = U,[1 — exp | — ac}}? (1) 


will represent the energy U’ stored in the sample at strain value ¢ 
where U) and a are constants. A similar function is assumed to 
connect the energy stored in the hydrogen bond itself with the strain 
a2 = 6r2/re of the H O link, i.e. 


U, = Us [1 — exp | —azoo} }? (2) 
where the suffix b denotes bond, i.e., ( = U/n and Uy, = Uo/n. 
At any instant, 
f = dU/de 
= 2a*Us[o — (3/s)ac? + (7/e)a2o*...] (3) 
= Ko — Ko*u (4) 


where f = stress, F = Young’s modulus, K = “second coefficient of 
elasticity,” and u = a correction factor which is a function of ¢ 
since a does not differ greatly from 18 for most cellulose materials. 
Thus, since for the hydrogen bond kydr; = kedre, where k, and ke 
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are the force constants for the OH and H - links, respectively, 
and since dl = dr; + dre = dre |1 + (ke/k,)], it follows: 


a = di/l = a[l + (he/ky)] #2/l = oaro/l (5) 
a = ayl/re [lL + (ke/ki)] = aal/ro (6) 

E = 2a,” AH/r,NI (7) 

K = 3a,* AH/reN (8) 


where AH is the heat of dissociation of N bonds and N is Avogadro’s 
number. Putting known values for the different parameters, i.e., 
a, = 2, AH = 14 X 10" ergs/mole (= 4.5 keal./mole), r; = 1.0 X 
10-* em., r, = 1.7 XK 10-* em. and k2/k, ~ 10:1 (or m = 1.9 XK 10> 
em.), N = 6.02 X 10*, then 


f = 7.0 X 10* (1/D)o — 1.1 K 10" (u)o? (9) 


where u has the following values for cellulosic materials. The theory 
is developed for small strains; values of u for ¢ > 0.01 are of doubtful 
significance. 








TABLE I 
a 0.00 0.01 0.02 0.03 0.04 0.05 
u 1.000 0.873 0.767 0.679 0.605 0.540 
a 0.06 0.07 0.08 0.09 0.10 
u 6.489 0.447 0.409 0.383 0.352 





From a study of available information, it is concluded that the 
theory is probably valid because of the following valid predictions: 

(1) According to eq. (7), Z for ice should be 1.5 K 10" dynes/sq.cm. 
if AH = 4.5 keal./N bonds as given by Pauling” or 1.1 XK 10" 
dynes/sq.em. if AH = 3.4 keal/N bonds as given by Grunberg and 
Nissan." The experimental values reported in the literature fall into 
a narrow band around 1.0 X 10" dynes/sq.cm. 

(2) The absolute value for K, the second coefficient of elasticity, 
for cellulose sheets is given by the theory as 1.1 X 10'*. Values cal- 
culated from published data’ on paper give K as 1.0 X 10", for 
plasticized regenerated cellulose sheets as 2.0 X 10'*, and for re- 
generated cellulose fibers as 0.9 X 10", giving a grand mean of 1.3 
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x 10. Nylon, another hydrogen bonded material, gives 1.7 x 
10". 

(3) By the use of further simplifying assumptions, it is shown 
that (—d In E/dt), where t = temperature °C., should be between 
2.1 X 10-* and 6.3 X 10~* for cellulose. Observations on paper 
yield average values of (2.0 to 2.6) K 10-* on dry rayons of various 
types yield (4.43, 5.4, 3.0, 2.4, and 1.8) XK 10-*, respectively. 

(4) By taking into account previous observations on the interaction 
of water with dry cellulose, it is found that according to the theory, 
the effect of water adsorption by dry cellulose on F should be given by 


In (E,/Eo) = —w (10) 


where E,, and Ey are the Young’s moduli at water to solid ratios of 
w and 0, respectively. This relationship should hold until '/; of the 
hydrogen bonds of the amorphous region are broken. Available 
data appear to support these predictions too. 

(5) According to the theory An/AE* should be equal to 2.92 x 
10-"* approximately. Later work shows this to be not far off 3 xX 
10—'? in practice.” 

All this evidence is indirect. However, recent work has pro- 
vided evidence of a more direct nature that the theory is valid. 

The most important aspect of the theory is that it relates the 
mechanical properties of paper to n, the number of hydrogen-bonds 
per cm? lying in the direction of strain and taking part in it. Thus 
E* « n. These quantities have been measured independently. A 
moderately beaten high a-cellulose content eucalypt pulp was acety- 
lated** to various extents at two temperatures, 35 and 45°C. The 
percentage of the total OH groups so acetylated was determined and 
will be referred to as the degree of substitution. Paper sheets were 
made under standard conditions from these pulps and their stress- 
strain relationships for simple tension determined under standard 
conditions of temperature and relative humidity. 

If E is in fact controlled by n, then a plot of 100(1 — E/Ep) vs. 
degree of substitution, where E, is the moduius for the unsubstituted 
pulp, should give a unique relationship. The lower curve of Figure 
14 indicates that this is so. 

However, the theory demands proportionality between H* and n, 
and the relationship between 100(1 — H*/E,*) and degree of substitu- 
tion is therefore of primary interest. Half the points on the upper 
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Correlation with Number of Available OH 
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Fig. 14. Correlation with number of available OH. 


curve of Figure 14 represent a plot of these quantities, and they show 
that a relationship does exist. However, confirmation of the theory 
lies in the following argument. 

If each bond requires (AH/N) ergs to break, then the rupture energy 
of the sample, R.E., measured as the area under the stress strain curve 
should, to a first approximation, be proportional to n. Thus 100- 
{1 — R.E./(R.E.)o] should give an identical curve to that given by 
100(1 —.#*/E,*). Figure 14 shows that thisisso. It will be noticed, 
however, that the relationship is not linear. It is believed that this 
fact is due to (/) the opening up of the structure of the fibers by 
acetylation which makes the lower part of the curve lie below the 
straight line passing through the origin and the upper cluster of points; 
and (2) the OH bonds available for chemical reaction (36-40%) are 
greater in number than those available for paper making (approxi- 
mately 16-18%) since OH groups on the surface of crystallites will 
react chemically but will not contribute significantly to the mechani- 
cal properties of the paper sheet. Again, stress concentrations in the 
region of bonding between fibers may render the behavior of hydro- 
gen bonds so located of more significance during deformation than 
that of the bonds within the fiber. 

It was stressed in the previous paragraph that these are first ap- 
proximations only. This is because the energy per bond «(= AH/N) 
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is not an absolute constant for all hydrogen bonds but has a statistical 
distribution around a mean z. Thus, if all bonds possessed ¢ ergs per 
bond then R.£. would equal ne. However, if the energy «; is given by 
a normal distribution so that e¢, = #(1 + to/é), where o = standard 
deviation and, if 7 is defined by 


n = 100(R.E./né) 
then the efficiency of loading will be given by 
n = 100[1 — tinax(o/2)] (11) 


Equation (11) states that if a centimeter cube containing n* bonds 
per side, i.e., containing n bonds in all, is strained, each chain will 
break when its weakest link, possessing energy #(1 — tn.0/é), breaks. 
Thus the probability of meeting such a link in (n'’’) links is given by 


(1/n'*) = (1/29) exp | —tmax/2} (12) 
and 
n = 100R.E./ne = 100) 1 — [V2 In (n'*/+/ 2x) |(o/a)} (13) 


For a test piece which is S cm. long, the probability of finding a still 
weaker bond increases and 


n = 100R.E./nz = 100{1 — [V2 In (Sn'*/4/2n)](o/a)} (14) 


If, finally, n for rupture is identical with n for controlling £, i.e., 
n = E*/3.43 X 10", then 


n = 100R.E./nz 
1.1 X 10°(R.E./E*) 


100{1 — [V2 In(SE/7 X 10°4/2x) |(o/a)} (15) 


Thus the ratio of R.£./E* is not strictly a constant but decreases 
slowly with S and with E and depends on (¢/z). Furthermore, 
micro- and macroheterogeneity in the structure introduce secondary 
effects arising from molecules, crystallites, and fibrils or fibers forming 
bridges across weak areas and strengthening them. These are as yet 
unknown functions, which probably can be best evaluated by putting 
them as 


Settective = S{l — fi(M/S)][1 — fo(C/S) JL — faP/S)] (16) 
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Fig. 15. The efficiency of loading vs. modulus of elasticity. 


where /f;, fe, and f; are 3 unknown functions of the molecular, crystal- 
lite, and fiber lengths M, C, and F, respectively. 

In Figure 15 a large number of points taken from work by Higgins 
et al.” is reduced to an (n, £) plot. It is found that a value of (¢/2) 
= 0.13-0.15 gives the solid line both on the main figure and in the 
expandeéd-ordinate insert. The top of the figure is scaled in terms 
of the percentage of available OH groups actually taking part in the 
strain. It is found that this theory is adequate down to about 1-2% 
of total available bonds actually being formed; below this figure the 
principal hypothesis of the theory—that the mechanical properties 
are primarily a function of n, the number of hydrogen bonds per 
cem.*—breaks down and van der Waals’ and other influences begin 
to predominate, 

If the theory is accepted in principle, how can it be used to further 
knowledge in this and allied fields? As was stated earlier, the princi- 
pal contribution the theory makes is to relate rheological properties 
to n, the number of hydrogen bonds per cm.* of sample which are 
taking part in deformation. These are inter- and intramolecular 
bonds. Therefore their behavior can be looked at from the stand- 
point of kinetics and thermodynamics. In other words, their rupture 
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Fig. 16. Variation of the order of reaction with regain ratios. 


and formation should be studied by the ordinary methods available in 
physical chemistry. 

Such studies were described in the second part of reference 14. 
It was found that both the breakdown in F due to water absorption 
and that due to bond breaking under conditions of stress relaxation 
led to a high-order reaction in which cooperative phenomena between 
up to 12 OH—-—-H bonds manifested themselves. Similar work by 
Lagani” has added further information to this question. In Figure 
16, the results of work by Lagani are compared with previous work by 
Nissan and with an analysis of some of Higgins’ results. The abscissa 
is the ratio of the regain W (g. water/g. solid) to the regain W» which 
would give each OH one molecule of water (i.e., 0.33). The ordinate 
is @ + 1), ie., the number of OH--—-H broken by one molecule of 
water as calculated from the drop in E with humidity and of m, the 
order of reaction in stress relaxation by bond breaking (Nissan"*‘), 
and from creep studies. It is seen that up to a regain ratio of 0.15 
(i.e., one third of the OH groups in the amorphous portion being 
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satisfied) the reaction corresponds to one OH group being broken 
at a time. When this value is exceeded, however, the reaction be- 
comes autocatalytic with an increasing number of OH groups partici- 
pating in bond breaking at the same time. 

From these studies it would follow that when a stress-strain curve 
is determined for paper, bonds should be breaking while the test is 
being carried out. Therefore, if EF is calculated from different points 
on the curve of, say, Figure 13, by means of eq. (17), 


E = (f + Kuo*)/o 
(f + 1.1 X 10"ue)/o (17) 


E should decrease with time. Since E = 7.0 X 10'n'”*, then the 
change in E with time should be predictable from relaxation or creep 
tests. Thus, if from these latter tests the order of the reaction, m, 
is determined, then a plot of log n vs log @ (@ = time) should give a 
slope of (—8) where 


B = 1/(m — 1) 
En/En = (Mg2/Me1) “* (18) 
and since 
(Ne2/tMn) = (0,/62)° (19) 


Eg = En(0,/62)°” 
En(0:/62)'/*"-" 
Ey,(0;/02)" (20) 


if m = 6. In Figure 17 the values of E vs. time are calculated by 
means of eq. (17) from stress-strain curves for paper in the machine 
direction. It is seen that at first EK increases. This is unaccounted 
for by the theory and is believed to be due to the so-called “mechanical 
conditioning’ which paper is known to show during rheological tests. 
This phenomenon may be due to breaking of bonds in which fibers 
or fibrils in a bent condition are involved. However, once the maxi- 
mum value of FZ is reached, presumably when all “conditioning”’ is 
complete, it is seen that 2 falls according to the behavior predicted 
from the kinetics of bond breaking under creep and relaxation. The 
significant point of this example is that in time-dependent phenomena 
E itself increases or decreases rather than the parameters of an arbi- 
trary “viscous” or “plastic” dashpot—i.e., a difference emerges 
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between a unified treatment by this method and a fragmentary 
treatment by means of mechanical models. 


Conclusion 


It is hoped that the above discussion has demonstrated that the 
rheology of paper offers rewarding work to those interested in applying 
mathematics, physics, physical chemistry, or engineering to the 
study of rheological problems. It is also our hope that a case has 
been made for an approach to rheological problems based on molecular 


and thermodynamic parameters which are related to the real structure 
of the material. 
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Ss . 

A brief review of paper making indicates that rheology is an important factor 
at many points. The most significant are (1) rheology of fiber suspensions, (2) 
rheology of wet webs of fibers with 1:4 to 1:2 solid to water ratios, and (3) rheology 
of air-dry paper in use. The first two subjects are briefly reviewed. Attempts 
to represent paper behavior in terms of mechanical models of springs and dashpots 
are summarized and reasons for their rejection advanced. Instead, support is 
given to interpretations based on molecular and thermodynamic parameters as a 
basis for a theory of the rheological behavior of hydrogen-bonded solids. Predic- 
tions of the theory appear to be confirmed not only by paper but also by ice, 
cellulose sheets, nylon and other hydrogen-bonded materials. Attempts are 
made to explain by means of this theory the influence of water, chemical modifica- 
tion of the fibers, and other factors on the rheological constants of paper, and to 
account for its time-dependent behavior. The essential contribution of the 
theory is that it relates the variations in behavior to an important parameter, n, 
the number of hydrogen-bonds per unit volume of material. Thus, changes in 
rheological behavior reflect changes inn; these changes can be treated by methods 
of chemical kinetics. 
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Stress Analysis for Linear Viscoelastic Materials 
with Temperature Variation* 


L. W. MORLAND and E. H. LEE, Brown University, Providence, 
Rhode Island 


1. Introduction 


The equilibrium problem of stress analysis in linear viscoelastic 
materials under homogeneous temperature conditions is now well 
developed, and a review is presented in Section 2. This paper is an 
attempt to extend this treatment to linear viscoelastic bodies under 
nonhomogeneous temperature fields, such as that resulting from the 
solution of the normal heat conduction problem in the absence of 
thermodynamic coupling. The analysis is particularized to a class of 
materials called “‘thermorheologically simple” which exhibit for 
constant change of temperature, a pure shift in the creep function, 
relaxation modulus, and other characteristic functions of the material, 
when plotted against the logarithm of time. 

For materials of this type, and a given temperature field, a ‘‘re- 
duced” or “‘pseudo”’ time can be defined for the system, in general a 
function of both time and space variables, for which the viscoelastic 
law is the same as for constant temperature in terms of real time. 
Unfortunately the equilibrium and compatibility conditions are 
changed in form, and the usual character of the elasticity equations is 
lost. Expressing the viscoelastic iaw in terms of the real time vari- 
able gives either differential operators with nonconstant coefficients, 
or integral operators whose kernels have functional arguments; in 
both cases there appears to be no genera! method of solution of the 
corresponding stress analysis equations. 

In an attempt to assess the significance for stress analysis of this 
“shift” with change in temperature, more simplifications are made to 

* Sponsored under a Department of Defense Contract, NOrd 18594, between 
the Bureau of Ordnance, Navy Departinent, and Brown University. 
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enable specific examples to be solved by standard methods. In par- 
ticular the plane strain problem with cylindrical symmetry is treated. 
This requires the assumptions of incompressibility and consequently 
the absence of the usual thermal stresses arising from inhomogeneous 
thermal expansion, and steady state temperature conditions. The 
case is analyzed of the hollow cylinder under internal pressure, with 
no external support, and with reinforcement by an elastic shell, 
under a steady state temperature field due to a constant temperature 
difference across the cylinder. Exact solutions are obtained for the 
Kelvin model, for which the equations can be integrated directly, but 
for the Maxwell model and the general finite model an approximation 
scheme is introduced as regards the temperature field in order that 
the resulting Laplace transform solutions can be inverted. Asymp- 
totic behavior at small and large times can be examined without in- 
version of the complete expressions, and lead directly to comparisons 
between the Kelvin and Maxwell material behavior. 

Using a formula deduced from measurements on polyisobutylene 
which gives a variation in rate of creep by a factor 3 for the 30°K. 
change in temperature taken across the cylinder, tangential stress on 
the inner boundary is found to vary by a factor of more than 2 during 
a period of roughly twice the material’s retardation time, in which the 
steady state solution is almost attained. The corresponding stress 
distribution for uniform temperature does not vary with time. It is 
seen then that moderate temperature changes can cause large dif- 
ferences in the stresses as calculated on uniform temperature theory, 
and should be considered in design problems where permissible stresses 
are limited. 


2. Uniform Temperature Theory 


As a preliminary to a discussion of stress analysis for nonhomogen- 
eous temperature fields, it will be useful to outline the corresponding 
uniform temperature theory for linear viscoelastic materials. A 
review of this field has been given by Lee.’ The scope of this paper is 
confined to quasi-static analysis with the hypothesis of infinitesimal 
deformation for linear viscoelastic materials which are both homo- 
geneous and isotropic with respect to mechanical response. 

The constitutive laws may be expressed in alternate forms. If the 
material can be represented by finite models, these become 
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P\(D)sy = Qi(D)ex (2.1) 
PA(D)ou = QD) eu (2.2) 


where oy2, €12 are the stress and strain tensors, and 81, e;;, the deviatoric 
components given by 


8 = Cy — l Sonrdij 
} (2.3) 
Cy = yy — l Denby 
Thus eq. (2.1) governs shear response, and eq. (2.2) the hydrostatic 
behavior. The operators P,,(D), Q,(D) (m = 1, 2) have the general 
form 


Ne 
P,(D) = dX pa”D" (2.4) 
n=0 
where D = (0/Ot) is the partial derivative with respect to time for a 
fixed particle with space coordinates (2, 22, 23) = x, D" = 0"/Odt", 
and the p,,“ are constants. The operators are thus finite poly- 
nomials in D. For an elastic medium, these operators are just con- 
stants, which can be represented by 


P,(D) == 1, Q,(D) = 2G; PD) = l, ().(D) = 3K (: 


to 
on 
-— 


where G and K are the shear and bulk moduli, respectively. 

A more general representation is in terms of a relaxation modulus 
G,,(t), or a creep function J,,(t), which denote response to a unit 
applied strain and a unit applied stress, respectively, the m = 1,2 
again refers to shear and hydrostatic parts. The law takes the form 
of a hereditary or Duhamel integral, formed by considering the stress 
or strain built up of increments applied at successive times ¢t’, thus 


' dexy(2r,t’ 
sy(x,t) = f Gi(t — ¢’) he daw (2.6) 


or 


8;;(z,t") dt’ 


eve) = [ Ait - 0%) ~ 
a( i 1( 7 


where stress and strain are taken as uniform zero until t = 0, and simi- 
larly for the hydrostatic relation. A linear differential viscoelastic 
law has an equivalent formulation by integral operators. 
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With reference to rectangular Cartesian coordinates 2x;, neglecting 
the inertia term for quasi-static motion, the equilibrium equations 
become 


Ooi; 


= 0 (2.8) 
Ox; t 


where body forces are assumed zero. The field equations (2.1), 

2.2), or (2.6), or (2.7), and (2.8), together with the compatibility con- 
ditions, must hold throughout the body, V. Boundary conditions 
may be in the form of prescribed surface tractions 


Tynh = T; on B (2.9) 


where n, is the unit outward normal to the boundary B, or prescribed 
displacement vector u; on B, or some suitable combination. It can 
be assumed that the body is initially undisturbed, so that until t = 0, 
the stress, strain, and all their time derivatives are uniformly zero. 
Although the inertia term is neglected, changes with time occur 
through the viscoelastic laws, and it is therefore possible that essential 
difficulties may arise if surface regions over which particular boundary 
conditions are prescribed, or the body volume, vary with time, apart 
from the infinitesimal changes within the theory. Unlike the quasi- 
static elasticity problem which depends only on the instantaneous 
configuration and boundary values, for viscoelasticity the whole 
history of the process influences the distributions at a given time. 

For the case of nonchanging volume and surface regions over which 
particular boundary conditions are prescribed, except for the in- 
finitesimal displacements, the time dependence of the system of 
equations may be removed by application of the Laplace transform 
(for example, see Carslaw and Jaeger'). Thus, denoting transforms 
by a bar over the function, and the transform parameter by s, the 
system becomes 


Pi(8)5y = Qi(s)éy 
(2.10a) 
P(8)8 1, = Qe(s)ixi 
or, as an example of the integral law, 
Sy - G,(s)sé,, 
(2.10b) 


= G2(s8)8é44 


A 
| 
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OF; 


= () (2.11) 
6s; | 


and 
an, = T(x, 8) on B (2.12) 


or alternatively prescribed displacements a,(x, s) on B, or some com- 
bination, together with the compatibility conditions. This general 
procedure, given by Lee,‘ reduces the system to an associated elas- 
ticity problem which involves s as a parameter. Inversion of the 
solution to this elastic problem determines the viscoelastic solution. 


3. The Influence of Temperature on Viscoelastic Behavior 


In Section 2, the field equations for the stress analysis problem for 
a linear viscoelastic material were given. Of further interest is the 
same problem for a body subjected to a nonhomogeneous temperature 
field—the thermal viscoelastic problem. As in classical elasticity the 
stress-strain relations will contain terms due to thermal expansion 
but also important is the effect of temperature on the creep rate and 
viscoelastic behavior. In general, increase of temperature increases 
the rate of creep, that is, the rate of change of the creep function and 
relaxation modulus with time. Among the amorphous high polymers 
which satisfy approximately the linear viscoelastic laws at uniform 
temperature are a group which exhibit approximately a particular 
simple property with change of temperature. This is a translational 
shift—no change in shape—of the relaxation modulus plotted against 
the logarithm of time at different uniform temperature, which leads 
to an equivalence relation between temperature and In ¢; its use to 
extend the time scale of experimental data was first proposed by 
Leaderman, reviewed in Chapter 1 of Rheology, Volume II, edited by 
Eirich.? Such a material has been classified as ‘“thermorheologically 
simple” by Schwarzl and Staverman,’ who show that all the charac- 
teristic functions of the material must obey the same property. To 
express this equivalence relation analytically, let Z,(in ¢) be the re- 
laxation modulus as a function of In ¢ at uniform temperature 7’, then 


E,(In t) = Ez,[In t + f(T)] (3.1) 


where f(7') is measured relative to some arbitrary temperature 7’. 
Since the rate of change is increased with increase of temperature, 
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Fig. 1. Influence of change in temperature on the relaxation modulus (the thermo- 
rheologically simple material behavior). 


the modulus curve will shift towards shorter times with increase of 
temperature, as illustrated in Figure 1, and f(7’') is a positive increas- 
ing function for 7 > 7». If G,(t) denotes the relaxation modulus as 
a function of time at uniform temperature 7’, so that G,(t) = E,7(In 0), 
and a shift factor a(7’) is defined by 


a(T’) = exp}f(T)} (3.2) 
then 
Gr(t) = Gy,[t-a(T)] (3.3) 
or, defining a “reduced time’”’ & by 
t = t-a(T) (3.4) 
Gr(t) = Gr,(é) (3.5) 


For an increase of temperature above 7'o, ¢ is greater than ¢, since by 
eq. (3.2), a(7) > 1. The relaxation modulus (and the other charac- 
teristic functions) at an arbitrary uniform temperature is thus ex- 
pressed by the base temperature behavior related to a new time scale 
which depends on that temperature. Thus, expressing the stress and 
strain as functions of x and pseudo-time, the viscoelastic law be- 
comes 


Oe(x, &") > 


de” ¢’ (3.6) 


€ 
o(z,t) = f Ge — &’) 
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or, for differential operators, 
P(d)o = Q(d)e (3.7) 


where d = 0/0€ is the partial derivative with respect to the pseudo- 
time for a fixed particle x, and G(t) and the polynomials P(D), Q(D), 
are the corresponding viscoelastic functions at the chosen base tem- 
perature 7. The differential law, (3.7), may be derived rigorously 
from the integral law (3.6) by taking Laplace transforms with respect 
to £ giving, with p as parameter, 


&(x,p) = pG(p)ex,p) (3.8) 


but pG(p) = Q(p)/P(p)—see eq. (2.10)—so that eq. (3.8) comprises 
the transform of eq. (3.7). 

To account for the dependence of the equilibrium modulus on tem- 
perature, a slightly different reduction scheme was proposed by 
Ferry and by Tobolsky; namely, that (1/ 7')E,7(In ¢) was the function 
which exhibited simple shift, » being the slightly temperature de- 
pendent density. It is not settled which relation gives better agree- 
ment with experimental data. A full account of the reduction trans- 
formation is presented by Staverman and Schwarzl in Chapter | of 
Die Physik Der Hochpolymeren, edited by Stuart.® 

The preceding paragraphs described the equivalence relation for the 
body held at different uniform temperatures, and this must now be 
extended to cover the case of a general temperature field T(x, ¢). 
First consider the temperature dependent only on the space coordi- 
nates, T(x), a steady state temperature field, then assuming that the 
shift law applies to each particle independently, the relation (3.5) 
holds for each particle with a pseudo-time which depends on its posi- 
tion. The stress-strain law again has the form of eq. (3.6) or eq. (3.7) 
where now = ta[7T(x)], so it should be noted that o(7,£), and simi- 
larly for e(x, £), means the mapping of the function o(z, t) from the 
(x,t) plane into the (z,£) plane, and not the same function with & re- 
placing ¢. 

The uniform temperature results show that at a given temperature 
T the time taken for a particular change in the relaxation modulus is 
equal to the time taken for the same change in the relaxation modulus 
at temperature 7’), divided by the factor a(7'), which is identical for 
all sections on the relaxation curve. That is, if the time taken for 
(7,(t) to decrease from some value G, to some value G; is dt, then the 
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time taken for G,(t) to decrease from G, to G, is 6t/a(7’). This implies 
that the molecular processes associated with the particular relaxation 
behavior (shear or dilatation) are accelerated by a constant factor 
a(T’) at a higher temperature. If now a temperature 7(z,f) is con- 
sidered, each particle has a temperature varying with time, and the 
assumption is made that these molecular processes, and hence the 
rate of change of the relaxation modulus at each level, are accelerated 
by the same factor a(7'), where 7’ is the current temperature, inde- 
pendent of temperature history. Letting G*(t) denote the relaxation 
modulus for a temperature field 7'(x,t), accordingly dependent on the 
particle position, and deducing from the shift property that G*(t) de- 
creases monotonically from the instantaneous modulus to the static 
modulus which are independent of temperature, then there is some 
mapping of the time coordinate, which depends also on the particle 
position, £ = &(z,t), such that 


G*(t) = Gr,(é) (3.9) 


After a further increment of time ét, this gives G*(t + 6t) = Gr,(é 
+ 6) where by the above assumption, the increment 4é satisfies 


bE = a[T(x,t) Jot (3.10) 
and hence, since G*(0) = G,,(0), and therefore &(7,0) = 0, 


t 
t(x,t) = f a[T(x,t’) Jat’ (3.11) 


Finally, consider the response under the same temperature field 
to a unit applied strain at some instant é, and let G(t — t) denote the 
relaxation modulus, then there will be some ¢(z,t) such that ¢(z, t) 
= Oand 


G(t — &) = Gro) (3.12) 
where 
or = al[T(z, t) Jat (3.13) 
so that 
t 
ren = ff atte, ear 
to 


(x,t) — &(z,to) (3.14) 


| 
| 
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That is, putting &(2,t) = &o, 
Git =_= ly) = Gr (é - £y) (3.15) 


which defines the equivalence relation for the response starting at any 
instant, in terms of a fixed pseudo-time scale given by eq. (3.11). 
The corresponding viscoelastic law is again eq. (3.6) or eq. (3.7). 

Now the stress analysis problem involves two independent visco- 
elastic laws, one governing shear behavior and the other hydrostatic 
behavior. In general the shift factor could be different for each of 
these, and consequently two reduced time scales would result. In 
the discussion presented below it is assumed that viscoelastic charac- 
teristics are limited to shear response, the dilatation being elastic, so 
that time effects arise only for shear response and only one reduced 
time scale occurs. 


4. Field Equations for a Nonhomogeneous Temperature Field 


In addition to prescribed mechanical boundary conditions on the 
body, the thermal stress analysis problem involves prescribed tem- 
perature or heat flux at each boundary. The resulting temperature 
field, 7'(x, t), throughout the body, is assumed to satisfy the normal 
heat conduction equation in the absence of thermodynamic coupling, 


tV?T = d7'/dt (4.1) 


where £ is the constant thermal diffusivity, subject to the thermal 
boundary and initial conditions. Such an analysis is likely to be 
satisfactory in the present case, for the limitation to small strains 
prevents the dissipation of appreciable mechanical energy to consti- 
tute a distributed heat source within the body. 

From the previous section, the stress-strain laws in the presence of 
a temperature field are 


. ’ , Oe 4; a,t’) , 
84(7",€) - f G(é ia gE ) 2 o£ (4.2) 
P(d)sij(x,£) = Q(d)e,,(2,€) (4.3) 


and 


oi(x,t) = 3K} en(2,) — 3a[T (x,t) — To)} (4.4) 
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where £(z,/) is given by eq (3.11), and 


a’ = de" |, (4.5) 
G(t), P(D), Q(D), are the viscoelastic shear functions for uniform 
temperature 7'», K is the constant bulk modulus for elastic dilatation, 
and a is the coefficient of linear thermal expansion, assumed constant 
in the above. For a temperature dependent coefficient of expansion, 
a(T’), the expression 3a(7’ — 7) must be replaced by 


T 
f 3a(T’)dT’ (4.6) 
Te 


but this can be written as 3a,[7*(7T) — To], so that eq. (4.4) has the 
same form in terms of a pseudo-temperature field 7'*(x,£), ao being a 
constant. 

The problem is now to solve the equilibrium equation 


Ooy 


= 0 
as, (4.7) 





t 


together with the laws (4.2) or (4.3) and (4.4), subject to the com- 
patibility conditions and prescribed mechanical boundary conditions. 
It should be noted that the viscoelastic law (4.2) is expressed in 
(x,£) coordinates, while the equilibrium equation (4.7)—and the 
normal form of the expressions for strain components and the com- 
patibility conditions—are expressed in (x,t) coordinates. Uniformity 
can be obtained by rewriting of (4.7) as 


dt\ 
. (=) ne (4.8) 


where (0£/0z,), is a known function of (x,t), and hence of (x,£) because 
of eq. (3.11). But eq. (4.8) no longer has the form of the usual elas- 
ticity equilibrium equation. Alternatively, eqs. (4.2) and (4.3) can 
be expressed in terms of the (z,t) coordinates, using the relations 
(3.11) and 


Oey 


Oz; 


Oey 
O& 








ra) re) 
2 §, 5 | [etre (4.9) 











LINEAR VISCOELASTIC MATERIALS 243 


The differential viscoelastic law now has coefficients which are func- 
tions of both space and time coordinates, while in integral form the 
law becomes 


Oe ;;(x,t) 


t 
8y(2,t) = f GE — &’) dt’ 


ot’ (4.10) 
where the argument (¢ — £’) is given by eq. (3.11), and is in general 
a complicated function of (2,1). 

In the (z,£) plane, it is not possible to remove the dependence by 
taking Laplace transforms because of the form of eq. (4.8), since 
(O0£/Ox,), is a function of £; and in the (z,f) plane, the time de- 
pendence cannot be removed by tranforms because of the viscoelastic 
law with nonconstant coefficients, or integral kernel with nonlinear 
time argument. It is the dependence of the temperature, and hence 
the shift factor, on time which causes this difficulty. The transform 
reduction to an associated thermoelastic problem for a linear visco- 
elastic material with temperature independent parameters has been 
described by Sternberg,’ but here stresses due to thermal expansion 
only are obtained, in the absence of temperature effects on viscoelas- 
tic behavior. It is the importance of the latter effect we wish to in- 
vestigate. Also, it is not meaningful to consider the space distribu- 
tion of the corresponding elastic solution and to apply the differential 
viscoelastic law to this form, as suggested by Radok® for the isother- 
mal case, since validity requires interchange of the space differential 
operators representing the equilibrium and compatibility conditions, 
and the time differential viscoelastic law, and now the latter has coef- 
ficients which are functions of the space variables. It is thus seen that 
there is no longer an associated thermoelastic problem to the thermal 
viscoelastic problem when temperature dependent material parameters 
are considered. Although in general there appears to be no compre- 
hensive method of solving this system of equations, the thermal stress 
field during transient temperature conditions has recently been ob- 
tained in two particular cases, for a plate and for polar symmetry, by 
Muki and Sternberg (to be published). 

The problem can be simplified by considering steady state tempera- 
ture conditions, so that the temperature, and consequently the shift 
factor, are function of the space variables only. The initial condi- 
tions for the boundary value problem are now given by the thermal 
stress-strain field which develops during the transient temperature 
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period. Since the system of equations is linear, the stress field can 
be expressed as the sum of two parts, thus 


(x,t) = éy(x,t) + o,*(2,b) (4.11) 


where ¢,,* is the thermal stress field which satisfies the same system 
for zero surface tractions, and ¢,,(x,t) is the mechanical stress field 
which satisfies the equations in the absence of the thermal expansion 
terms, for the given surface tractions. Thus, until the boundary 
loads are applied, at ¢ = 0 say, é,(7,t) = 0. ¢,,*(2,t) is independent 
of the applied loads, and if it is assumed that during the time taken 
for the temperature field to become steady (strictly, only in an ap- 
proximate sense), the thermal stress field o,,*(z,/) also reach steady 
state, at ¢ = 0, then fort > 0 


oy(a,t) = éy(2x,t) + o*(x,0) (4.12) 


The thermal stress part, ¢,,*(x,0), is now the solution of the thermo- 
elastic problem involving the steady state value of the viscoelastic 
shear modulus, and consequently independent of the shift factor. 
So for steady-state temperature analysis, the effects of the shift law 
are restricted to the mechanical part ¢,,(27,t). Since the coefficients 
in the viscoelastic differential operators are now time independent, 
and, alternatively, the integral kernel has argument linear in time, 
the time dependence can be removed by taking Laplace transforms, 
but the resulting system does not represent a classical elasticity prob- 
lem since the coefficients in the transformed stress-strain laws are 
still functions of the space variables. The system of equations there- 
fore requires independent solution which in general presents new 
difficulties. 

By making the further assumption and simplification of incom- 
pressibility, the equations can in some cases be solved, and an 
example is given in the next section. This assumption should pro- 
vide a satisfactory representation in cases where the shear strains 
dominate the deformation field. It must be noted that it implies the 
vanishing of the coefficient of thermal expansion, and hence an ab- 
sence of strict thermal stresses. Sternberg* points out that solutions 
to thermal stress problems for incompressible media are physically 
meaningful, in an approximate sense, only if the hydrostatic com- 
ponent of the ensuing stress field is small compared to its derivatoric 
components. Hilton* treats the case of a hollow Kelvin cylinder under 
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steady state temperature conditions on the assumption of mechanical 
incompressibility but including the thermal expansion term, while 
neglecting the development of thermal stresses during the transient 
temperature period. The significance of this combination of as- 
sumptions is by no means clear, and it seems that the consistent 
neglect of all dilatation should be more satisfactory, and leads to a 
simpler analysis. 

Having seen that the general problem does not yield to analysis by 
presently available methods, we shall limit our examination to the 
case of an incompressible material under steady state temperature 
conditions. The shift factor is now time independent, and thermal 
stresses which would be obtained in a compressible material during 
the transient temperature stage do not arise. This results in a 
mechanical stress problem dependent only on temperature through 
its effects on the viscoelastic response, and this latter dependence in 
the stress analysis, isolated from the occurrence of thermal stresses, 
is examined below. 


5. Incompressible Cylinder under Steady State Temperature Condi- 
tions 


Recall briefly that the stress analysis problem is now limited to an 
incompressible linear viscoelastic material which is thermorheologi- 
cally simple in shear, for a steady state temperature field, and on the 
hypothesis of infinitesimal quasistatic displacement. 

To illustrate a method of solution for various viscoelastic models, 
and to evaluate the effects of an inhomogeneous temperature field in 
a particular case, plane strain with cylindrical symmetry is studied. 
The case of a hollow infinite cylinder under internal pressure, uniform 
over the boundary, and under a steady state temperature field de- 
pendent only on the radial coordinate, is taken. Symmetry de- 
mands dependence of the stresses and strains on the radial space co- 
ordinate only, defined in dimensionless form by x = r/a, where r = a 
is the inner boundary of the cylinder and r = b the outer boundary. 
The field equations are expressed in terms of the radial stress c,, 
the tangential stress o,, and longitudinal stress ¢,; a radial strain e,, 
and a tangential strain ¢9; all other components being zero. The 
equilibrium equations reduce to 

Oo, | Or — G% 


= 0 5.1 
Ox t oi : 
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The stress-strain law becomes 


P(d)\ 0, — of = Qdla — & (5.2) 
or 
. ’ , ) ‘ U ‘ 
oe" o> f Gg mF) de’ (ez ~~ €9} 2dé (5.3) 
where d = ~ , and 
t 
t= f a(T(x)\dt! = a[T(x)|t (5.4) 
0 
For convenience, define the shift factor for a given temperature field by 
a[T(x)] = A(z) (5.5) 
sO now 
— = A(x)l 4 ( y = 5.6) 
= zr Mi - = , . J 
de"|, \rA(x)/ or'l, (6.6 


Note that G(é) in eq. (5.3) is twice the usual relaxation modulus be- 
cause of the manner in which the shear strain is represented: 
(€z — €). 

Incompressibility and zero longitudinal strain demands that 


+e =0 (5.7) 


and this determines the component of the strain deviator in the z 
direction to be zero, so that 


> / (ez + oo) (5.8) 


follows from the viscoelastic stress strain relation (4.10). The com- 
patibility condition obtained by eliminating the radial displacement 
from the expressions for ¢, and ¢ is: 


de, | és — & 
. mr ¢ 
Ox ls & (5.9) 


Immediately, ¢«, can be eliminated between eqs. (5.7) and (5.9), and 
the resulting equation integrated, giving: 
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O€s _ 2€5 

de |, l 

SO LG) “ 
oe ee (5.10) 


where f(t) is an arbitrary function of time to be determined by initial 
and boundary conditions, and depending on the particular viscoelastic 
law used. 

The inner boundary condition, on « = 1, is given in terms of the 
prescribed inner pressure: 


o, = —II(t) (5.11) 


which is zero until t = 0. As discussed above, it is assumed that the 
steady state temperature has been attained before load application. 
For the outer boundary condition, on z = b/a = 22, two cases will be 
considered. ‘The first is the unsupported cylinder, when the bound- 
ary condition is 


o, = 0 (5.12) 


The second, treated by Woodward and Radok" for uniform tem- 
perature, is the cylinder reinforced by a thin cylindrical elastic shell. 
The required conditions across the interface are continuity of radial 
stress and circumferential strain; the tangential stress and radial 
strain will generally be discontinuous. For if u(r) is the radial dis- 
placement field, then it is clear that u must be continuous across the 
interface, and hence «, = u/r, but not necessarily «, = Ou/dr. The 
configuration is shown in Figure 2. The elastic shell is an unsup- 







ELASTIC 


VISCOELASTIC 


Fig. 2. Reinforced cylinder subjected to internal pressure. 
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ported cylinder under internal pressure —¢;,, the radial compressive 
stress on the outer boundary, x2, of the viscoelastic cylinder, and so 
the stress field is the well known Lamé solution (for example, see 
Timoshenko and Goodier™). For the case we consider h < b, so 
that (h/b)*? can be neglected. This gives, on x = 22, 


SS a 


l + Ve b 
—— ii? = ( — wr 5.13 
E: h | Y ee 
where E, and », are Young’s modulus and Poisson’s ratio, respectively, 
for the elastic material. Hence continuity of ¢ across x = 2, by 
eqs. (5.10) and (5.13), requires 


o,, = —Beg = —(8/22*) f(b) (5.14) 


where 
, j b t — 
B ™ | OP (1 + V2) ; + h (I — va) (5.15) 


Since b/h > 1, and » & '/s, then B < Ey. 

For a general material, the time dependence of the eqs. (5.1), 
(5.3), and (5.10) can be removed by taking Laplace transforms with 
respect to t. Denoting these by a bar over the corresponding func- 
tion, with s as parameter, we get 


04, a, — & 


et ae (5.16) 
H( 
% = Ho), i, = = (5.17) 


&=- Gs 


II 


° 0) * ee — oy) 2% J WO ‘ 
f ( | f G(é o) oe) 7 p & dt 


_ _ 2af(8)G[s/A(z)] . 
= Na)? (5.18) 


using eq. (5.6). Note that initial conditions in transform equations 
refer to { = 0~ according to the approach of Carslaw and Jaeger 
(ref. 1, Chap. 11), and are therefore zero here since no loads are applied 
until ¢ = 0, and there are no thermal stresses in accordance with the 
assumptions made. Equations (5.16) and (5.18) give 
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08, 2sf(s)G[s/d(x)] ; 
or AMx)x? (5.19) 
and integrating, and applying boundary condition (5.11) at x = 1 


© Gls /d(x’) Jd’ 
e,[x, 8] = —II(s) + 2aite) f le/ Mz") ez 


Nees (5.20) 


From eq. (5.18) the tangential stress is then given by 
2sf(s)G[s/d(x) | 
(x, 8) = 8,(x, 8) + — 5.2 
a(t, 8) (x, 8) r(x)? (5.21) 
For convenience, define 
* G[s/d(2’) |dx’ 
I(x,s) = 5.2! 
(7,8) J A(x’)x" (5.23) 
For the unsupported cylinder, applying eq. (5.12) to eq. (5.20), 
2sf(s) = 11(s)/1(x2,8) 


and hence 


I(x,8 
$,(7,8) = —II(s) ,! - 5 a 
25° 


and 


Gs, A(x) | I (x,8) , i] 


&o(2,8) ai II(s) See ge I (22,8) 


(5.25) 


For the reinforced cylinder, applying eq. (5.14) to eq. (5.20), 





2sf(s) = TI(s) IT (2,8) +: e | (5.26) 
\ Qsx."4 
and hence, 
I 
@.(z,8) = —il(s) 21 .. (5.27) 


Lo” T(xe,8) + B/28x.28 
and 


ea jGls/A(w) /A(w)a* + I(z,8) aongl is 
Go(x,8) = II(s) ) I(a»,8) + B/2exs? Ly (5.28) 
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Fig. 3. Temperature shift factor across the cylinder as a function of the dimension- 
less radius. 


It remains to invert the transforms obtained above for given visco- 
elastic materials and given temperature fields. For illustration we 
will choose a particular temperature field, and a particular value of 
2. First then, take b = 2a, so that 


t= 2 (5.29) 


The inner boundary, x = 1, is kept at the base temperature 7, and 
the outer boundary x = 2, at a uniform temperature 7-. The 
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steady state temperature distribution satisfying these conditions is 


T + Sm To In Mf ~ « 
T(x) = To + es , (5.30) 
In 2e 
In particular, take 7,5 = 298°K., and 7, = 328°K., giving a difference 
of 30°K. across the cylinder; eq. (5.30) becomes 


T(x) = 298 + 43.29 In x (5.31) 


For the shift function with respect to the base temperature 298° K.., 
we adopt an expression for polyisobutylene given by Schwarzl and 
Staverman in Stuart,’ namely 


1 l 
a(T) = exp 15.6 x 10° (Ss = mt (5.32) 


Combining eqs. (5.31) and (5.32), the expresson for the shift factor, 
d(x), is found to be very complicated, but Figure 3 shows this relation 
to be in fact almost linear. 

In the next section, the above problem of the determination of the 
stress distribution in a hollow cylinder under steady state temperature 
conditions with an increase in temperature of 30°K. from the inner 
to the outer boundary, subjected to an internal pressure, will be ex- 
amined for various viscoelastic materials. 


6. Methods of Solution for Various Viscoelastic Materials 


The applied pressure on the inner surface will be taken as a step 
function at t = 0, so that 


M(t) = H(t); i(s) = M/s (6.1) 


where II is the constant pressure acting for t > 0, and H(?#) is the 
Heaviside function. Time dependence in the solutions must enter 
through the viscoelastic law since the pressure is maintained con- 
stant. 


(a) Kelvin Model 


This is the particular model for which only stress, and none of its 
derivatives, enters the viscoelastic law, and the equations can be 
integrated directly. The model is represented by the spring-dashpot 
configuration in Figure 4, and gives the shear stress-strain relation 
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re) 


dE (¢ — cet (6.2) 


O24 = Ge 4) +1 
where G, the spring constant, is the equilibrium modulus, +r the re- 
tardation time, and » = rG the viscosity of the dashpot at tempera- 
ture Ty. Note that @ is twice the usua! equilibrium shear modulus 
because of the form of the strain term in eq. (6.2). Using eqs. (5.6) 
and (5.10), eq. (6.2) becomes 
U0) r fb) 

+ 2 £0 


or; — Of = —26 4 


x? Na) 2! (6.3) 
and combining with eq. (5.1), 
Oc, MO , HO 
a 2G 4 ) 
ox ' x x*r(x)) (6.4) 


mas 4A eee 








eee 
r — ite ——+ 


Fig. 4. The Kelvin model. 


Integrating, and applying eq. (6.1) on x = 1, 
o,(z,t) = —II + 2G f Ee + vO | dx’ (6.5) 
1 


x’? x!tX(x! 
f() must now be determined by the condition on x = 2, and the 
initial conditions at ¢ = 0,. Since the instantaneous strain for 


a Kelvin material subjected to any finite stress is zero, then f(0) = 0. 
For convenience, define 


z dx’ 
M(x) = f Naya" (6.6) 


Consider the unsupported cylinder, and apply eq. (5.12) to eq. 
(6.5), then 


I = 2G{*/sf@ + rM(2)f'(0} 
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and integrating with the initial condition above, 
411 siialaiaad 
fO = 3 fh = of Rm) >0 (6.7) 


Thus the tangential strain, ¢, is always positive and so an extension, 
and the radial strain, ¢,, is always a compression. Substituting eq. 
(6.7) into eq. (6.5), 


4 l 4 1 
o,(z,t) = —Tl 1 —- (1 - ) + |: (1 - ) 
3 x? 3 x 


M (x) ; ~3/8M (2) )(t/r) 4 , 
ida 7 | r f (6.8) 


and by eq. (6.3), 


il 5) ~ -|( 5) 
ole) = a4 (1+ 5, b—teti+— 


_ M(x) ) l | e! —3/8M (2) }(t, nt (6.9) 
M(2)~— _x*A(x)M (2) f 


For comparison, the uniform temperature solution, given by \(x) = 1: 


-nfi-2(:-1) 


son =nfi(v+3)—} 


is just the time independent elastic solution for the same boundary 
conditions. Note from eqs. (6.8) and (6.9) that as i—> ©, the stresses 
a, and a, tend to the values given by eqs. (6.10); that is, the Kelvin 
model viscoelastic solution approaches the purely elastic solution as 
time increases. Further, in this, the hydrostatic component of stress 
is 


Il 


o,(2x, t) 
(6.10) 


1/3eu = 1/2(¢, + ); = —1/30 (6.11) 


which is uniform through the cylinder. 
Now as { — 0,, by eqs. (6.8) and (6.9), the stresses approach the 
values 
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to 
~~ 
_— 


tele Mad M(x)\ 
en 
(6.12) 
r a 4 l ¥ ib 
edz) = ara) * ax@)M) |S 


which represent the instantaneous response to the applied pressure. 
This is dependent on the space coordinate, and on the temperature 
field through A(z). An intuitive explanation of this behavior can be 
given with reference to the spring-dashpot model in Figure 4. The 
temperature-time shift concept implies that for the Kelvin model the 
spring constant, the equilibrium modulus, does not change with tem- 
perature, but that the viscosity decreases with increase in tempera- 
ture to produce a shortening of the delay time. When the load is first 


298° K 
328°K 
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Fig. 5. Variation of circumferential stress distribution with time for heated cylin- 
der of Kelvin material. 
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applied, the response is governed by the dashpot which starts to flow 
while the spring is virtually unstressed. This behavior is tempera- 
ture dependent. After a long time under constant load, the spring in 
Figure 4 provides virtually the entire constraint, and because its 
modulus is independent of temperature, the solution yields the iso- 
thermal elastic stress distribution. 

The stress field at several intermediate stages was calculated from 
the above formulas, and the corresponding tangential stress distribu- 
tions, o,(x), always tension, are plotted in Figure 5. There is a wide 
variation in values during the early stages, particularly on the inner 
boundary where the initial value is nearly twice the elastic limiting 
value, but after a period of twice the delay time of the material, the 
distribution is very close to the final one. The variation in the radial 
stress distribution, o,, is much smaller. 

For the reinforced cylinder, applying eq. (5.14) to eq. (6.5), 


3 
Il = 2G {( + £) f) + Mey! (6.13) 


which integrated, gives 


f() an an i] Be e~y heteaded (6.14) 
where 
3 B 
Ps + aa (6.15) 
From eqs. (6.5) and (6.3), 
iim «ply ws (i-+)+[5 (1 - 5) 
—" ' 2y x 2y x? 
wt a ent M2) esd 
M(2) f 
3.16 
itn weak ( ‘ ‘) bi i 3 (: a ‘) (6.16) 
\2y z* 27 z* 


e- M (x) I | em trmeanarorh 
M(2)— x*A(x)M(2) 


By eq. (6.15), y > */s, whence 1/27 < ‘/;, and so f(t) and, conse- 
quently, the maximum strains for the supported cylinder are less 
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than those for the unsupported cylinder. Since y > */s, the exponen- 
tial decay of both stress and strain components is faster for the sup- 
ported cylinder. 

Again, as {> o, the stresses (6.16) approach the elastic solution 
(equivalent to r = 0), and on the boundaries, 


efl,e) = 1 ‘s M6 i! 
: (6.17) 
o,(2,0) = I = = i} 


Now the viscoelastic equilibrium modulus G will be roughly of order 
10-*E,, whereas even for b/h = 100, 8 > 10-*E, when » ~ '/;, so 
that 8/G > 10’ and y > 100. Thus the maximum strains are much 
smaller for the supported cylinder, while the exponential decay factor 
is considerably greater than for the unsupported cylinder. Further, 
for the supported cylinder, the tangential stress ¢, becomes compres- 
sive, since the boundary values given by eqs. (6.17) for large time are 
negative. But ast—~0,, ¢, and o, approach the values given in eqs. 
(6.12) for the unsupported cylinder, independent of y. That is, in- 
stantaneously the support has no influence, which is to be expected, 
since the instantaneous deformation of a Kelvin material is zero, and 
the elastic constraint is not brought into play. So now, the variation 
in o,0n x = 1 between the initial and final states is much greater than 
before, and actually changes from tension to compression. Quantita- 
tively, this range in value is not likely to be of significance practically 
since it is associated with the artificial neglect of instantaneous elastic 
response associated with the Kelvin model. 

The uniform temperature solution, given by putting A(z) = 1 in. 
eqs. (6.16), is here time dependent : 


l ] 
o,(x, t) = —ITI {1 —_ Qy (1 —_ +) 
- 6-3) Senor 
3 27 z* 


(6.18) 
sna (14+ 5)-1 
\2y z* 
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(b) Maxwell Model 


This is the alternative 2 element model, shown in Figure 6, with a 
spring and dashpot in series, which gives for the shear law in differen- 
tial form, 


o 


(6. — 0) + 2 a Ge ew) 

dE Cr 6 - = ad €, €¢ 
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Fig. 6. The Maxwell model. 


or a relaxation modulus 
G(t) = Goe~ ©" (6.19) 


where G, is the instantaneous modulus and +r = 7/G, the relaxation 
time at temperature 7». Hence 


Co GxCz) 
s+ 1/7’ s+ X(x)/r 
Using the transform results obtained in Section 5, first consider the 


unsupported cylinder. By eqs. (5.24) and (5.25), 
_My, _ Tas) 


G(s) = G[s/d(x)] = (6.20) 


&,(2,8) = ms Bee 1(2,8)f (6.21) 
_ i j1 (zs) 7 Go l = 
Po(z,8) = s \I(2,8) _* x*I (2,8) [8 + (x)/r]) as 
where 
t Gd’ ; 
I(z,s) = f rs + d@/t] (6.23) 


To invert the above stress transforms, the integral J(z,s) must first be 
expressed as a function of s. Using the exact expression for A(x), the 
integration does not appear to be representable in terms of elementary 
functions, but A(z) can be closely approximated by a quadratic form, 
when integration by partial fractions is possible. Unfortunately, the 














258 L. W. MORLAND AND E. H. LEE 


resulting expressions for the stress transforms do not offer much hope 
of direct inversion. A simpler expression for the integral is obtained 
by taking A(z) as a linear function, which Figure 3 shows to be a 
good approximation in this particular case, but again the resulting 
transforms offer no ready inversion. Before proposing an approxima- 
tion which does lead to direct inversion, we can examine the solutions 
for large and small times. 

Large time behavior is governed by the transform singularities in s 
with the largest real part. Since A(x) > 0, eq. (6.23) shows that J(x,s) 
has no singularities for ®(s) > 0, and J(2,s) approaches zero like 1/s 
as || — ©. But in eqs. (6.21) and (6.22), the denominators contain 
sI (2,8), which is nonzero as || — o, and it isclear that ¢,and 3, have 
no singularity in @(s) > 0. For completeness, any different [1(s) 
which represents a bounded pressure will also behave like 1/s as s > 
©, and so would not introduce a singularity there. Thus, s = 0is the 
required singularity, and there, 


sane = Bf — a 


st 1(20) 
Tt fl (x0) _ Gor \ 
ame” Goa I + N@I20) 
and hence as t—~> « 
I(2x,0 
e(zf) > - Il {! - baat 
(6.24) 
(2,t) > I ea we Gor = : 

ont 1(2,.0) z*d(x)1 (2,0) 


Noting that I(z,0) = GorM(x) by comparison with eq. (6.6), these 
values correspond to those in eqs. (6.12), which were the solutions 
for a Kelvin material at t = 0, (dependent on the temperature field). 

Small time behavior is obtained from the power series expansion in 
1/s,ass—> ~. It is found that 





(zs) 4, 1 1 
1(2,8) 3 (1 =) ile: (*) 


1(2,8)[s + X(x)/7] ~ ™ +0 (*) 


(6.25) 
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and therefore as t + 0,, 


ae a eS 
o,(x,t) IT )! r (1 ‘,)| 


a os. wd 
oo(x,l) IT 13 (1 + *;) lf 


This is the elastic solution, approached by the Kelvin material at large 
times; see eqs. (6.10). 

The solutions for a Kelvin material and a Maxwell material are 
therefore reversed with respect to time, and the latter, initially, takes 
the elastic solution, and at large times approaches the initial Kelvin 
solution. Referring to the model in Figure 6, the initial response is 
governed by the spring which strains instantaneousy under load 
since the dashpot cannot here prevent its deformation, but at long 
times the increasing dashpot flow dominates the deformation since 
the spring extension is limited for finite stress. It must be realized 
that for long times for the Maxwell material, unrestricted viscous 
flow occurs so that the validity of the solution will break down when 
the strains cease to be small. 

examining eqs. (5.27) and (5.28), since 8 > 0, it is clear that the 
stress transforms for the supported cylinder have no singularity in 
G(s) > 0. So large time behavior is given by the residue at s = 0, 
and hence ast— ©, 


(6.26) 


o,(2,t) > —II 


(6.27) 
O» (x,t) > —Il 
and the corresponding hydrostatic stress component is 
(*/s)ou = ('/2)(o9 + oz) = —T (6.28) 


and the shear stresses are all zero. The viscoelastic cylinder therefore 
takes up a state of uniform hydrostatic compression, supported by the 
elastic shell, the shear stress relaxing completely to zero. This limit- 
ing behavior was also predicted by Woodward and Radok"' in the iso- 
thermal case. 

Expanding the transforms as a power series in 1/s leads to the fol- 
lowing behavior as t — 0+: 
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e(z,f) > —0 }! =< (1 we ) 


27 z* 


ofz,t) > Ti = (1 + =) we it 


where the expression (6.15) is again used to define y. Comparing 
eqs. (6.16), this is the distribution for the supported Kelvin cylinder 
as {-» ©, which is identical with the elastic solution. Thus the in- 
stantaneous response of the supported Maxwell cylinder is the same 
as the elastic solution, determined by the spring response before the 
dashpot starts to flow. Because of the large time behavior though, 
the supported Maxwell cylinder does not show the reverse effect to 
that of the supported Kelvin cylinder. 

The uniform temperature solution is obtained by putting A(z) = 1 
in eqs. (5.27) and (5.28), when the transforms can be inverted to give 


l I 
oz) = —Il ‘! —- (1 ~_ ) e~ wrnana/o\ 


27 z* 


1 l — (8/8Gey) (t/r) \ 
nf (1+ 4) — 1 


These are time dependent, and since y > 8/8G», the decay factor is less 
than 1/r (or the delay time is a little greater than r). 

Having discussed the asymptotic behavior of the Maxwell solu- 
tions, we now suggest an approximation that allows inversion of the 
transforms for the whole range of temperature. A(z) is approximated 
by a series of step functions—the case for five equal divisions is shown 
in Figure 3—which means that the temperature distribution across 
the cylinder is assumed to be a series of stepped uniform values, each 
extending over a finite width. Thus, dividing the width, 1 < x < 2 


(6.29) 


(6.30) 


og(x,t) 


into N equal sections, x, < x < tu1, @@ = 1... N) with x, = 1, 
Inui = 2, 

XS UX < Le, A(x) = Ay (6.31) 
Now 
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Defining for convenience, 


l 
Se ion (+ — - :) (6.33) 
t;° 441° 


(0b; 
Hews) « 
Fr) p> 2(s + X,/7) 


we get further 


(6.34) 


with a similar extension to a value of x between two section limits. 

Considering the unsupported cylinder, we are interested first, from 
eq. (5.21), in I(2,s)/sI(2,s), = R(2,s) say. With the above ap- 
proximation, 


: (ob; 
imt 2(8 d,/ 
R( 2,418) = 3 = r) (6.35) 
P > Gb; 
~ iat 2(8 + Aj/7) 
It is clear that R(x,.;,s) has no singularity at s = —,/r (each 7), as 


the same factor appears in both numerator and denominator. There 
is a pole at s = 0 for which the residue has already been evaluated to 
express the behavior as t — , and there are poles at each root of 
I(2,s) = 0, provided it is not identical with —),/r (any 7). From 
eq. (6.34), bringing to a common denominator, these roots are those 
of an (N — 1)th order polynomial, and will in general be complex, and 
always have the real part less than zero. The required transform in- 
version is then simply a sum of residues at simple poles. In eq. (6.22), 
the additional expression is again regular at s = —d,/r, when A(z) has 
been replaced by the appropriate \,, and the poles are again at s = 0 
and at the zeros of J(2,s). The computation was performed for 
N = 5, as shown in Figure 3, when the roots of a quartic were re- 
quired, but the results were unsatisfactory, and we conclude that a 
larger number of sections is necessary. 

A similar procedure can be followed for the supported cylinder, 
where the transform stresses, given by appropriate substitution in 
eqs. (5.27) and (5.28), will have poles at the zeros of s/(2,s) + 8/8, 
and at s = 0; again they are regular at s = —X,/r (eachi). The re- 
quired zeros are now the roots of an Nth order polynomial. This ap- 
proximation method gives direct inversion from the residues at simple 
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poles, but appears to require a large number of sections, and hence 
lengthy computation. 


(c) General Finite Model 


This model can be represented by a finite combination of Kelvin 
and Maxwell elements, and satisfies some higher order differential 
operator law. The relaxation modulus can be expressed in the form 

M 


G® =G.+ DY Gre~’™ (6.36) 
m=1 
where G,, is the equilibrium modulus, and the r,, are a set of discrete 
relaxation times into which the continuous relaxation properties of 
a material are grouped, the G,, being the corresponding instantaneous 
moduli. Taking transforms, 


G[s/X(2)] = 


G(x) — GindA(2) 
' p : (6.37) 

8 m=1 8 + A(z), Tm 
This leads to a more complicated set of transform equations than 
does the Maxwell model, but can be treated by the same approxima- 


tion scheme. Now 


G. 1 M r b; 
ue i Gn .. * 
Inns) = 9, (1 5) + 2 Gm 2 ot ndrw) 8) 


and with increasing number of elements, /, the subsequent computa- 
tion becomes rapidly more complicated, but all inversions can be ex- 
pressed as sums of residues of simple poles. 
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Synopsis 


The system of equations is presented which determine the stress and strain 
distributions for a linear viscoelastic material with varying temperature. Tem- 
perature influences on viscoelasticity are represented by a shift relation on the 
logarithmic time scale which equates temperature change to a translation on the 
logarithmic time scale for all viscoelastic functions. Methods of treating the 
general equations are discussed, but solution by standard methods is shown to be 
possible only for restricted situations. Stresses in a cylinder of incompressible 
material under a steady axisymmetrical temperature distribution are evaluated 
when a constant internal pressure is suddenly applied and maintained. Because 
of the assumption of incompressibility, thermal stresses due to inhomogeneous 
expansion do not appear, but the temperature effect on viscoelastic response pro- 
duces a marked effect on the stress field as compared with the isothermal case. 
Particular features of the stress distributions for Kelvin and Maxwell materials 
are contrasted. An approximate method of solution applicable to the Maxwell 
body and more general viscoelastic materials is described. 
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The Rheology of Asphalt.* II. 
Flow Characteristics of Asphalt 


FREDERICK H. GASKINS,t JOHN G. BRODNYAN,t 
WLADIMIR PHILIPPOFF,§$ and EDMUND THELEN, 
The Franklin Institute Laboratories for Research and Development, 
Philadelphia, Pennsylvania 


I. Introduction 


The National Asphalt Research Center (NARC), established in 
1951 under the sponsorship of many industrial asphalt producers 
and consumers, was charged with elucidating the rheological proper- 
ties and surface energy relations of asphalt. Heretofore, these 
behaviors in asphalt, especially their viscoelastic nature, had not 
been explicitly defined as was shown by Thelen.' To accomplish 
this, ten asphalts were selected which represented a wide variety of 
the continental industrial stocks available. These materials were 
phenomenologically categorized as Sol, Medium, and Gel, based on 
characteristic physical properties due to source or processing condi- 
tions undergone. The asphalts were described by Brodnyan in the 
first paper of this series.? Further analyses of them have been carried 
out by Gzemski of the Atlantic Refining Co.,* Orr of the Gulf Refinery 
Technology Laboratory,‘ and Scott and Cunningham of the Union 
Oil Co.5 

The surface energy relations have been described.*® 

The rheological investigation was designed to: (a) Determine the 
mechanical properties under conditions of dynamic oscillatory shear 
and under steady-state laminar flow; (b) investigate the correlati- 
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* Five-year program conducted from 1951 to 1956 by the National Asphalt Re- 
search Center at The Franklin Institute. 
t Present address: Aeroprojects Inc., West Chester, Pennsylvania. 
t Present address: Rohm & Haas Co., Philadelphia, Pennsylvania. 
§ Present address: Esso Research & Engineering Co., Linden, New Jersey. 
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bility of these two different conditions of stress-imposition; (c) 
discover any generalities in rheological behavior existing among the 
various types of asphalts: and, (d) show how to predict the perform- 
ance to be expected under service conditions from rheological be- 
haviors. 

The prediction of performances was discussed in the first paper of 
this series. The dynamic mechanical properties are the subject of the 
third paper.’ 


II. Experimental Methods 


Two rheological instruments were used in the investigation of the 
flow characteristics of asphalts, both of which can measure both vis- 
cous and elastic responses of viscoelastic bodies. 


1. Rotational Viscometer 


This is a concentric coni-cylindrical viscometer, which has been 
described.* It is designed to yield the same distribution of velocity 
gradients throughout the entire annulus between the cylinders and 
was utilized to study the behavior of the asphalts at low rates of shear 
(10-* to 10° sec.-'). The reference cited discusses corrections that 
need to be applied (e.g., to determine the maximum shear stress): 
the equations for evaluating rheological data have been derived.® 

It has been shown™'! that the recoverable shear, s, can be deter- 
mined experimentally from either the “fore-effects’’, i.e., the retarded 
elastic deformation, or the “after-effects” i.e., the retarded elastic 
recovery which occurs after the shear stress is removed. In the study 
of deformation, the equilibrium state (O7/0t = constant) of the strain- 
time behavior can be extrapolated to zero time. The resultant 
y-intercept in the y vs. ¢t plot is the recoverable shear strain. In 
recovery studies, the maximum strain recovery after removal of 
external stress is the recoverable shear strain. 


2. Capillary Viscometer 


This instrument, as previously discussed,'? has been designed to 
permit the exertion of a constant pressure gradient as a driving force 
across the capillary tubes. Volumetric flow rates are obtainable 
corresponding to rates of shear in the range 10~-* to 10® sec.—' under 
shear stresses of 10° to 10° dyne/cm.? Rheological parameters are 
calculated from the equilibrium conditions. 
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The rheological data obtained with these instruments are shown 
to be superposable. Therefore the choice of instrumentation is 
dictated by the experimental conditions desired, e.g., range of rates of 
shear. 


Ill. Experimental Results 


The ten representative asphalts were investigated in one or both 
of the viscometers in a temperature range of 0 to +300°C. Typical 
results obtained are as follows. 


1. Rotational Viscometric Studies 


A high consistency asphalt, designated as Gel B, was measured. 
Deformation-recovery behavior was determined as shown in Figure 1. 
During the time (1 hr.) and temperature (75°C.) under which the 
experiment was conducted, an equilibrium strain-time function was 
not obtained. Therefore, an empirical graphical analysis was per- 
formed, which in essence consists of evaluating the expression 


v(r) = Sf [r/n(r)dr] + 7/G(r) (3.1) 


which states simply that the total strain exerted on a body by the 
shear stress is a resultant of the additive effect of the strain taken up 
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Fig. 1. Deformation and recovery measurements with the rotational viscometer: 
Gel B asphalt. 
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TABLE I 
Rheological Parameters for Typical NARC Asphalts 











Designation Gel B Med C 
Tempersture, °C. 75 75 
Shear stress, r, dyne/em.? 1450 3620 
Rate of shear, D, sec.~' 1.52 x 10-4 2.72 <x 10°? 
Apparent viscosity, 7, poise 9.54 x 10° 1.33 & 10° 
Recoverable shear, s, dimensionless 0.20 0.25 
Shear modulus, G, dyne/em.? 7250 14,500 











differentially with respect to time due to the energy dissipated in 
viscous flow and the strain taken up due to the energy stored elasti- 
cally. 

In graphical analysis, the strain-time behavior, curve / in Figure 1, 
is plotted for the time-interval of measurement, & to 4, At 4, the 
shear force is removed, resulting in the recoil curve, curve 2a. The 
recovery curve is inverted and translated to time tf, curve 2b. Graph- 
ical subtraction of (2a) from (1) results in curve 3. This graphical 
procedure is analogous to the stated analytical expression, and, 
hence, subject to the same limits of empiricism. Nevertheless, a 
close approximation to the actual rheological parameters is generally 
obtained,; therefore, the requirement of long time intervals of 
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Fig. 2. Deformation and recovery measurements with the rotational viscometer: 
Med C asphalt. 
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measurement for high consistency materials, such as Gel B asphalt 
under these conditions, can often be circumvented. In the example 
shown, the deformation-time curve is approaching an equilibrium 
state that would presumably be identical in slope to that derived 
analytically. 

The rheological parameters calculated from the data are given in 
Table I. 

The deformation-recovery characteristics for a lower consistency 
asphalt, designated as Med C, were also investigated. An equi- 
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Fig. 3. Temperature dependence of flow curves: Med D asphalt. 
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librium strain-time relationship was obtained at 75°C., as demon- 
strated in Figure 2. This asphalt had a lower apparent viscosity 
and higher shear modulus than Gel B at the same temperature. The 
variation among other asphalts was much greater in many cases. 


2. Capillary Viscometer Studies 


A high consistency asphalt, designated as Med D, was investigated. 
Flow curves were measured at various temperatures between 130 and 
250°C., as shown in Figure 3. The viscosity-temperature relation- 
ships were studied for these experiments. The Newtonian viscosities 
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Fig. 4. Flow curve: Med C asphalt. 
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measured, or in one case extrapolated, were 1,000,000 to 12 poise, 
which were observed in seven logarithmic decades of time. It is 
seen in these results, which are confirmed by other data, that for 
asphalts the transition from Newtonian to non-Newtonian flow occurs 
at approximately 3000 dyne/cm.*. This is independent of tempera- 
ture and type of asphalt. 


3. Comparison of Viscometric Results 


Flow curves were determined for several of the asphalts in both 
viscometers to test the degree of correlation between capillary tube 
flow and concentric cylinder shearing. A typical result obtained for a 
high-consistency asphalt, designated as Med C, is shown in Figure 4. 
The data were taken at 100°C., utilizing the rotational viscometer 
(two gap clearances at rates of shear of 10~* to 10* sec.—' and the 
capillary viscometer (four tube sizes) at rates of shear of 10-* to 10° 
sec.~'. This provided overlapping points in four logarithmic decades 
of rate of shear. The data points are indistinguishable as to the 
instrumentation used. The correlation of viscometric data has been 
firmly established (for example, see Reference 13); the present data 
serve to confirm these results and to extend the generality of applica- 
bility of the concept beyond “‘normal”’ molten polymers and polymer 
solutions. 


4. Comparison of Dynamic and Steady-State Results 


Several investigators't-“ have compared rheological data obtained 
in dynamic oscillatory shear with that in steady-state laminar flow. 
Their results have shown that the variation in apparent viscosity 
with rate of shear is substantially different from the variation with 
frequency. Van der Poel," and more recently Cox and Merz":'* 
proposed that the complex viscosity or complex modulus yields 
essentially the same curve for variance with rate of shear and with 
frequency. Checks have been made at the FIL which indicate that 
a better concordance of data does result. However, there is no basis 
in present rheological theory to account for the stated results, nor, 
apparently, do the proposals offer complete explanation. However, 
it has been generally found that the viscosity curves for high molecular 
weight materials coincide in the Newtonian region and in the non- 
Newtonian region to the point that n,,, = ('/2)m. This has been 
found under the NARC program to hold true for asphalts. 
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Fig. 5. ‘Temperature dependence of initial viscosity: Med D asphalt. 
Data that were obtained in the Newtonian region using the Dy- 
namic Tester and Capillary Viscometer are shown in Figure 5. 
In the temperature range used, —23 to +250°C., the initial vis- 


cosities are between 10' and 10** poise. The data points do not over- 
lap, but it seems apparent that they form a smooth, continuous curve. 


IV. Discussion and Conclusions 
1. The Nature of Asphalt 


Asphalt has been shown to possess viscoelastic behavior in which 
both Newtonian and pseudoplastic non-Newtonian flow character- 
istics are evidenced as shown by the following examples. 

(a) Viscoelastic Nature. The experiments, typified by the curves 
in Figures 1 and 2, clearly show the occurrence of elastic deformation 
followed by steady-state flow. The elastic recovery is also quite 
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INITIAL VISCOSITY (POISES) 





-40 -20 ° 20 40 60 80 100 120 140 160 160 220 260 Wo 
TEMPERATURE (°C) 
Fig. 6. Initial viscosity of NARC asphalts: REFUTAS chart. 


evident. Quantitative correlation was generally obtained between 
the elastic deformation and the elastic recovery, indicating no struc- 
tural change under constant force. 

Simple viscous or Newtonian flow was measured for most of the 
asphalts at high temperatures. At the temperatures where visco- 
elastic behavior occurred, initial regions of Newtonian viscosity be- 
fore the onset of non-Newtonian flow was found for many of the as- 
phalts; the initial viscosity of some of the asphalts was too high to 
measure. For example, the initial viscosity of Gel C at 25°C. ex- 
trapolated by the “‘Reduced Variables” technique” from data at 
higher temperatures and frequencies is found to be approximately 
10** poise. 

(b) Viscosity-Temperature Relationships. The continuity of vis- 
cosity-temperature curves has been shown for asphalt. In a tem- 
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perature range of 320°C. (from —20 to +300°C.) over which as- 
phalt shows the solidus-liquidus transition, no abrupt changes in 
slope were detected as is shown in Figure 6. This type of plot, used 
widely in the petroleum industry, is called a REFUTAS or ASTM 
chart. Its coordinates are based on the empirical relationship: 


log log (u + 0.8) = m log T 


where yu is the kinematic viscosity, centistokes; 7 is the absolute 
temperature, °K.; and m is the slope. 

The chart has been extended to higher viscosities than are generally 
encountered in petroleum technology. The absolute viscosity, 7 in 
poise, has been substituted for u using the relation 7 (poise) = 100 X 
u (centistoke) X p (g/cm.*) and assuming p = 1. 

Although empirically developed, the REFUTAS chart linearizes 
the viscosity-temperature curves over a wide range and, hence, is 
extremely useful. 

Changes of viscosity of twenty-seven logarithmic decades occurred 
in the stated temperature range. The changes in phase from liquid 
to solid, specifically, the transition from simple viscous liquid to 
viscoelastic fluid to elastic solid, were not reflected as inflection points 
in the viscosity-temperature curves. 

Flow curves at various temperatures, as illustrated by Figure 3, 
show a decrease in non-Newtonian characteristics with increasing 
temperature. Such behavior is typical of high polymer solutions and 
molten polymers. 

An interesting observation is that, in a temperature range of 120° 
(130 to 250°C.) with the viscosity of Med D varying from 1 million 
down to 10 poise, non-Newtonian flow occurred in all cases at ap- 
proximately the same shear stress, 3000 dyne/em.*. This emphasizes 
the importance of shear stress as the controlling parameter in visco- 
elastic flow. Philippoff has discussed this fact, particularly as re- 
lated to flow birefringence experiments.” Other researchers have 
emphasized the rate of shear or strain tensor as the primary frame of 
reference (for example, see refs. 21 and 22). 7 

The constancy of the critical shear stress leads to theoretical im- 
plications concerning the force-levels sustainable by structural units 
in laminar flow. 

Analysis of the change in initial viscosity with temperature was 
performed to determine the apparent activation energy for viscous 
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flow of asphalts. The data were evaluated from plots of log 7 vs. 
1/T(°K.). The results, as shown in Table II, show values for AE 
of 41 to 127 keal./mole, with a mean value of about 65 kcal./mole. 
These are to be associated with the value generally assumed for 
chemical reaction of 30 kcal./mole. 


TABLE II 
Apparent Activation Energies for the NARC Asphalts at 25°C. 








Activation 

energy, E, 

Asphalt Keal./mole 
Sol A 41 
Sol C 57 
Sol D 127 
Med A 49 
Med B 55 
Med C 59 
Med D 67 
Gel A 65 
Gel B 78 
Gel C 50 


Gel C at 95°C. 83 





The rule that high viscosity leads to a high activation energy seems 
substantiated for asphalts as for many plastics, for which typical 
data were presented in reference 8. 

(c) Viscosity vs. Softening Point. A standard ASTM test for 
determining the softening-point (SP) of materials is by the “ring and 
ball technique” (R & B). Logic indicated that equal rates of fall 
of the ball may occur at a constant viscosity. This point was in- 
vestigated. It was found that at SP the viscosity is 50,000 poise; 
in comparison, Saal found 12,000 poise.** Despite the discrepancy, 
the constancy of viscosity at the softening point was confirmed. 
The flow curves for various asphalts were analyzed to determine what 
shear stresses and rates of shear exist at this point for various asphalts. 
The results, as shown in Table III for five asphalts, are an apparent 
viscosity of 50,000 poise, initial viscosities at SP between 80,000 and 
300,000 poise, shear stresses averaging 15,000 dyne/cm.” and rates 
of shear averaging 0.3 sec.—'. 
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TABLE III 
Shearing Stress and Rate of Shear at the Softening Point for Several NARC 





Asphalts 
Apparent 

Softening viscosity Initial vis- Shear stress Rate of 

point, SP at SP cosity at SP at SP shear at 
Asphalt " poise poise dyne/em.? sec.~! 
Med. C 88 50,000 83 , 000 10,000 0.20 
Med. D 150 50,000 135,000 20,000 0.40 
Gel A 53 50,000 100 , 000 ~10,000 0.20 
Gel B 90 50,000 280 , 000 16,000 0.32 
Gel C 159 50,000 140,000 20,000 0.40 


Mean Values: 15,000 0.30 





This indicates that, although the mechanism of deformation of 
asphalt in the R & B test is quite complicated, the rheological pa- 
rameters existent are reasonably constant. 


2. Correlation of Viscoelastomeric Experiments 


One of the major goals of this experimental program has been to 
establish the reality of rheological parameters. The experiments 
conducted and the data obtained have been directed toward this aim. 
Results have been presented which are typical of the more extensive 
experiments that emphasize the correlation of fundamental rheo- 
logical properties independent of the rheological instrumentation 
employed. 

(a) A typical curve was presented in Figure 4 which shows that 
capillary viscometer and rotational viscometer rheological data cor- 
relate. Therefore, no serious question should exist regarding dif- 
ferences in concentric cylindrical shearing as opposed to capillary- 
tube flow in general. 

(b) Attempts have been made to correlate theoretically dynamic 
vibrational data with steady-state data on the basis of the vs. D 
and 7 vs. w functions. Experimental results, however, do not con- 
firm this except to the extent that the initial viscosities measured are 
identical throughout the entire temperature spectrum. Correlations 
have been deduced for the complex shear modulus, i.e., complex 
viscosity, as a function of Dand w. The complex modulus takes both 
viscosity and elasticity of viscoelastic materials into account. How- 
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ever, the apparent viscosity is found experimentally to decrease more 
rapidly with increasing frequency than with rate of shear. Con- 
sequently, the exact nature of the correlation seems to require clari- 
fication on a sound theoretical basis. 


V. Summary 


The investigation of asphalt by steady-state rheological experi- 
ments has established that asphalts are viscoelastic bodies which 
exhibit Newtonian and non-Newtonian flow behavior. In essential 
characteristics they respond to shear forces in a manner similar to 
high polymer solutions and molten plastics. 

The experiments have supported the independence of rheological 
parameters from specific viscometric techniques. 

This investigation together with the dynamic tests’ allow the 
rheological characteristics of asphalt to be categorized and provide 
essential information for deriving a ‘Rheological Equation of State’ 
that may be valid for pseudoplastic materials in general as well as 
asphalt. 


The authors express their appreciation to the member-companies who sponsored 
and supported the National Asphalt Research Center. In addition, acknowledg- 
ment is due to the many members of the Franklin Institute Laboratories for Re- 
search and Development who contributed to the program. 
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Synopsis 


The rheological properties of ten representative asphalts were investigated 
under conditions of steady-state shear and laminar flow. Two instruments were 
utilized: a coni-cylindrical (rotational) viscometer and a high-pressure capillary 
tube viscometer. The results of the investigation show that asphalts are visco- 
elastic bodies which exhibit both Newtonian and non-Newtonian flow behavior 
with no evidence of yield value, structural breakdown or work-hardening. Thus 
asphalts, deliberately selected to represent extremes in structures and properties, 
are similar to concentrated polymer solutions and molten polymers in their re- 
sponse to stress. The extreme variations noted in the rheological behaviors of as- 
phalts can generally be accounted for by the parameters—time, temperature, and 
stress. 
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The Rheology of Asphalt. III. 
Dynamic Mechanical Properties of Asphalt 


JOHN G. BRODNYAN,* FREDRICK H. GASKINS,T 
WLADIMIR PHILIPPOFF,{ and EDMUND THELEN, 
Franklin Institute, Laboratories for Research and 
Development, Philadelphia, Pennsylvania 


Introduction 


This paper is the third in a series describing the rheological behavior 
of ten asphalts, representing three major categories. The characteri- 
zation of these asphalts by the conventional ASTM tests has been 
presented in the first paper in the series.' The second paper in the 
series” treats the steady state behavior of the asphalts; there it has 
been shown that these representative asphalts are viscoelastic bodies 
exhibiting non-Newtonian behavior and elastic recoil. This paper 
will describe the investigation of the viscoelastic behavior of the as- 
phalts under sinusoidal loading over a wide range of frequency and 
temperature. 

Van der Poel* has also investigated bitumens under dynamic load- 
ing, measuring a stiffness which is related to the complex modulus. 
However, he could not separate the complex modulus into its compo- 
nents as was possible with the equipment described below. Van de 
Poel also has a gap in the transition region from elastic to viscous be- 
havior where he has no data, but in the work reported here it was 
possible to cover this part of the time scale, giving more information. 

At the time this work was begun the validity of the time-tempera- 
ture superposition techniques was not established, and it was neces- 
sary to check experimentally Ferry’s method of “reduced variables.’’* 


* Present address: Rohm & Haas Co., Philadelphia, Pa. 

+ Present address: Aeroprojects, Inc., West Chester, Pa. 

t Present address: Esso Research & Engineering Co., Linden, N. J. 
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Therefore work is reported here on the comparison between moduli 
predicted from low frequency work and actual measurements at 
higher frequencies. 


Experimental Methods 


A number of instruments were used in the investigations described 
here. However, the FIL dynamic tester was employed in gathering 
most of the data. This instrument, which measures by means of a 
sandwich-type shear attachment the storage shear modulus, G’, and 
the loss shear modulus, G’’, from 10~* to 10' cycles/sec. and from 
— 20° to 300°C., has been described in the literature in some detail.’~’ 
A compression attachment* and an attachment for measuring the 
Young’s moduli’ (Z’ and E’’) in bending have also been described. 
The bending data could be correlated reasonably well with the shear 
data if one assumed E’ = 3G’, i.e., that Poisson’s ratio equals one-half. 

The torsion crystal has been described in the literature in some de- 
tail. The experimental data reported here was obtained only at the 
resonant frequency of the crystal, approximately 20 kcycles/sec., but 
over a wide range of temperature. 

A rebound (impact) tester was also constructed to provide a simple 
inexpensive test machine, and since it has not been described a de- 
tailed outline of its principles and operation will be given here. 

The impact tester uses a hammer arm based on a mathematical 
pendulum whose center of percussion forms the striking surface which 
would hit the sample. The instrument consists of a large, shock 
mounted, steel base plate, a pendulum hammer arm mounted on the 
base plate, a mount for a piezoelectric crystal and the sample, an elec- 
tromagnet to hold the hammer arm for the drop, and positioning pins 
to hold the sample in place. The piezoelectric crystal is cemented 
in place in the instrument by an epoxy resin. A photograph of the 
instrument is given in Figure 1. Experimentally a time calibration 
trace is given on an oscilloscope screen by a Hewlett-Packard Model 
200B Audio-Oscillator, and the instant of release of the head as well 
as the times of striking the piezoelectric crystal are recorded as blips on 
the screen. A picture is taken of these traces by a Polaroid Oscillo- 
graph Camera. From the measurements of the duration of the first 
impact and the time between successive impacts the necessary raw 
data is obtained. 
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Fig. 1. The Impact. Tester. 


The Young’s modulus, F’, of the sample may be found from the 
following relationship: 


E’ = 4x°LM/At* (1) 


where L is the sample height, A is the sample area, M is the equivalent 
mass of the pendulum at the center of percussion, and ¢ is the period 
of the motion, i.e., the duration of the impact. 

All of the above quantities are measured experimentally. The 
ratio of rebound height, h, to the distance of fall of the hammer ho, 
gives the loss angle: 


h/ho™1 — x tané (2) 


The drop height is a fixed quantity and the rebound height can be 
calculated from the time between impacts. The frequency is calcu- 
lated from the period. The Young’s moduli are converted to shear 
moduli for comparison purposes. This instrument is limited in that: 
(1) no temperature control has been built, (2) the stiffness of the epoxy 
resin mounting puts an upper bound on stiffness which can be meas- 
ured, and (3) only small loss angles can be measured accurately. 
However, this instrument was found to be useful in making compari- 
sons and in obtaining data rapidly. 
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The Elastic Moduli as a Function of Frequency 


A typical set of data gathered by the F1L dynamic tester is shown in 
Figure 2. It presents storage moduli, loss moduli, and dynamic vis- 
cosity (n’) as a function of frequency at six temperatures for the Sol C 
asphalt. These curves were then superposed by Ferry’s method of 
“~educed variables’’* to give a reduced curve covering fourteen dec- 
ades of reduced frequency with 25°C. as reference temperature 
(Fig. 3). The overlap of points is such as to lead one to believe that 
the superposition principle holds. However, a more severe test of 
the validity of this type of construction is the comparison of the values 
so determined with the ones directly measured at another temperature 
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and quite different frequencies. Such a test is described in the next 
section. 

All the dynamic data for the ten asphalts have been treated in the 
way outlined above for Sol C. These results give reduced curves over 
a range of frequency for each asphalt and they are all shown in Figure 
4. The data points are not given since this would lead to great con- 
fusion. 
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Fig. 3. Mechanism of reduction: Sol C reduced curves. 


In trying to compare the curves of the separate families, Sols, 
Mediums, and Gels, we found that the reduced curves for the members 
of each family could be shifted to one single curve. The shifting 
procedure required the arbitrary choice of one asphalt curve as a base, 
Sol C for the Sol family, and the translation of the other curves in two 
directions until the data points superimposed. The results obtained 
for the Sol family are seen in Figure 5. The coincidence of the Sol D 
data was not good at higher frequencies and low temperatures, 
giving G’’ values lower than the other Sol family members. This is 
the reason for the second G’’ curve shown in Figure 5. Similar results 
were obtained for the Medium and Gel families. However, the Gel 
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family curves had a much slower change of G’ and G’’ with frequency 
as can be seen for the individual family members in Figure 5. The 
Medium family curves were intermediate between the Sol and Gel. 
From this shifting procedure it could be seen that the members of the 
three families behaved very much alike, with only the time scale dis- 
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Fig. 7. Coal tar reduced curves. 


placed while the three families were distinct, giving different rates of 
change of moduli with frequency. The similarity of the family mem- 
bers moreover made it possible to extrapolate the reduced curves, al- 
beit with reduced accuracy, of each asphalt further than experimental 
data on the individual permitted. 
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The behavior of a coal tar sample and a filled asphalt (the filler was 
rubber) under dynamic loading was also investigated. The reduced 
curves for coal tar No. 150 are given in Figure 6 and the reduced 
curves for the rubberized asphalt are given in Figure 7. The coal tar 
curves appear to be similar to those for hard Sol asphalts, whereas the 
rubberized asphalt curves are typical of those for Medium asphalts. 


Validity of the Superposition Principle 


A test such as described in the preceding section has been carried out 
using a vibrating quartz crystal. Medium C, a representative as- 
phalt, was investigated in a wide range of temperatures and these 
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Fig. 8. Rubberized asphalt reduced curves. 


ultrasonic measurements were reduced to 25°C. and another fre- 
quency by using the temperature coefficient (a7 values) determine 
from the use of the FIL vibration tester at low frequencies. The 
values measured with the torsion crystal are plotted in Figure 8 to- 
gether with the reduced curves of Medium C. We see a general coin- 
cidence of values measured by the two methods. At higher tempera- 
tures or lower frequencies there is a discrepancy in G’ amounting to a 
factor of 1.5, the values at ultrasonic frequencies being higher than 
the ones on the reduced curve. In G’’ the discrepancy is more com- 
plicated; the ultrasonic values are larger or smaller depending on the 
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temperatures by a maximum factor of 2. The discrepancies are not 
bad considering the different modes of operation and the enormous 
difference in amplitudes used. The amplitudes used in the ultrasonic 
testing are at least 10° times smaller than the ones used in the FIL 
vibration tester. The difference may have been caused by a small 
amplitude dependence of G’, especially since sin 6 when measured by 
both methods was identical within error limits. 


Impact Tester Data 


The impact tester gives deformations of the material of the same or- 
der of magnitude as the vibration tester at frequencies higher than 
those obtained using the FIL vibration tester. Therefore we could 
check for coincidence between the values predicted from the reduced 
curves and those obtained experimentally with the impact tester. 
Table I shows this comparison and the results in most cases are quite 
good. 


TABLE I 


Experimental Check of the Superposition Principle 








Fre- 
sat Impact tester Reduced curves 
cycles / 
Material sec. G’, dynes/em.?_ Sin 6 G’, dynes/em.?— Sin 6 
Med D 316 6.1 x 108 0.245 10.7 xX 108 0.248 
292 9.1 xX 16 0.225 10.5 xX 108 0.255 
407 8.6 x 10° 11.0 x 108 
Med C 249 2.2 X 1068 0.471 1.95 X 108 
191 1.63 xX 108 0.365 1.66 « 108 0.259 
187 1.79 X 108 0.316 1.66 X 108 0.259 
Gel B 62 2.5 X 10’ 2.2 X 10’ 
Med B 76 3.9 xX 10 3.0 xX 10’ 
Gel C (34°C.) 114 9.9 K 107 0.318 11.5 xX 10’ 
Sol D (37°C.) 435 1.21 x 10° 0.235 6.5 xX 10° 0.139 
Gel C (0°C.) 219 3.8 xX 108 0. 287 4.1 x 106 0.238 
Med C (—8°C.) 338 1.0 x 10° 2.2 X<.10° 
Med C (—2°C.) 317 .89 x 10° 1.40 x 10° — 
Med C(—1°C.) 505 2.3 <x -- 1.70 K 10° - 





The only large discrepancies are for materials with very large stiff- 
nesses and for measurements at low temperature where the lack of 
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proper temperature control would make the data less reliable than 
that taken at room temperature. Therefore, the impact tester gives 
reasonably accurate results rapidly for materials which have storage 
moduli from 10’ to 10° dynes/cm.? at the frequency of test. 


The Dynamic Compressibility of Asphalt 


The relationship E’ = 3G’, etc. which we used is valid only if the 
Poisson ratio, v, is 0.5, i.e., if the bulk modulus (K) is much higher 
than the shear modulus. Measurements of the static (under steady 
load) compressibility of asphalts have been reported” and they gave 
values of the order of 2.5 K 10" dynes/cm.? for (K).G@’ for very high 
frequencies or low temperatures may become equal to approximately 
10 dynes/em.*? If these were the values to be used a maximum error 
of approximately 13% would be introduced in the calculation of G’ 
as £’/3. On the other hand there has been no information as to 
the possible changes of the compressibility using loading with har- 
monic vibration of the pressure. We used the compression attach- 
ment of the FIL vibration tester* to investigate this point and found 
for Gel B that the bulk modulus was approximately 2.5 x 10” 
dynes/cm.* and independent of temperature and frequency. There- 
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fore for the conditions in which we were interested our assumption 
was reasonable. 


The Temperature Dependence of Asphalts 


Having shown that the method of “reduced variables’’* is applicable 
to asphalts, it becomes possible to describe their properties by three 
general curves. The first two, the dependence of G’ and ’ on the 
reduced frequency, are given in Figure 4. The third one, the tem- 
perature dependence of the shift factor ar, which is essentially the 
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Fig. 11. Williams-Landel-Ferry plot of ar values. 


temperature dependence of the Newtonian viscosity, will be given in 
this section. 

The temperature reduction factor a, had been obtained for each 
asphalt during the shifting process required to obtain the “reduced 
curves.” The experimental values are given in Table Il. These 
values are then plotted as a function of temperature on Figure 9. No 
points are given because it would cause confusion in this figure. 
These then are the second general curves and we may say that the 
dynamic behavior of our representative asphalts are completely 
known over very wide ranges of time and temperature. 

Recently, Williams, Landel and Ferry'' have found that upon 
choosing suitably a separate reference temperature, 7',, for each sys- 
tem, and expressing a, as a function of 7 — T7,, this function turns 
out to be identical for a wide variety of polymers and their solutions. 
This has also been found true for all the asphalts investigated here. 
In Figure 10 we see that all the asphalts form one curve from 7 — 7, 
equal to —25°C. to T — T, equal to 150°C, but below T — T, equal 
to —25°C. one has three distinct curves which can be differentiated 
by using penetration values.' The data from 7' — 7’, equal to — 25°C. 
to T — T, equal to 150°C. agrees with the WLF function. Ferry and 
his associates have also found that the 7’, temperatures determined are 


approximately the glass temperature plus 50°C. As we have no 
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measurements of the glass temperatures of the asphalts, we cannot 
correlate 7’, and 7’, but it is interesting to note that the reference 
temperatures, 7',, found are very similar in value to the ring and ball 
softening points.' This is shown in Table ITI. 


TABLE Ill 
Correlation of 7’, with Ring and Ball Softening Point 











Softening point, 








Material T,, “C. °C. 
Gel A 65.5 52.8 
Gel B 106 89.5 
Gel C 174 165.2 
Med A 44 44.5 
Med B 56 56.6 
Med C 84 88.4 
Med D 137 148.2 
Sol A 34 38.9 
Sol C 56 58.4 
Sol D 86 84.5 

Distribution of Relaxation Times 


In order to discuss the mechanical properties of asphalts unimpeded 
by the necessity of having two curves, G’ and G’’, one can reduce them 
to a single curve by the calculation of the distribution of relaxation 
times. The method developed by Williams and Ferry’? was used and 
the results are shown in Figure 11. These curves of the distribution 
of relaxation times are also more amenable to theoretical interpre- 
tations. 

In some cases the time scale was extrapolated to the cutoff region at 
long times by using the family curves. The accuracy of this extrap- 
olation was enhanced by imposing the condition that the extrapol- 
ated dynamic viscosity at long times equal the Newtonian viscosity de- 
termined by the use of rotational or capillary viscometers. The most 
notable case of this extrapolation was for the Gel C asphalt. 

The theory of Rouse" describing the viscoelastic properties of 
dilute solutions of linear coiling polymers has been extended by 
Ferry, et al."* to undiluted linear polymers. These predict the 
mechanical properties from the physical chemical composition of the 
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polymer However, one can reverse the process and estimate the 
mass of the flow particles acting in dynamic tests from the known 
mechanical properties. 

Rouse’s theory predicts a series of discrete relaxation times associ- 
ated with the changes of configuration of the polymer molecules. By 
suitable mathematic manipulation, using the second approximation of 
the mechanical relaxation distribution of Ferry,'? one obtains: 


ae . a 


® = 0.90 : 
( 16M (3) 
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Fig. 12. Distribution of relaxation times of representative asphalts. 


This equation predicts a dependence of @ on r~'*. In Figure 11 
we see that this dependence is found only in a rather short range 
toward long times. This range is that in which the large units, whole 
molecules, are moving. By rearranging eq. (3) one obtains: 


M = 0.152npRT/r? (4) 


Therefore, if one determines # and + at the point on the log @ vs. 
log r plot where the theoretical slope of —'/: is obtained and uses the 
Newtonian viscosity determined by steady-state instruments,? one 
can solve for the molecular weight by using the above equation. 
This molecular weight would be a highly weighted one. This was 
done for the ten representative asphalts and the results are given in 
Table IV. These molecular weights are the only estimates that are 
available of the size of the asphalt flow units. However, Scott and 
Cunningham" have obtained electron microscope pictures of asphalts 
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TABLE IV 
Molecular Weights of Representative Asphalts 








Materials Molecular weight 
Gel A 16x 10° 
Gel B 5.6 XK 10° 
Gel C 3.3 & 10° 
Med A 5.8 X 10° 
Med B 1.8 x 10° 
Med C 2.8 x 10° 
Med D 4.3 « 10° 
Sol A 9.9 « 10 
Sol C 1.5 x 108 
Sol D 2.2 x 103 





that are similar to Medium B or Medium C. They found a fine net- 
work of small particles about 200 A. in diameter which are tightly as- 
sociated. Using the functional relationship between size and weight 
for a coil" one has: 


M = m-*/,(L/b)? (5) 


If we assume the monomer unit is a —-CH,— unit we would have 
m = l4andb = 1.54A. Substituting these values into eq. (5), one 
obtains a molecular weight of 1.8 X 10°. This is in reasonable agree- 
ment with the values of 1.8 X 10° for Medium B and 2.8 X 10° for 
Medium C which were obtained from rheological data. 


Di ‘ 


The reduced curves of the individual asphalts shown in Figure 4 ex- 
hibit the behavior of viscoelastic liquids in agreement with the findings 
of the second paper’ in this series. No plateau region was found when 
the storage modulus is of the order of 10’ dynes/cm., and this indi- 
cates that there can be but few crosslinks or entanglements present. 
At low temperatures and high frequencies all the asphalts have similar 
properties, the moduli approach a value of 10" dynes/em. which 
seems to be common to the whole class of “hard’’ plastics. The main 
differences between asphalts occur in the low frequency range or for 
that matter at high temperatures. In that region the Sol asphalts 
quickly turn to Newtonian liquids and have appreciable creep. On 
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the other hand, the Gel asphalts retain their dimensional stability due 
te the high viscosity up to much higher temperatures. 

The agreement between data obtained at high frequencies and the 
values predicted by superposition of low frequency, low temperature 
measurements supports the validity of Ferry’s time-temperature 
superposition technique and supplements the experimental proof al- 
ready found in the literature.” The acceptance of the validity of 
lerry’s method of “reduced variables” then makes it possible to de- 
scribe the rheological properties of the asphalts by three general 
curves: the dependence of @’ and n’ on the reduced frequency and the 
temperature dependence of the reduction factor, az. This reduction 
factor is found to obey the empirical Williams-Landel-Ferry equation 
over a wide range of temperature. 

rom the reduced curves it was possible to compute the distribu- 
tion of relaxation times for the asphalts. Making use of Rouse’s 
theory it was then possible to estimate the molecular weights from the 
curves giving the distribution of relaxation times. These molecular 
weights were found to be quite large. They may be in error since we 
are extrapolating a theory derived for completely flexible linear poly- 
mer molecules to a system as complex as asphalt. However, these 
are our only estimates of size and must suffice until other measture- 
ments are made. 


Conclusions 


There are several conclusions that can be drawn from the investiga- 
tions reported here. 

(1) The moduli versus frequency curves show that asphalts are 
viscoelastic liquids similar to polymer solutions. The lack of a 
plateau region indicates that there are no crosslinks or entanglements 
present. 

(2) The principle of time-temperature superposition is valid for 
asphalts. 

(3) The temperature dependence of asphalts is similar to that of 
linear polymers and obeys the empirical WLF equation over a wide 
range of temperature. 

(4) Asphalts apparently contain rather large flow units. 

The authors wish to express sincere gratitude to the sponsoring companies who 
supported the National Asphalt Research Center. 


Also gratefully thanked are Mr. R. Hollinger, who gathered the impact tester 
data, and Dr. K. Sittel, who obtained the data with the torsion crystal. 
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Synopsis 


The dynamic mechanical properties of ten asphalts, representing three major 
categories, have been determined using a variety of instruments. The validity 
of the time-temperature superposition principle was established by the agreement 
between data obtained at high frequencies and values predicted by superposition 
of low frequency, low temperature, measurements. This made it possible to 
describe the properties of asphalts by three general curves: the dependence of 
G’ and »’ on the reduced frequency and the temperature dependence of ap. These 
curves have been determined experimentally. The curves of the moduli versus 
reduced frequency cover approximately twenty-three decades of reduced fre- 
quency at 25° C. The temperature dependence was seen to be that given by 
the Williams-Landel-Ferry equation over a wide range of temperature. The 
characteristic temperature, 7',, was found to be nearly equal to the Ring and Ball 
softening points of the asphalts. Other bitumens, such as coal tar and a filled 
asphalt, have the same general characteristics. A rearrangement of Rouse’s 
theoretical equations as modified by Ferry made it possible to estimate the 
molecular weights of the flow units and these were seen to be quite large. 
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Thermodynamics of Stretching of Nylon Fibers* 


MALCOLM L. WILLIAMS, Research Center, The Chemstrand 
Corporation, Decatur, Alabama 


Introduction 


One of the approaches used to relate the mechanical properties of 
polymeric materials to their structure involves the application of 
thermodynamics to an extension process. For rubber, the force of 
extension is found to be primarily related to a decrease in entropy of 
the sample. One mechanism which satisfies these thermodynamic 
results is the change of a polymeric coil from a random to a more ex- 
tended, consequently more ordered, conformation. The application 
of statistical mechanics to this mechanism leads to the theory of 
rubberlike elasticity, which has been quite successful for amorphous 
polymers in relating mechanical properties in extension to structure, 
i.e., chain conformation. 

This investigation has applied the thermodynamic approach to a 
semi-crystalline polymer—nylon. The objective was to determine 
whether the extension properties of nylon could be explained in terms 
of rubberlike elasticity. In structural terms, can the crystalline areas 
be postulated as being rather large crosslinking points with the amor- 
phous regions behaving in a manner analogous to that of vulcanized 
rubber? In thermodynamic terms, is the force of extension primarily 
related to an entropy change on stretching? Before considering these 
questions, the general thermodynamics of stretching will be reviewed 
with particular emphasis on the comparisons and contrasts when 
amorphous and semi-crystalline polymers are the materials to be 
studied. Details of the derivation and its application to rubber can 
be found in Flory’s book.! 


* Contribution No. 61 from the Research Center of The Chemstrand 
Corporation. 
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Theory 


Application of the first and second laws of thermodynamics to the 
equilibrium stretching of an elastic body results in 


dE = TdS — PdV + fdL (1) 


where f is the equilibrium external force required to maintain the 
reversible extension dL, and L is the length of the sample. The other 
symbols have their usual meaning. 

Equation (1) can be substituted in the differential form of the ex- 
pression for either the free energy F or the work function A. The 
results are 


@QH) _ » QS) _ QM), » _ 
a>” Gites Giles Gea (2) 
and 
(0) (QS) 2B) (af) 
a < Fe on T~ 
! tin in ae (3) 


Any mechanism devised to explain the extension process must pre- 
dict enthalpy (or energy) and entropy changes in accordance with 
these equations, but thermodynamics cannot predict possible mecha- 
nisms; it can serve only as a check for consistency of a proposed 
mechanism. It cannot ascertain what the mechanism is, nor if the 
correct mechanism has been chosen. 

Experimentally, measurements are performed under constant pres- 
sure conditions and the application of eq. (2) to most of the data for 
natural rubber results in the enthalpy term being small, with the 
slope (O0f/07')p., positive. Thus the force is primarily due to an 
entropy effect. However, for extensions less than 10%, it was found 
that the slope (Of/07')p., is negative, thus requiring an appreciable 
value for the enthalpy term. The explanation suggested* for this 
thermoelastic inversion was that there is a slight volume expansion on 
stretching due to the lowering of the internal pressure by the external 
tensile force. If true, the inversion would disappear if eq. (3) (con- 
stant volume conditions) were used instead of eq. (2) (constant pres- 
sure conditions). 


Since the maintenance of constant volume involves experimental 
difficulties, the following approximation was proposed and experi- 
mentally verified? for natural rubber. 
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Qf) _ Qf) 


(OT) vx (OT) p.» 
Here \ is the ratio of extended length L to initial length Lo. Use of 
this approximation to obtain (O0f/07'),,,, did indeed result in the elimi- 
nation of the thermoelastic inversion. 

In accordance with this observation, “rubberlike’’ behavior is de- 
fined in thermodynamic terms as a positive value of (Of/07')y,, while 
“ideal rubberlike”’ is defined as (OL /OL)y,r equal to zero or the equiva- 
lent statement f equal to 7'(0f/0T7') yx. 

Some seventy years after the first application of these thermody- 
namic equations to data on rubber, a mechanism was proposed to 
account for them. The essential step was the concept of a polymer 
as a long flexible chain. The most probable conformation of such a 
chain is a random coil. Therefore, the equilibrium force of extension 
is required to maintain the chains in an extended, less probable con- 
formation—an entropy effect. The application of statistical me- 
chanics has produced the theory of rubberlike elasticity where rubber- 
like in terms of mechanism refers to the extension of this random coil. 

Thus, the use of the word rubberlike is ambiguous. Any given 
material may be similar to rubber thermodynamically but yet have a 
different mechanism. Correspondingly, the energy and entropy ef- 
fects associated with the uncoiling of chains may be masked by ther- 
modynamic effects related to polymer-solvent interactions or change 
of phase. 

In this investigation of extension properties, attention is focused 
first on the thermodynamic similarities between nylon and rubber. 
Secondly, it will be pointed out what would be involved if a similar 
mechanism were applicable. 


Application to Crystalline Polymers 


Consider three general types of mechanical deformation of a solid 
body. 

Reversible Extension of an Elastic Body (Fig. 1a). The application 
of the stress alters the size and/or shape of the body; however, re- 
moval of the stress restores the original dimensions, indicating that the 
body is elastic. The course of the deformation is the same on both 
loading and unloading, so each stress 8; is unambiguously associated 
with a single extension AL; or strain AL;/L», where Lp is the original 
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Fig. la. Reversible extension of an Fig. 1b. Irreversible extension of an 
elastic body. elastic body. 
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Fig. 1c. Irreversible extension of a non-elastic body. 


length. Thus, the deformation of this elastic body proceeds by a 
reversible path. It is only for this type of extension that eqs. (2) and 
(3) above are valid, for they are derived on the basis of equilibrium 
thermodynamics. 

Irreversible Extension of an Elastic Body (Fig. 1b). The difference 
between the loading and unloading cycles indicates that there is a loss 
of energy during the deformation process. The magnitude of the 
hysteresis depends upon the rate of the extension process. The re- 
covery is complete, indicating an elastic body. 

For a given extension, there are now two stresses, or for a given 
stress, there are two extensions. Should the strain be defined as 
AL,/Lo and some choice made of the stress? Alternatively, is the 
loading stress associated with a tensile strain AL,/L» while the unload- 
ing stress is associated with a compressive strain (C — AL,)/(Lo + 
C)? 

Irreversible Extension of a Non-Elastic Body (Fig. 1c). Most of the 
extension remains as a quasi-permanent orientation (0A) when the 
stress is removed; the distance AC or AL, being the immediately re- 
coverable extension. The term “quasi-permanent”’ is used since the 
amount of orientation of an extended sample under zero stress de- 
pends on the mechanical and thermal history prior to the time of 
measurement of the orientation. That is, the sample of length Ly 


es tectamaints 
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+ A may shrink under zero stress to a length Lo + B after some period 
of time or it may be quenched to some lower temperature maintaining 
its length. 

Considering the time dependence of polymer mechanical properties, 
it is conceivable that OB does not represent a permanent set but rather 
a limit imposed by the length of time the shrinkage is observed. 
Therefore, it is a moot question whether such an oriented body is in a 
true thermodynamic equilibrium state, a metastable state, or a state 
where the disorientation process is occurring at some rate, albeit 
infinitesimally slow. 

According to the literature, the extension of rubber is thermo- 
dynamically irreversible; it is considered elastic for there is a very 
small amount of permanent set when the stress is removed. In order 
to avoid the rate or time dependence, a particular kind of mechanical 
conditioning step has been used in stress-temperature experiments on 
rubber. This procedure is extension at the highest temperature to be 
used, followed by a period of stress relaxation for several hours. 

The extension of nylon, on the other hand, not only is thermo- 
dynamically irreversible but also most of the extension remains as a 
permanent orientation. 

The contrast is that rubber, under zero stress, is isotropic with the 
polymer chains in a random coil conformation and the equilibrium 
tension f is then related to the stretching of these random coils. 
However, with nylon, a sample under no load may range from the 
completely isotropic to a highly oriented state. It would be expected 
that the orientation resulting from the application of a force will de- 
pend on the previous orientation of the nylon sample. The effective- 
ness of a force in producing orientation may depend on the per cent 
crystallinity. Also, interactions between crystallinity and orienta- 
tion may be important. In thermodynamic terms, specifying 7’, P, 
and J» for a rubber sample means an unoriented sample at 7’ and P 
under zero tension. However, for nylon, these three variables are not 
enough to define the state of the sample. At the present time, it is 
not known what additional variables are required to specify the state. 

Since an undrawn nylon sample does not return to its original di- 
mensions when the stress is removed, it is clear that the extension 
process is not reversible. However, after a mechanical conditioning 
step similar to that used for rubber, it is found experimentally that the 
force as a function of temperature for a given individual fiber is 
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thermodynamically reversible, since there is no hysteresis. There- 
fore, valid thermodynamic data can be obtained for crystalline fibers 
and indeed have been reported for nylon*® and various cellulosics.‘ 
In the opinion of the present author, there have been several omis- 
sions in the interpretation of such data. (/) The possibility of a 
thermoelastic inversion due to a volume dilation on stretching has not 
been considered. (2) While measurements are made at constant 
length, it is usually necessary to convert this length into an elongation 
or strain which must be an equilibrium value corresponding to the 
equilibrium force; this strain is not necessarily the total strain im- 
parted to the sample. (3) As recently discussed,’ the effects of the 
heat exchange medium on the sample may be of some importance. 
(4) It must be remembered that rubberlike in thermodynamic terms 
does not imply the same extension mechanism found in rubber. 


Experimental 


The samples used were undrawn nylon monofilaments, approxi- 
mately 100 » in diameter. They contained no additives or visible 
spherulites. The equipment is sketched in Figure 2. A motor drives 
the screw, A, at a constant velocity of 0.354 cm./min. The arms, B, 
are constructed of Invar to minimize thermal expansion. The fiber, 
C’, is attached to the screw by means of aclamp, D. A similar type of 
clamp connects the fiber to a Statham strain gage, F. The lower part 
of the assembly (below L) is placed in a beaker containing silicone oil 
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Fig. 2. Experimental arrangement for stress-temperature measurements. 
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(Dow Corning 550). <A nichrome wire heater in the bottom of the 
beaker is the heat source. Agitation is provided by a magnetic 
stirrer. Cooling is accomplished by placing Dry Ice on the outside of 
the beaker. 

The experimental procedure for the stress-temperature experiments 
was to thermally relax a sample by heating at 160°C. under zero load 
for 30 minutes. After quenching to room temperature, the initial 
diameter (d,;) was measured microscopically. The filament was 
placed in the apparatus, reheated to 160°C. and extended an amount, 
AL, between 2 and 50% of the original length Lo. The decay of stress 
with time was followed for approximately 4 hours, keeping the fila- 
ment at constant length. The temperature was then lowered to 
10°C. and raised to 160°C. with the force measured at 10°C. inter- 
vals. At any temperature, the forces recorded during heating and 
cooling were averaged provided there was no hysteresis between 
the two cycles. At 160°C., the lengtn of the fiber was decreased at 
the same rate as the original extension; the force decreased at the 
same time. When the force reached zero, corresponding to a con- 
traction AL,, the filament was quenched to room temperature and the 
final diameter (d) measured. A separate filament was used for each 
stress-temperature experiment. 

In an additional experiment, the coefficient of linear expansion was 
measured on various undrawn nylons. The technique used was to 
mount the fiber and, at any temperature, extend it until just taut, as 
indicated by a slight deflection of the strain gage. The length was 
then measured with a cathetometer. The volume coefficient of 
thermal expansion is computed to be 4.88 K 10~‘ in the range 80 to 
160°C., in excellent agreement with the value of 4.85 K 10~‘ reported 
in the literature.® 

A comparison of the tenacity and elongation of drawn fibers heated 
for 30 minutes at 160°C. in both silicone oil and dry nitrogen indicates 
no effect of silicone oil. 


Calculations 


From the measured diameters at room temperature and the co- 
efficient of linear expansion, the diameters in the unstretched state at 
160°C. can be computed. If constant volume stretching is assumed, 
the diameters in the stretched state can be calculated from the known 
extension. These diameters are used in converting the force meast#ed 
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Fig. 3. Calculated diameters versus measured diameters at completion of stress- 
temperature experiments. Line is drawn with unit slope. 


in grams to, a stress in dynes/cm.*. Assuming the retraction to be 
also at constant volume gives the diameters at 160°C. under zero force 
at the completion of the stress-temperature experiments. Finally, 
under the assumption that the coefficient of linear expansion of un- 
drawn nylon is applicable, the diameters at room temperature are 
computed.and are compared with the measured values in Figure 3. 
The agreement indicates that all these assumptions are reasonably 
correct. It is especially noted that although the importance of 
volume changes in interpreting the thermodynamics has been stressed, 
the-absolute value of these volume changes is not enough to affect 
calculations of diameter under load. 

The initial length Lo, the extension AL, and the initial contraction 
AL, for the filaments are measured at 160°C. The total (AL/Lo), 
quasi-permanent {({AL — AL,)/L»), and recoverable (AL,/(Lo + 
A4L.+ AL,)) extensions in per cent have been calculated. These lat- 
ter two are labeled quasi-permanent and recoverable with some re- 
serve. ° When the fibers are quenched to room temperature, there is no 
further change in length; however, if left at 160°C. there is continued 
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shrinkage under zero load. The amount of this shrinkage as a func- 
tion of time has not been quantitatively determined. Furthermore, 
the experiment was conducted at a given constant rate of extension 
and nothing is known about the effect of rate. Based on these ex- 
tensions, various quantities which refer to a non-equilibrium state of 
the material can be defined. 

Total extension ratio: 


AL Io+ AL 


A, = 1 4 
+7 Le (4) 
Quasi-permanent extension ratio: 
AL bari AL, Lo te AL —_ AL, 
tl ite anes a (5) 
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Fig. 4. Percentage of extension which is quasi-permanent as a function of total 
extension. (A) Filaments at completion of stress-temperature experiments. (B) 
Filaments retracted immediately following original extension. 
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Immediately recoverable extension ratio: 


AL, Lo + AL 


A. = 1 = 
+ Lo + AL —_ AL, Lo + AL — AL, 


(6) 


It is seen that 4, = A-Ag, and that only A, and \, are based on the 
same length Ly. These definitions can be illustrated by referring to a 
usual textile test where a nylon of draw ratio 5.00 is extended 4%. 
The quasi-permanent extension ratio would be 5.00; the immediately 
recoverable extension ratio would be 1.04; the total extension ratio 
would be 5.20. 

The non-elastic nature of nylon is illustrated in Figure 4, Curve A, 
where the ratio of quasi-permanent to total elongation is plotted 
against total elongation. Curve B illustrates the same ratio for 
filaments retracted immediately after extension. Even in the absence 
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Fig. 5. Stress as a function of temperature for fibers held at constant extended 
length. Original lengths in parentheses. 
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of stress relaxation at constant length, a substantial amount of the 
total extension is not immediately recoverable. 

The stress-temperature results are plotted in Figure 5 for several 
of the fibers of various extended lengths. In discussing mechanical 
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Fig. 6. Stress-strain curves calculated from data of Fig. 5. Dashed lines are 
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Fig. 7. Stress as a function of temperature for fibers held at constant elongation. 


properties, the relevant variables are stress and strain, while in the 
thermodynamic derivation, they are force and length. If the initial 
sample dimensions are normalized to a unit cube, the mechanical 
stress and strain are equivalent to the force and extended length, 
respectively. The thermodynamic quantities calculated here will 
refer to 1 cc. at 160°C. rather than the customary 1 g. or 1 mole of 
material. 

In order to interpret the stress-temperature data, the following 
assumptions are made: 

(1) The stresses measured during the stress-temperature experi- 
ments are close to the equilibrium values required to maintain the 
recoverable extension. 

(2) From the experimentally measured recoverable extension at 
160°C., extensions can be calculated at lower temperatures using 
the coefficient of linear expansion of the unoriented material. This 
assumption is considered to be valid in the light of the diameter cal- 
culations given previously. 

Assumption (/) is only approximately true. Since the fiber will 
continue to shrink under zero load, the measured stress must contain 
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TABLE I 
Internal Energy and Entropy Components of the Stress for the Extension of 
Nylon 
T(Of) (dS) (OB) 
J, dynes/em.? X (O7')p.» (QL)y.r (OL)y.r 
Temp., °C. 108 dynes/em.? X 108 dynes/em.? « 108 
Strain = 2% 
150 0.63 1.02 —0.39 
140 0.61 0.83 —0.22 
130 0.59 0.64 —0.05 
120 0.58 0.47 +0.11 
110 0.57 0.31 0.26 
100 0.56 0.11 0.45 
Strain = 3% 
150 0.92 1.18 —0.26 
140 0.90 1.03 —0.13 
130 0.87 0.85 +0 .02 
120 0.85 0.67 0.18 
110 0.84 0.54 0.30 
100 0.83 0.34 0.49 
Strain = 4% 
150 1.17 1.10 +0.07 
140 1.15 1.03 0.12 
130 1.12 0.97 0.15 
120 1.10 0.86 0.24 
110 1.08 0.73 0.35 
100 1.06 0.60 0.46 
Strain = 5% 
150 1.39 1.35 +0 .04 
140 1.35 1.28 0.07 
130 1.32 1.17 0.15 
120 1.29 1.06 0.23 
110 1.27 0.88 0.39 
100 1.24 0.67 0.57 








a component to maintain this additional length. If the recoverable 
strain is used, the measured stress is too high. If the total measured 
stress is used, the recoverable strain is too low. Clearly this state 
of the material is not one of equilibrium. Nevertheless, the thermo- 
dynamics of stretching will be applied to the measured values of the 
stress and immediately recoverable strain. 
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Figure 5 represents the stress as a function of temperature for 
various values of extended length. At constant temperature the 
ordinates of the curves give the stress as a function of extended length. 
This extended length can be converted into a strain by taking into 
account, at each temperature, the effect of thermal expansion on the 
known unextended length. The resulting stress-strain curves are 
shown in Figure 6 where the dashed lines represent smooth curves 
drawn through the experimental points. 

At constant strain, the ordinates of the curves of Figure 6 give the 
stress at constant elongation as a function of temperature, shown in 
Figure 7. This procedure of converting from stress at constant 
extended length (Fig. 5) to stress at constant elongation (Fig. 7) is 
identical with that used for rubber. 

The slopes of the curves of Figure 7 have been measured for tem- 
peratures greater than 100°C. The approximation that (0f/07),y., 
equals (0f/07')p,, is considered to be valid. It is seen that, for tem- 
peratures greater than 80°C., the slope of (O0f/07')p,, is positive for 
all elongations in contrast to the data of Figure 5. Therefore, rubber- 
like behavior is indicated and the minimum of the curves of Figure 7 
around 80°C. represents a glass to rubber transition. In harmony 
with this result, from the maximum of the loss tangent-temperature 
curves, measured in a dynamic experiment, Woodward et al.’ report 
a transition temperature of 77°C. The entropy component of the 
stress 7'(O0f/O7)p,, has been computed and compared to the total 
stress in Table I. The internal energy component of the total force 
is smaller than the entropy component; however, the data are not 
precise enough to decide if the rubber-like behavior is ideal. 


Discussion 


The structure of nylon is normally approximated as a mixture of 
crystalline and amorphous regions. In terms of this structure, these 
mechanical results are suggestive of the following mechanism. The 
amorphous areas are crosslinked by the crystallites. The application 
of an external stress orients both structural types. As the crystallites 
rearrange to be in equilibrium with the new extended length, the 
stress decreases. The extended amorphous regions do not equilibrate 
but return to their original conformation on release of the stress. 
Since the fiber continues to shrink under zero load, the crystallites 
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also may disorient to some extent, possibly at a much slower rate than 
the amorphous areas. The extension of these amorphous regions 
and their subsequent recovery is at least thermodynamically similar 
to the behavior of a vulcanized rubber, and this behavior is independ- 
ent of the orientation of the crystallites. In order to make a quanti- 
tative comparison, a highly crosslinked rubber should be considered 
since the degree of crystallinity of nylon is probably high enough to 
prevent the amorphous chain conformations from being Gaussian. 

If the statistical treatment of rubber-like elasticity is applicable, 
the stress-strain curves of Figure 6 are described by: 


l 
S = KT \|),? -— 7 
( ‘) @) 
which, for A, ~ 1 reduces to 
S = 3KT(\, — 1) (8) 


Here, S is the stress based on actual cross section, K is a constant, 
T is the absolute temperature, and the extension ratio A, is equal to 
1 + €, where «, is the strain. The straight lines of Figure 6 have 
been drawn using a value of K of 2.36 & 10° dynes/cm.? degree, and 
reasonably good agreement is obtained. 

Young’s modulus £ is equal to 3KT and is computed to be 3.06 
10° dynes/cm.? at 160°C., some hundredfold higher than for a typical 
rubber.’ 

Since E = pRT/M,, the molecular weight between crosslinks M, 
can be calculated to be 11. 

From low angle x-ray results, Hess*® obtains a repeat distance along 
the chain of 74 to 88 A., depending on pre-treatment. If this distance 
approximately represents the crystallite length, it would correspond 
to a molecular weight of 970 to 1150. Since the fiber is approximately 
50% crystalline, one would expect the molecular weight of the amor- 
phous chains between crystallites to be of the same order of magnitude. 

If the crystallites were considered similar to reinforcing fillers for 
the network, the modulus of the system would be increased by a factor 
depending primarily on the volume concentration of filler. Since 
Bueche has shown” that 15% filler can increase the modulus by a 
factor of 12, it is conceivable that the modulus of the filled, i.e., semi- 
crystalline network, might be two orders of magnitude higher than 
that of the unfilled, i.e., amorphous only, network. 
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When these results are discussed in terms of crystalline and amor- 
phous regions, several additional inherent assumptions should be 
noted. The immediately recoverable strain has been computed from 
the changes in length of the entire fiber, but this strain has been 
associated only with the amorphous areas. Since these amorphous 
areas are roughly one-half of the fiber, the deformation is not affine, 
in contrast with rubber. Furthermore, it has also been assumed that 
there is no change of phase on stretching or, if present, it is unimpor- 
tant. 

The effects of several potentially important variables have not 
been studied. Among these are the presence of spherulites, the 
thermal pretreatment, and the rate of the extension. 

Any quantitative description of the extension mechanism will 
depend upon a statistical mechanical treatment of the semi-crystalline 
state. Such treatment may well depend on the proper choice of a 
model analogous to the random coil used for rubber. 

Beyond these questions of mechanisms and the proper structural 
units to use, the thermodynamic analysis depends on three main 
assumptions: (/) The immediately recoverable part of the extension 
is sufficiently reversible that equilibrium thermodynamics can be 
applied. (2) The stresses measured are values associated only with 
these recoverable strains. (3) The thermodynamic effect of volume 
changes due to stretching can be eliminated in a manner similar to 
that used for rubber. 

This work is presented only as a first approximation to the exten- 
sional behavior of nylon. Primarily it points out some of the prob- 
lems in applying the thermodynamic approach to the extension of a 
semi-crystalline polymer. Solving of these problems may aid in the 
use of mechanical properties for casting light on the structure of 
semi-crystalline polymers. 
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Synopsis 


The thermodynamics of the reversible stretching of an elastic body is reviewed, 
and its application to the theory of rubberlike elasticity and to semicrystalline 
polymers is discussed. Experimental data are given for the stress-temperature 
behavior of undrawn nylon filaments extended from 2 to 50% at 160°C. It is 
found that a large proportion of the total elongation remains as a quasi-permanent 
orientation. That part of the total extension which is immediately recoverable 
on removal of stress at the end of the stress-temperature experiment is used to 
define the strain to be used in the thermodynamic analysis. This definition is 
rather arbitrary since time effects are not considered. The thermodynamic 
effects of volume changes during the deformation are eliminated in a manner 
similar to that used for rubber by converting from stress at constant length to 
stress at constant elongation. The result is that the stress is primarily accounted 
for by an entropy term above 80°C., indicating that nylon is rubberlike, at 
least in thermodynamic terms. The resulting stress-strain curves can be ap- 
proximated by a form of the equation predicted by the theory of rubberlike 
elasticity. However, the calculated modulus (3 < 10° dynes/cm.*) leads to a 
molecular weight between crosslinks much too low. _ If the crystallites were acting 
as fillers to the amorphous rubbery chains, the magnitude of this discrepancy 
would be lessened. 
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Flow Properties of Lithium Stearate-Oil 


Dispersions 


WALTER H. BAUER, DUANE O. SHUSTER,* and STEPHEN 
KE. WIBERLEY, Walker Laboratory, Rensselaer Polytechnic Institute, 
Troy, New York 


INTRODUCTION 


In a grease such as that formed by dispersions of lithium stearate in 
lubricating oils, it has been proposed that the soap'~* exists as 
randomly-oriented, entangled fibers or fiber aggregates,‘~* at least 
partially crystalline. Within the fibers, ionic and van der Waals’ 
forces contribute to the strength. At points of entanglement or con- 
tact between the fibers, van der Waals’ and polar attractive forces 
give a three-dimensional network character to the system of soap 
fibers, in which the very dilute saturated solution of soap in oil con- 
stitutes a second continuous phase. The grease thus formed is a 
viscoelastic material with very complex responses, reversible and ir- 
reversible at constant temperature, to shear stresses. Deformation 
properties are affected by the rate of strain in shear, by the accelera- 
tion of the rate of shear, and by the magnitude and time of flow at a 
particular rate of shear to which the system has been previously sub- 
jected.’ For a lithium-base grease, Hutton and Matthews’ reported 
an acoustic elastic modulus of 1.6 K 10° dyne cm.~*, measured in 
compression by means of a parallel plate plastometer. Criddle and 
Dreher,® for a grease of 14% lithium stearate in a base oil of 2.3 poise 
viscosity at 25°C., found elastic behavior with larger values of stress 
required to produce a given strain when measured in compression 
than when measured in shear. Tests were made on samples of grease 
contained between two concentric cylinders in shear, and on un- 

* Present address: Socony Mobil Oil Co., Inc., Technical Service Laboratory, 
412 Greenpoint Ave., Brooklyn 22, New York. 
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supported cylinders of grease in compression. From dynamic tests 
made on a vibrating system of a lithium-calcium grease between two 
concentric cylinders, Forster and Kolfenbach* obtained a rigidity 
modulus of 3.8 xX 10* dyne em.~*. Elastic deformations under 
constant strain rate at low strains were followed by a region of creep,’ '* 
in which stress no longer varied linearly with strain. The value of the 
stress at which the relation of stress to strain varied from linearity, 
the “yield point” or “yield stress,’ was 2.8 X 10° dyne cm.~? for the 
grease tested by Criddle and Dreher and 5.5 X 10* dyne cm.~? for 
the grease tested by Hutton and Matthews, at 25°C. Yield stresses 
were found and measured directly by Singleterry and Stone,® by means 
of a blade-penetrometer, for a lithium stearate grease in di(2-ethyl- 
hexyl)-sebacate, in the order of 5 X 10*dynecm.~*. It was found’~* 
that the yield stresses exhibited by greases of a given formulation de- 
pended on the previous shear history, in manufacture or in working 
tests. As shown by Criddle and Dreher, and by Hutton and Mat- 
thews, the region of linear stress-strain variation was followed by 
a region of creep, in which neither the rate of shear strain nor the 
strain varied linearly with the stress. The region of creep flow ended 
at an “ultimate yield stress’’ whose value was dependent on the rate 
of strain, and which was followed by a region of rapid shear rate 
thinning. 

Thus, within a specified time scale of experiment, greases show 
definite yield values, at constant temperature, corresponding to 
specified strain rates and type of deforming stress. Yield is followed 
by flow (creep at low rate of shear). During this flow the grease is 
not in a steady state, and after sufficient time of flow and magnitude 
of shear rate, an ultimate yield stress is reached above which a regime 
of viscous flow with shear rate thinning or thickening appears. In 
many industrial applications of greases, such as the flow in low pres- 
sure delivery systems, intermittent pumping, slumping in delivery 
under the gravitational head, or penetration into bearings, a knowl- 
edge of yield behavior under defined conditions would be very impor- 
tant. 

Capillary viscometers have been widely used in flow tests on greases, 
and attempts have been made to define yield phenomena in greases 
by extrapolation based on capillary flow measurements,’~'* with the 
assumption of a Bingham type of yield point and a Bingham viscosity. 
Such extrapolations, even when made with the Buckingham equa- 
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tion,'® give values of yield stresses sensitive to the range of shear rate 
data used, as pointed out by Criddle and Dreher.’ The existence of 
entrance effects’*.” in capillary studies, and the change of original 
structure on passage through a capillary tube'*~* make it unlikely 
that yield stresses with defined parameters of strain rate, deformation 
type, and shear history can be obtained in capillary viscometry of 
greases. 

Dynamic methods* and methods based on rotary movement, as in 
the case of the cone-plate viscometer,'’:*' offer more promise in pro- 
viding known initial conditions and controlled time of application 
and magnitude of rate of shear strain. It appeared valuable to com- 
pare closely the effects of flow in the capillary and cone-plate vis- 
cometers for model greases of simple composition and known work 
history, and this investigation was made with that objective. 


MATERIALS 


Lithium stearate was prepared from a solution of stearic acid in 
ethyl alcohol by neutralization with a carbonate-free, 50% aqueous 
alcohol solution of lithium hydroxide. The precipitated lithium 
stearate was digested, filtered, washed with alcohol and with ethyl 
ether, and dried at 100°C. Reagent grade stearic acid and purified, 
crystal lithium hydroxide monohydrate were used. An acid-treated 
naphthenic oil, oil D described by Cox®® was used. The viscosity at 
25°C. was 4.2 poises. 

Soap-oil dispersions were prepared in a kettle designed for grease 
making,”* with a system of counter-rotating blades bearing a net-work 
of wall scrapers, and with provisions for heating and measurement of 
temperature. Soap and oil were mixed, stirring was commenced, 
and the mixture was heated from 25 to 210°C. in 40 minutes. Heat- 
ing was then stopped, and the samples were cooled to 25°C. in 4 hours. 
System I was not stirred; systems II and III were stirred throughout 
the cooling period. The compositions of systems I, II, and III were 
4, 4, and 8% soap by weight, respectively. For the preparation of 
dispersions with additives, samples of system III were reheated to 
210°C., the additive was rapidly mixed with the dispersion, and the 
resulting mixture was cooled without stirring in a covered container 
to 25°C. in 6 hours. A control without additive was similarly pre- 
pared from a sample of system III. The dispersions were approxi- 
mately 1% by weight in additive. 
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The finished dispersions were not subsequently agitated, and 
samples were transferred to viscometers with the minimum possible 
disturbance. 


CAPILLARY VISCOMETER 


A capillary viscometer with a floating drive piston in a viscometer 
reservoir tube, 1.5 inches in diameter and 10 inches long, was used.** 
Interchangeable borosilicate glass capillary tubes were mounted flush 
with the surface of the base plate of the viscometer. The volume 
rate of flow of the grease through the capillary tube was calculated 
from the rate of descent of the piston and the dimensions of the reser- 
voir. By means of a transducer, rate of movement of a graduated 
follower rod attached to the piston was recorded as voltage versus 
time by an automatic recorder. The driving pressure was supplied 
from a source of compressed nitrogen at pressures measured by a 
calibrated Bourdon gauge. Uniformity of bore of the capillaries was 
checked by measurement of the length of a weighed mercury drop 
moved along the tube. The diameters were calculated from the 
weights of mercury filling measured lengths of the tubes, and by means 
of the measurement of the viscosity of Newtonian oils. The whole 
viscometer was immersed in a chest with controlled temperature. 


CONE-PLATE VISCOMETER 


In the viscometer*.** used in this work a cone of low angle is im- 
mersed in a sample of test material on a flat plate, temperature con- 
trolled, with sensing thermocouples imbedded in insulating material in 
contact with the sample. The cone may be set in rotary motion by a 
drive shaft, manually controlled, or at accelerations governed auto- 
matically.” The drive shaft is connected to the cone shaft through a 
horizontal coiled spring, and extension of the spring when the drive 
shaft rotates through a greater angle than the cone shaft provides a 
driving torque to the cone. Voltages from shear stress and rate of 
shear strain transducers were brought to an 2x-y recorder and plotted 
directly. 

Four types of operation were used in this investigation : 

(1) For measurement of stress decay or creep, a shearing stress was 
applied to the cone immersed in a sample as the result of a rapid, 
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Fig. 1. Stress decay curves for lithium stearate-oil dispersion, system III. 
Stresses 1, 2, ..., 8, and a successively applied to same sample. 


limited rotation of the drive shaft. As long as the cone remained in 
a fixed position, a fixed stress was thus applied, as shown in Figure 1, 
curves 1-8. When creep occurred during the period of test, the angle 
of separation of the drive shaft and the cone shaft was diminished, 
and the stress decayed during the period of time (a-b, Fig. 1) until a 
lower constant value of stress was reached, after which no further 
change of stress occurred during the time of the experiment (c-d Fig. 
1). During the application of each stress (1-8 Fig. 1), it is assumed 
that elastic deformation took place. _ If it is assumed that the acoustic 
elastic modulus was of the order reported by Hutton and Matthews 
(2 X 10° dyne cm.~*), it was calculated that the motion of the cone 
during elastic deformations below the onset of creep was less than the 
limit of observation for the instrument used. 

(2) For measurement of the initial yield value, ultimate yield stress, 
and comparative extent of shear rate thinning in a given time, the 
rate of rotation of the drive shaft was increased at a constant rate for 
a specified time, after which the rate of rotation was linearly decreased 
and brought to zero. The time at which movement of the cone com- 
menced was noted. The results of five such cycles of flow applied 
successivly to the same sample are shown in Figure 2, for the same 
cycle time in each case. The shear stress at the time flow was ob- 
served to commence is shown at y; in the curve for cycle 1, and at 
Yo, Ya, Ys, and ys in the curves for successive cycles. Since the rate of 
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acceleration was the same in each cycle, the initial portions of the 
curves from 0 to the points marked y are identical because for these 
portions no motion of the cone has occurred, except that corresponding 
to the negligible elastic deformation of the sample. During the 
period from y to z in cycle 1, creep flow of the sample occurred, and 
when the shear strain had reached the value corresponding to the 
point x, ultimate yield occurred and a regime of flow commenced in 
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Fig. 2. Initial flow properties of lithium stearate-oil dispersion, system III. 
Time of cycles, 30 sec. Cycles 1, 2, ..., 5 carried out successively on single 
sample. 


which the speed of rotation of the cone closely approximated the 
speed of rotation of the drive shaft. Although the vertical coordinate 
in Figure 2 is labeled “rate of shear,’’ it should be noted that, from the 
construction of the Ferranti instrument, the speed of rotation of the 
drive shaft is directly measured, not the speed of rotation of the cone, 
and the two are equal only when a steady state has been reached. 
Since the difference in total angle of rotation of the drive shaft and 
the cone shaft is directly proportional to the stress at all times, and 
since the total angle of rotation of the drive shaft at any time, t, is 
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is proportional to stress measured at same times. 


proportional to ¢* at the constant acceleration used, it is possible to 
determine the relation of the angle of rotation of the drive shaft to the 
angle of rotation of the cone shaft. In Figure 3 are shown the angles 
of rotation of the drive shaft and of the cone shaft during the first 
portion of cycle 1 shown in Figure 2. Points z and y in Figure 3 
correspond, in time, to points x and y in Figure 2. At the yield stress 
corresponding to y, the angle @ of rotation of the cone is zero and the 
strain is very small. When the strain has reached the value corre- 
sponding to the angle @ of rotation of the cone shown by the point z, 
the stress is at a maximum, the ultimate yield stress. From Figure 3 
it is apparent that ultimate yield values obtained with the cone and 
plate viscometer are not measured at constant rates of strain. How- 
ever, they are measured at a determinable relation of strain with time. 
The initial yield stress value was not found to be dependent upon the 
rate of application of stress, within the time scale of the experiments. 
It is possible that creep would occur below the yield stress if sufficient 
time were allowed. The greater the time allowed for creep, the lower 
the shear stress at which ultimate yield took place. For this reason, 
ultimate yield stresses measured were larger for the more rapid rates 
of accleration of the cone, while the initial yield values were inde- 
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pendent of the rate of increase of the applied stress, within the scale 
of rates used in these tests. 

(3) In a third type of operation of the viscometer, the speed of 
the cone was rapidly raised until the rate of shear reached a desired 
value, after which the stress at constant shear rate was recorded 
versus time, until a steady state was reached. 

(4) In time cycles, the drive shaft was accelerated from zero speed 
to a predetermined rate of rotation, after which the speed of rotation 
of the drive shaft was decreased to zero at a rate of deceleration equal 
to the rate of acceleration. Until the initial and ultimate yield values 
were exceeded, the rate of shear in the sumple was not measured by 
the rotation rate of the drive shaft. After the regime of flow was 
reached, and for the remainder of the cycle, the speed of the cone 
closely approximated the speed of the shaft. It should be noted, 
however, that in all programmed accelerations in instruments with a 
spring-connected torque element between the drive shaft and the 
viscous element shaft the speed of rotation of the shaft and cone are 
exactly the same only at constant stress. 


RESULTS AND DISCUSSION 


Determination of Flow Variables for 
Systems I and II from Capillary Viscometry 


Entrance Effects 


For both systems | and II, plots of the driving pressure, P, versus 
capillary length, L, for constant flow rate, Q, and radius, R, gave 
straight lines with a common intercept, L’ at P = 0, for various 
values of Q. The magnitude of these effects was well beyond experi- 
mental error, and is illustrated in Table I. 


TABLE I 


Entrance Effect in Capillary Flow of Lithium Soap-Oil Dispersions" 








Capillary L’ (intercepted 
diameter, cm. at P = 0), em. 
0.0740 1.3 
0.1020 1.4 
0. 1286 1.6 





* Range of capillary length, 4.20-25.6 em. 
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Determination of Real Wall Rate of Shear 


As shown in Figure 4 for system I, curves A and B, plots of the 
flow variable, D = 4Q/xR*, versus shearing stress, r = PR/2L, were 
widely separated for the two values of radius to length ratio of the 
capillaries shown. Values of D obtained with capillaries of different 
size, but with the same radius to length ratio, fell on the same curve. 
Corrected values of the shear stress were obtained from plots of 
r vs. R/L for selected values of D throughout the range of D, by deter- 
mination of the intercept, ro, at R/L = 0, according to the method 
proposed by Bauer and Weber.* The values ot 7» thus obtained were 
plotted versus the corresponding values of the rate of shear, D, il- 
lustrated by curves C in Figures 4 and 5 for systems I and Ii, re- 
spectively. It was found that for both systems a plot of the slope 
[dr/d(R/L) |e vs. (70g for various values of Q was linear and extrap- 
olated through the origin. It is interesting to note that the con- 
stant B in the relation thus found, {[dr/d(R/L)\o = B(to)e, was 40 
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Fig. 4. Flow curves, lithium stearate-oil dispersion, system I. 
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Fig. 5. Flow curves, lithium stearate-oil dispersion, system II. 


for both systems I and II, dispersions of which had the same concen- 
tration.of soap in oil. 

From the flow curves, D vs. ro, values of d(logD)/d(log ro) were 
obtained at selected values of D and the real wall rate of shear, D,, was 
calculated from the relation 


D d(log ~) 
D, = 3 : 
4 ( r d(log ro) 


A plot of D, vs. 7» for system I is shown in Figure 4, curve D. A 
similar plot was made for system II, but in this case the divergence 
between the curve representing D,, vs. 7, and that of D vs. 7») was too 
small to be conveniently shown in the diagram (Fig. 5). 


Correction for Temperature Effects 


When the flow properties of the base oil D were measured, nominally 
at 25°C., in the cone and plate viscometer and in the capillary vis- 
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Fig. 6. Comparison of effect of flow heating on flow curves, oil D in capillary and in 
cone-plate viscometers. 


cometer, the results over comparable ranges of D and + are shown in 
Fig. 6. When the plots of log D vs. log r are linear, it may be as- 
sumed that neither shear rate thinning nor change of temperature 
occurred. During even very short shearing times, the relation of 
log D to log r for the base oil deviated from linearity at shear rates 
above approximately 8 <X 10* sec.—' when the cone-plate viscometer 
was used. When the capillary instrument was used, the flow curve 
remained linear until a shear rate of 18 X 10* sec.~' was reached. In 
the shear rate range of 8 X 10* to 18 X 10* sec.~' in which the capil- 
lary measurements indicated Newtonian behavior, the oil sheared in 
the cone-plate instrument rose in temperature significantly above 
25°C. Since the viscosity of the grease approached that of the base 
oil in the shear rate region concerned, a correction was made for 
temperature rise of the greases in the shear rate range 8 X 10* to 
10 X 10° when the cone-plate viscometer was used. It was assumed 
that the divergence of r from linearity with D in this range was no 














326 W. H. BAUER, D. O. SHUSTER, 8. E. WIBERLEY 


greater than that shown by the base oil. At high rates of shear, the 
temperature coefficient of viscosity of greases has been shown to 
approach that of the base oil.*'_ Corrections of the cone-plate data 
in the region of temperature rise could not be based on a temperature 
coefficient of viscosity for greases and the temperature registered by 
the sensing thermocouples in the viscometer base plate. Irom the 
known characteristics of the base oil, the temperature rise above 25°C. 
shown by the measured viscosity in the heating range of shear rate 
was from 1—2°C. larger than the rise of approximately 1°C. shown 
by the sensing thermocouple. Irom these observations it must be 
concluded that when temperature increases during shear of a sample 
are indicated by the Ferranti viscometer plate sensing system, portions 
of the sheared medium have reached substantially higher tempera- 
tures than those indicated. The chief value of the thermopile in 
base plate systems is to show when the rate of production of heat in 



























— 
LITHIUM STEARATE|— 
OIL DO , System! 
Cone- Plate 
ad Viscometer 
7 
e 3 
Pa) 
wn 
Qa 
x 
a 
w 
= 
” 
ua 
© 10° SS 
Ww 
— 
a 
« 
10! A, 2" __|m 





10? 10% 103 


105 
SHEAR STRESS, T, (dyne cm~?) 


Fig. 7. Effect of maximum rate of shear and time of shear on flow curves. mp,y 








mgz, ouu'o’, ov ...,0w...,0x..., from measurements on fresh samples in each case. 
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shearing has exceeded the rate of conduction to the base plate reser- 
voir. 
Stress Decay in Shear Strain 

During cycles of shear rate acceleration and deceleration while 
greases were tested in the cone-plate viscometer, changes of structure 
with time of shearing occurred in the greases. When limiting values 
of shear stress had not been reached, D vs. r flow curves were not 
equilibrium curves, and were sensitive to time of cycle, as shown by 
curves ox and mq in Figure 7. When a sample of grease was rapidly 
subjected to a particular fixed rate of shear, it was found that the 
stress developed decayed, reaching a limiting value in time at which 
any further changes were outside the scale of test. 

Typical results are shown in Figure 7 for the system I grease. 
When the shear rate was raised to that corresponding to points 0, u, »v, 
w, and x for successive fresh samples of grease (at the same accelera- 
tion of shear rate in each case), the points o’, u’, v’, w’, and x’ were 
reached. After such a limiting stress was reached at a particular rate 
of shear, the D vs. r curve obtained in cycles of shear showed no hys- 
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Fig. 8 Comparison of initial flow curves for lithium stearate-oil dispersions 
System I cooled without stirring; system II cooled with stirring. Cycle time, 180 
sec, 
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Fig. 9. Comparison of flow curves for system I and system II after 1000 sec. at 
1600 sec.—' shear rate. Time of cycle, 180 sec. 


teresis, and could be repeated reversibly on the same sample if the 
rate of shear at which the limiting stress had been established was not 


exceeded. The curves av’, bw’, cx’, dy’, and dz’ were of this type 
(Fig. 7). 

The behavior of systems I and II in cycles of shear rate increase and 
decrease are shown in Figure 8 for the initial cycle of shear on samples 
undisturbed except for loading the viscometer, showing the typical 
initial yield values exhibited and the initial cycle hysteresis. In Fig- 
ure 9 are shown flow curves for the same samples obtained after 
the greases had been sheared for 1000 sec. at a shear rate of 16 « 10? 
sec.—'. The yield values were greatly diminished, and the flow cycles 
could now be repeatedly traversed without further change within the 
limits of the testing times used, as long as the shear rate of 16 X 10? 
sec.~' was not exceeded. 


Comparison of Flow Curves Obtained in Cone-Plate and 
Capillary Viscometry 


When the shear history of a material affects its flow properties, two 
of the characteristics of laminar flow in capillary tubes become very 
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important when comparisons are to be made with flow of the material 
in cone-plate viscometers. In capillary flow in tubes of the same R/L, 
each point of the D vs. r flow curve is obtained for samples which 
have in no part exceeded the real rate of shear at the wall, and for 
which the energy on entrance work must be supplied to all the material 
traversing the tube, a volume much larger than that involved in cone- 
plate viscometry. Because of the first of these characteristics, capil- 
lary data, obtained at successive points of maximum rate of shear in 
the sample, should be compared to flow curves obtained with the cone- 
plate viscometer in which the particular rates of shear, D, for which 
the corresponding limiting stresses, ro, have been measured, have not 
been exceeded. Such curves are given by the locus of the points 
o’, u’, v’, w’, x’, y, and z, in Figure 7, and examples are curve £ in 
Figure 4, and curve D in Figure 5. For both systems I and II, the 
flow curves D vs. r obtained in cone-plate viscometry do not coincide 
with Dregi V8. To curves obtained for corresponding samples in capillary 
viscometry. A likely reason for this is that in the short residence time 
during which a sample is exposed to D,.,; in the capillary, the grease 
has not had time enough to reach the limiting value of stress corre- 
sponding to Drea. The (R/L) correction described in obtaining 7 
compensates only for the stresses involved in entrance effects. It thus 
appears that only when a grease is already shear stable with respect 
to yield value and time of shearing can the results from cone-plate 
viscometry and capillary viscometry coincide. This requirement was 
not met by our model greases, and by none of the eight currently 
marketed greases as supplied by the manufacturers. The excellent 
correlation obtained by Sisko, Brunstrum, and Leet”* for a highly 
worked grease shows that the requirement may be met by special 
products. For the more shear-sensitive greases generally supplied 
to users, it should be valuable to obtain flow curves both for capillary 
flow, approximating many handling and dispensing conditions, and 
for cone-plate steady-state flow, approximating bearing conditions. 
The cone-plate or other rotary arrangement appears best for measure- 
ment of the initial value of yield stress and initial flow resistance be- 
fore major destruction of transient structure. 


Effect of Dispersion Preparation Method 


Systems I and II were prepared and tested under such conditions 
that the chief differences in structure should lie in the length of the 
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lithium stearate fibers and the extent of aggregation of the fibers. 
The system II grease, prepared by crystallization on cooling with 
stirring, showed lower initial yield stresses and less change in viscosity 
on shear than did the system I grease, in which the lithium stearate 
fiber had been allowed to form undisturbed, as shown in Figure 8. 
These results are in agreement with the expectation that the fibers 
in system II were originally shorter than those of system I, and that 
the chief effects of shear were destruction of the three-dimensional 
fiber network and breaking of fibers in shear strain. 

Two other characteristics of the two systems are notable. First, 
even after severe shear strain at 16 10? sec.—' for 1000 sec., the 
limiting flow curve of system I showed much higher stresses at com- 
mon rates of shear than were shown by the flow curve of similarly 
sheared system II, as shown in Figure 9. It is concluded that, al- 
though the system I grease underwent the greatest proportionate 
change in flow properties, the fibers in this system prepared from the 
same weight of lithium stearate must have been more resistant to 
shear breakup than the fibers in system II. It may be that crystalli- 
zation in the fiber was more complete in the case of fibers formed with- 
out agitation in cooling, while those formed with stirring may have 
contained more short range imperfections. 

A second, unexpected characteristic of the two types of greases is 
not readily explained. For both system I and system II, the ratio of 
dr/\d(R/L)\¢ to (roe in capillary studies was constant and equal, 
having a value of 40. If the slope of r at constant Q vs. R/L is con- 
stant and proportional to the intercept, ro, at R/L = 0 for various 
values of Q, it is apparent that the 7 vs. R/L curves constitute a set of 
straight lines with a common intercept with the R/L axis. The length 
of this intercept has been interpreted by Philippoff and Gaskins” to be 
a measure of the recoverable shear, s, giving rise to a normal stress of 
r, at a shear stress of r for certain systems. In this case, however, the 
entrance effects are irreversible at constant temperature, and the in- 
tercept should perhaps be regarded simply as a measure of the energy 
irreversibly expended in rupture of fiber contacts and orientation of 
fibers* on entrance of the grease into the capillary. In any case, 
the energy stored for the same flow volume is the same for both sys- 
tem I and system II greases, for which the initial “ultimate yield 
stresses,” shown in Figure 8, are very different, 10 K 10° and 4 X 10° 


” 


dynes cm.~*, respectively. The entrance effects are thus propor- 
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tional to the concentration of the lithium stearate in these dis- 
persions, rather than the mode of organization. 


Effect of Additives 


In addition to a base oil and principal thickening agent, greases 
commonly contain small amounts of additives. The studies of such 
lithium stearate greases, modifications of system III, were made with 
the cone-plate viscometer because of the possibility of measurement of 
initial yield stresses in the unworked condition and after a specified 
work treatment at a uniform shear rate The additives used are 
listed in Table II, together with the yield stress results. 


TABLE II 
Flow Properties of Lithium Stearate-Oil-Additive Systems 





Yield stress, 7, 10° dyne cm.~? 








Additive Tinitial Tequilibrium" 
None (control) s 0.3 
Diphenylamine S 0.3 
2,6-Di-tert-buty!-p-cresol 7 0.3 
2-Ethyl hexanoiec acid 7 <0.1 
Caproie acid 4 <0.1 
m-Cresol 4 <0.1 
Stearic acid 3 <0.1 
Cyclohexanol 3 <0.1 
Glycerol 3 0.35 
Caprylic acid 2 <0.1 





® Tequilibrium Measured after 1000 sec. at D = 4.0 K 10° see. >! 


The values of initial yield stress were measured for samples loaded 
into the viscometer shearing region with a minimum of disturbance. 
The yield stresses marked f.quitivrium Were measured after 1000 sec. at 
a shear rate of 4 X 10° sec.—' and a period of rest. No change was 
noted in the flow characteristics of these greases for a period of rest 
of 48 hours, and the changes in initial structure occurring in shear, 
were thus not restored in the period of these tests. The chief effect 
of the additive was to change the initial yield stress. The viscosities 
at 4 X 10° sec.—' rate of shear after 1000 sec. were equal to that of 
the control within the limits of accuracy of the measurement. 
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The effect of the additives is believed to result from adsorption on 
the soap fibers or penetration in the polar regions, with consequent 
weakening of the fibers. Either of these actions would be expected to 
weaken the interparticle attraction. All the compounds chosen have a 
polar group capable of hydrogen bonding at the lithium carboxyl 
oxygen regions of the lithium stearate crystallites. 


CONCLUSIONS 


When the dispersion has structural complexities which are changed 
with shear strain according to the magnitude of the strain and the 
rate of strain, and according to the time the rate of strain is main- 
tained, capillary and cone-plate rheological measurements each give 
unique information. The choice of the instrument depends on the 
rheological properties of interest. For the lithium stearate-hydro- 
carbon oil dispersions investigated, capillary measurements showed 
that a considerable fraction of the energy required to initiate flow 
is irreversibly stored at constant temperature in amounts inde- 
pendent of the conditions of fiber formation used. When it was 
desired to isolate properties such as initial yield stress and limits 
of stress decay at fixed shear rates for correlation with method 
of fiber formation, the information was readily obtained with the 
cone-plate viscometer. Assuming, from the results of electron dif- 
fraction studies on other lithium stearate greases, that the primary 
effects of flow are orientation and rupture of soap fibers, it may be 
concluded that inherently stronger fibers are produced when crystal- 
lization takes place without stirring. From the cone-plate measure- 
ments, it was possible to show that the addition of materials capable 
of hydrogen bonding with the soap fibers could greatly reduce the 
initial yield stress without substantial effect on the viscosity at high 
rates of shear. 

For the grease prepared without stirring, separation was large be- 
tween the flow curve at shear rate versus limiting shear stress obtained 
with the cone and plate viscometer and the curve of real wall rate of 
shear versus the corrected shear stress obtained from capillary meas- 
urements. Stresses required to maintain the same shear rate were 
always lower in the cone-plate studies than in the capillary experi- 
ments. The cone-plate shearing conditions have a much more drastic 
working action on the uniformly sheared sample in the repeated path 
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between the cone and the plate than is applied by the passage through 
the capillary. When the initial fiber lengths are already compara- 
tively short, as in the system II grease prepared by fiber formation 
with stirring, less reduction in viscosity because of fiber rupture is 
possible. Thus the extent of change of flow properties on shearing 
and the difference between the flow curves from cone-plate and from 
capillary measurements are less for the system II grease than for 
the system I grease. It is concluded that the use of the cone-plate 
type of viscometer with appropriate automation of control and re- 
cording greatly extends the amount of information useful to grease 
manufacturers and users over that obtainable from capillary measure- 
ments. Neither type of apparatus is adapted to measurement of 
elastic moduli and relaxation times for structural changes, which ap- 
pear to be most readily obtained by other methods.* At present, in- 
formation concerning the viscous behavior of greases is much more 
complete than knowledge of the elastic characteristics of the clearly 
viscoelastic grease dispersions. 


This investigation was supported in part by grants from the Esso Education 
Foundation to the Chemistry Department and from the Socony Mobil Oil Com- 
pany, Inc. to the friction and lubrication program, Research Division, Rensselaer 
Polytechnic Institute. 
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Rheological Measurements with the Brabender 


Plastograph 


C. C. MeCABE, E. I. du Pont de Nemours & Company, Inc., 
Elastomer Chemicals Department, Wilmington, Delaware 


The search for new or improved instruments to characterize high 
polymers, especially elastomers, is an ever-continuing one. The im- 
portance of such instruments cannot be overemphasized, and their 
need is clearly evident by examination of any one of the numerous 
fabrication processes for elastomers. From the very time the elasto- 
meric molecule is manufactured to the time that its cure, is completed, 
structural changes are occurring, and consequently its rheological 
properties are affected. The complete history of the polymer is there- 
fore of primary importance and must be held within established limits 
if the end product is to be within manufacturing specifications. 

One of the areas in which flow characterization has achieved marked 
success is that of relating shear stress and shear strain. This is not 
surprising, since a test of this nature attempts to measure flow proper- 
ties which simulate actual processing mechanics. It makes little 
difference what type of instrument is employed, whether it be a ro- 
tating cylinder, a plate and cone viscometer, a vibrating reed, or other 
instruments—each subjects the sample to shear forces under some re- 
stricted conditions. Most of these instruments operate over a range 
of conditions, but all too. often, in an effort to expedite results, 
only a single value of the shear stress-shear rate relation is determined. 
With most elastomers, steady state shear stress conditions may not 
even be attainable during processing operations, and any single value 
of flow characteristics must assume some arbitrary criterion as to when 
the flow properties are changing slowly enough to be considered con- 
stant. The inadequacy of single value determinations is also em- 
phasized by the shear stress-shear rate curves for various polymers 
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Figure 1. 





Figure 2. 


which cross one another, and any single point measurement may 
therefore be misleading. 

It is only necessary to examine processing equipment in a cursory 
sense to realize that the range of operating conditions is large. Con- 
sequently, if results of rheological tests are to be most meaningful, 
measurements over a wide range of shear rates are necessary. 
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It is anticipated that the Brabender Plastograph will provide a new 
testing instrument for rheological properties of high polymers in 
general, and be particularly useful for elastomers. Basically, this is 
another instrument which subjects a polymer sample to shear forces 
and measures the torque as a function of shear rate and temperature. 
The instrument is illustrated in the Figures 1 and 2, with the Figure 1 
illustrating the overall view of the plastograph. It consists of a 
jacketed mixing chamber which is shown in greater detail in Figure 2. 
In back of the chamber is the motor with motor housing which is 
mounted on flexible bearings. By means of a series of levers, the re- 
action of the motor housing to the load required to turn the rotors in 
the mixing chamber actuates both the scale and recorder. In the rear 
is the oil bath which circulates oil continuously through the chamber 
jacket. Figure 2 illustrates the chamber and cam-type rotors which 
operate in opposite directions and are specifically designed for plastics 
and elastomers. The speed ratio of the two rotors is 3:2 over a range 
of speeds which is variable from 20-150 r.p.m. for the fast rotor. 
The chamber has a volume of approximately 50 cc. and is held at 
constant temperature by oil circulation through the chamber jacket. 
The polymer temperature is measured by a thermocouple situated in 
the chamber wall between the two rotors. Results of measurements 
on the plastograph are expressed in meter-kilogram units of torque. 
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Fig. 5. Plastovraph results for Neoprene, Type W. 


Operation is very simple and entails little more than loading the 
chamber with a sample which can be in the form of powder, small 
chips, or continuous ribbons. After loading, which for most elasto- 
mers requires less than 45 sec., no further operations, other than ad- 
justing scale weights, are required. 

A typical chart recording for Neoprene, Type W (a synthetic poly- 
chloroprene elastomer), is shown in Figure 3. The initial rise in 
torque demonstrates the loading of the chamber with the sample, 
followed by the breakdown period, after which the plastograph read- 
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ing tapers to nearly a constant value. The effect of operating the 
plastograph with the same type elastomer at a higher jacket tempera- 
ture is shown in Figure 4. The initial torque level is somewhat lower, 
and after the minimum has been reached the effect is similar to that 
obtained by increasing the shear rate. In either case, the tail end of 
the curve rises as a result of elastomer crosslinking which is initiated 
by heat and oxygen. This phenomena is commonly called scorching 
or premature curing in the elastomer industry. Reproducibility of 
these plastograph curves for elastomers is within +2%. 

The results of Figures 3 and 4 are replotted and shown in ligure 5 for 
comparison. It is primarily these types of characteristic curves for 
Neoprene that are to be discussed. Some results for natural rubber, 
SBR, and buty! elastomers are included in a later section of this article. 
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Fig. 6. Plastograph results for Neoprene, Type W. 


In order to evaluate the plastograph results and to characterize the 
sample by a limited number of parameters, it would be desirable to 
represent the complete plastograph curve by a mathematical expres- 
sion. However, there is no simple mathematical expression which 
completely describes this curve. Therefore, for practical purposes, it 
is easy to measure the following parameters: (/) Rate of breakdown 
(slope of plastograph curve), (2) minimum value, if one occurs, (3) 
value at specific time and temperature, and (4) scorching tendency as 
measured by the slope of the plastograph curve after passing a mini- 
mum, 
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Fig. 7. Plastograph results for Neoprene, Type W. 


Each of these is influenced by several phenomena which may be 
occurring simultaneously, namely; chain scission, shear thinning, 
temperature effect, density change, and crosslinking. However, it is 
the summation of these effects which is measured and likewise en- 
countered in the manufacturing process, and therefore it is not essen- 
tial to isolate the individual parameters at this time. The four char- 
acteristic parameters listed above provide a satisfactory description of 
flow properties for elastomers in general. However, the selection of 
specific parameters will, in some degree, depend upon the nature of 
the elastomer being tested. 

As previously mentioned, the chamber has a volume of approxi- 
mately 50 cc. and all data presented in this report were obtained by 
using constant volume samples. However, it should be noted that 
the plastograph results are directly dependent upon the volume of the 
sample in the chamber. 

The effect of temperature on flow properties as measured by the 
plastograph is shown in Figure 6. Samples of Neoprene were run at 
various temperatures as indicated, where the designated temperatures 
are those of the circulating oil. The stock temperature increases 
above that of the jacket due to the high shearing forces and internal 
friction in the elastomer. As previously mentioned, this temperature 
is measured by a thermocouple situated in the chamber wall between 
the rotors. 

The second variable of the plastograph is shear rate, and curves ob- 
tained at various shear rates are shown in Figure 7. This family of 
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curves is quite similar to that which results from varying the tempera- 
ture. From these two sets of curves it can be noted that an increase 
in temperature produces a shifting of curves in the same direction as a 
decrease in shear rate. 

In order to interpret the data of Figures 6 and 7 with respect to the 
molecular theories of flow, it is convenient to replot the data on the 
usual log shear-siress versus log shear-rate graph as illustrated in 
Figure 8. In this figure and subsequent ones, values of shear stress 
and shear rate are taken directly from the plastograph in m.-kg. and 
r.p.m. units, respectively, since constants of proportionality for con- 
version to the more commonly employed units are functions of the 
geometry and are not accurately defined for this instrument. Such 
values of shear-stress and shear-rate are in reality averages over the 
various points in the chamber. These data can than be represented 
by straight lines for each of the different temperatures of the elasto- 
mer and give positive agreement with the Ostwald de Waele equation: 


shear rate = C (shear stress)” 


in which C and n are characteristics of the particular elastomer repre- 
sented. Results for natural rubber, SBR, and butyl are expressed in 
the same manner and are shown in Figures 9, 10, and 11, respectively. 
Values of C and n for these elastomers are shown in Table 1. From 
these results, and the curves of previous figures, it can be noted that 
the constants for natural rubber are insensitive to temperature varia- 
tions, in contrast to those for butyl which change quite markedly. 
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TABLE I 














Shear Rate = C (Shear Stress)" 
100°C. 120°C. 
Cc n ¢ n 
Neoprene, Type W 21 7.5 0.95 3.7 
Natural rubber 1.00 6.6 1.00 7.4 
SBR 1502 0.71 3.6 0.46 3.0 
3:7 


Butyl 150 0.50 5.3 0.18 











Many theoretical expressions have been set forth relating viscosity 
(») and absolute temperature (7'), with one of the most common ones, 
although somewhat simplified, being: 

n = (constant) exp {E/RT} 
where £ is defined by 


E = Rd \|n n/d(1/T) 


and is the activation energy for the primary process of flow; namely, 
that energy for the jump of a small molecule or a segment of elastomer 
molecule from one equilibrium position to the next. It has been noted 
that this relationship, in many cases applies only over a narrow 
temperature range. This is necessarily a limiting condition for most 
elastomers because of molecular instability. 
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Fig. 12. Temperature coefficient of flow rate for Neoprene Type W. 
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In the case of elastomers which exhibit shear sensitive flow, the vis- 
cosity depends upon the value of the shear stress. It is convenient 
to compare the above formula with data by considering the tempera- 
ture dependence of the rate of flow at a constant value of shear stress. 
In Figure 12 the log shear rate is plotted against the reciprocal of abso- 
lute temperature for two values of shear stress. These points lie on 
straight lines which are nearly parallel and from the slopes value of E 
are determined. These values are 9.9 and 10.5 cal./mole. These 
values compare favorably with reported values by Treloar' for natural 
rubber (8.1 to 10.2 keal./mole). Consequently, general agreement 
exists with the Eyring concept? that the unit involved in flow processes 
is a relatively short segment of the molecular chain. 
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Fig. 13. Comparison of Plastograph and Mooney viscometer for Neoprene, Types 
W and G. 


In addition to characterizing the flow properties previously men- 
tioned, it is important that any new or improved instrument be cor- 
related with those instruments currently being employed, whenever 
feasible. In the elastomer industry one of the most frequently used 
and universally accepted instruments is the Mooney viscometer.’ 
This instrument subjects the sample to a continuous shearing defor- 
mation by turning a rotor which is imbedded in the sample. Both 
constant speed and constant temperature are maintained. The re- 
sulting Mooney viscosity is a number proportional to the torque re- 
quired to turn the rotor. This viscometer is a low shear rate instru- 
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Fig. 14. Plastograph results for compounding Neoprene, Type W. 


ment, and consequently the correlation with the plastograph was 
made at a relatively low shear rate (31.5 r.p.m.) and the plastograph 
reading taken at 5.0 min. These data points are shown in Figure 13 
with a line of slope 35.0 X 10-* + 1.5 for Neoprene, Types W and 
CN, which when extended will pass through the origin within experi- 
mental error. Since different elastomers have different shear rate 
versus shear stress characteristics, a conversion constant must be ob- 
tained for each type elastomer or a correction factor determined to 
take into account the different shapes of the characteristic curves. 

The normal procedure for fabricating elastomers is to incorporate 
fillers, such as clay and carbon black, and other compounding ingredi- 
ents by very thorough mechanical mixing with the raw elastomer. 
The rheological properties are drastically affected by both amount 
and kind of compounding ingredients used in the operation. With 
the plastograph it is easy to follow the changes in flow properties as 
they occur throughout the addition period and mixing. A typical 
example is shown in Figure 14 with the recipe and addition times in- 
dicated thereon. Two curves are shown following the major addition 
of clay and oil, with the lower being corrected to constant volume in 
contrast to the actual observations (top curve). 
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Synopsis 


The Brabender Plastograph provides a simple, rapid, precise characterization 
test for rheological properties of elastomers. These are determined at shear rates 
which nearly approximate those of industrial applications. The dependence of 
flow characteristics upon both shear rate and temperature is illustrated and gives 
good agreement with the Ostwald de Waele relation. Values for the activation 
energy of flow were computed for neoprene from the flow rate temperature 
coefficient at constant stress and averaged 10.2 kceal./mole. 
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The Dynamic Compressibility of a Rubber-Sulfur 
Vulecanizate and Its Relation to Free Volume 


J. E. MeKINNEY, H. V. BELCHER, and R. 8S. MARVIN, 
National Bureau of Standards, Washington, D. C. 


1. Introduction 


The purpose of this work was to investigate the effect of pressure, 
temperature, and time-scale on the compressibility of a typical rubber- 
like polymer in the vicinity of the glass transition temperature. It 
was thought that such investigations should yield information about 
the nature of the free volume which has been used in the derivation of 
temperature-frequency reductions, notably the Williams-Landel- 
Ferry expression. ' 

The transition between the glassy and rubbery states of a polymeric 
material is frequently explained in terms of a free volume which in 
essence represents the space available for the motion of chain elements. 
Such motions must take place freely in order to permit a chain to as- 
sume the many configurations of equal energy which account for the 
high compressibility typical of the rubbery state. If the chains are 
prevented from moving freely between these several configurations, 
the material shows the much smaller compliance characteristic of a 
glass or a rigid plastic. The assumption of Williams, Landel, and 
Ferry, following in general the concepts of Doolittle,? was that there 
exists a critical value of the (fractional) free volume which is just 
large enough to permit the required chain motions, and which there- 
fore determines the glass transition temperature as defined by the 
volume-temperature curve. This critical free volume, and the change 
of free volume with temperature, appears to be nearly constant for a 
wide variety of glass-forming liquids. 

Free volume should probably not be taken literally as correspond- 
ing to any physical volume, or volume fraction,’ but it has been a use- 
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ful concept. Its simplest definition would involve the difference be- 
tween the actual volume, above the glass transition, and the volume 
extrapolated from the volume-temperature curve in the glassy region. 
While the value thus obtained does not match those predicted by the 
“universal” WLF equation, the temperature coefficient in this equa- 
tion is very close to the difference in the temperature coefficients in 
the rubbery and glassy regions for many polymers. By analogy, one 
would expect the pressure coefficient of the free volume to be related 
to the difference in compressibilities above and below the glass transi- 
tion. The measurements reported here gave us an opportunity to 
check whether such a relation would yield shifting factors giving super- 
position of measurements made at different temperatures, pressures, 
and time-scales, that is, reduced frequencies of the WLF type which 
include the effect of both temperature and pressure. 

When the mechanical properties, either shear or dilatational, of a 
viscoelastic material are measured by a dynamic technique, that is, 
one in which a sinusoidal force is applied, the response will show a dis- 
persion region over a certain frequency range. At frequencies below 
this range the response will correspond to that observed during static 
measurements and thus, if the measurements are made above the 
glass transition, will correspond to motions of the whole polymer chain. 
At frequencies above this dispersion region the response will represent 
motions of only short segments of the chains, and will appear quite 
similar to the response found from static experiments below the glass 
transition. It is quite probable, as found by Litovitz and Lyon‘ for 
glycerol, that the slope of compressibility versus temperature would 
differ above and below the glass transition temperature even if the 
frequency were so high that all measurements represented were above 
the dispersion region. The measurements reported here did not ex- 
tend to low enough temperatures to establish the slopes below the 
glass transition temperature. 

As the response goes through this dispersion region, the loss compli- 
ancef will exhibit a maximum and the storage compliance an inflec- 
tion. If measured at constant frequency and pressure against tem- 
perature, this maximum is often referred to as a psuedo-glass transi- 
tion. It will be clearer for the purposes of this discussion, however, to 

t Compliance here is equivalent to compressibility in the usual acoustic usage 


This follows the recommendations of the Committee on Nomenclature of the 
Society of Rheology.* 
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restrict the term glass transition to the value indicated by volume- 
temperature measurements, with a sufficiently long time allowed be- 
tween measurements so that an equilibrium state is maintained inso- 
far as this can be done. 


2. Experimental Method 


The dynamic compressibility measurements were made with an 
apparatus described previously.” It consists of a cylindrical cavity 
whose dimensions (1.6 cm. in length and 1.6 cm. in diameter) are small 
compared to a wavelength of sound in the transmitting medium at all 
frequencies used. Two identical PZTT ceramic transducers, which 
when subjected to an electric field undergo a change in volume, are 
mounted in the cavity on compliant copper springs. It is assembled 
with the sample and a pressure transmitting fluid [di(2-ethyl hexyl)- 
sebacate | filling the cavity, and a driving voltage applied to one trans- 
ducer. The voltage appearing across the second transducer will de- 
pend on the sum of the acoustic compliances of the materials in the 
cavity. The dynamic pressure generated is of the order of 10~* bar 
(1 bar = 10° dyne/cm.? = 1 atm.); static pressure of any desired 
magnitude can be superposed by means of a hand pump used to force 
the oil (transmitting fluid) into the cavity. We have limited the 
static pressures to 1000 bars, at which level the various seals in the 
apparatus hold satisfactorily for several months. 

To assure removal of the last traces of air and obtain reproducible 
values, the following procedure was used on all runs. The oil was 
evacuated with a mechanical pump for about 20 min., the sample in- 
serted in the cavity, the cavity closed, and the pressure and electrical 
leads connected. Oil was pumped into the cavity, forcing the air out, 
through the “pressure lead’’ and “bleeding lead’’ shown in Figure 1. 
After no further air bubbles were apparent in the oil emerging from 
the bleeding lead, the valve was closed and the pressure built up to 
100 bars. The cavity was then immersed in a constant temperature 
bath, controlled to +0.02°C., from which the electrical leads emerge 
through brass tubes extending above the liquid surface, and sufficient 
time allowed for attainment of temperature equilibrium. After this 
the pressure was adjusted to the desired value and the measurements 
commenced. 


t A solid solution of lead titanate and zirconium titanate supplied by Clevite 
Research Laboratory, Cleveland, Ohio. 
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Fig. 1. Schematic drawing of cavity. 





The measuring circuit is an a.c. potentiometer described in refer- 
ence 6. The relation between the input voltage 2,, output voltage 
k,, and sample volume JV, is: 


E,/E, = C* + A(B,* — BV, (1) 


where C* and A are apparatus constants, B,* is the complex compres- 
sibility of the sample, and B, the compressibility of the transmitting 
fluid. Both A and B, are real, as confirmed by the constancy of the 
imaginary parts of the voltage ratio when copper, iron, or potassium 
iodide were used as samples for calibrating the apparatus. C* is a 
complex quantity depending on the oil, the crystals, and the acoustic 
compliances of the apparatus seals, but independent of the sample. 
It therefore vanishes when the slope of E/E, vs. V, is taken at con- 
stant temperature, pressure, and frequency. 

B, was determined from static compressibility mesurements car- 
ried out in a glass dilatometer with mercury as the confining fluid. 
This was placed in a pressure cell with windows to permit observation 
of the dilatometer, and the cell in turn immersed in a thermostat. 
Isothermal compressibilities from —25 to + 100°C. and from 1 to 1000 
bars were obtained with this apparatus. These were converted to 
the desired adiabatic compressibilities using the thermal expansion 
coefficient obtained from the above measurements and values of the 
specific heat at 1 atm. from —43 to +92°C. measured by Mrs. 
Jeanette H. Piccirelli of the NBS Low Temperature Calorimetry 
Laboratory. Since this calculated difference between the adiabatic 
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and isothermal compressibilities amounted to only about 15%, our 
neglect of any change in specific heat with pressure could introduce 
only a small error. 

Earlier calibration measurements using copper, iron, and potassium 
iodide, using compressibilities from Bridgeman,* permitted check 
calculations of B,. These agreed with the values calculated above as 
closely as could be expected in view of the small differences between 
the compressibilities of these calibrating materials. 

The value of A, though real, depends slightly on temperature and 
pressure, and C* depends on frequency, temperature, and pressure. 
Therefore, three measurements were required at each value of fre- 
quency, temperature, and pressure: one with no sample, one with a 
copper sample, and one with the rubber sample whose compres- 
sibility was sought. From the three complex voltage ratios obtained, 
plus B, at the temperature and pressure of measurement and the 
known value of B, for copper, the real and imaginary parts of the 
compliance of the rubber were calculated. 

The use of only two points to determine each slope (coefficient of 
V,) has been found previously to yield values of the storage compliance 
which, while not quite as precise as those obtained from the three to 
five sample volumes used in previous work, are reproducible to within 
2%. The values of the loss compliance obtained are not this precise. 
The loss peaks are defined fairly well, but the values away from these 
peaks show considerable scatter. It is always difficult to measure 
precise values of the loss compliance when it becomes very small com- 
pared to the storage compliance. It was particularly difficult to 
define this function at temperatures below the peak, since our measure- 
ments could not be extended to temperatures much below the glass 
transition. 


3. Rubber Samples 


The samples were prepared by Mr. George Bullman of the NBS 
Rubber Section. 41 g. of sulfur were milled into 300 g. of highly 
purified pale crepe natural rubber. The mixture was vulcanized for 
20 hr. at 150°C. in the form of sheets, 6 X 6 X '/sin. Analysis of 
the vulcanized samples showed 12.1% combined and 0.01% free 
sulfur. 

One-half inch diameter disks were stamped out of the vulcanized 
sheets, weighed at 25°C., and their volume V,(7,P) calculated from 











352 McKINNEY, BELCHER, AND MARVIN 


an equation of state given by Scott.’ This equation gave values at 
1 atm. which differed by only 0.2% from those measured on the same 
material used here by Martin and Mandelkern.”® 

Significant swelling of the samples was observed if they were left 
in the oil for periods as long as 1 week, and the measured compres- 
sibility changed by as much as 5%. To avoid this swelling, a new 
sample was used for each day’s determinations. Duplicate measure- 
ments at the beginning and end of the day agreed. All samples were 
cut from the same sheet. A few duplicate determinations made on 
separate samples indicated that the compliance varied by no more 
than 2% throughout the sheet. 


4. Results 


Figure 2 shows the storage compliance at 1 atm. as a function of 
temperature, measured at several frequencies in the range of 50 to 
1000 cycles/sec. No dependence on temperature or pressure history 
was observed; in this work all runs were carried out along an isobar, 
starting with the lowest temperature of the run. It will be observed 
that the effect of changing the frequency is to shift the dispersion region 
along the temperature axis in a fashion which suggests that a reduced 
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Fig. 2. Storage compliance at 1 atm. 
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frequency treatment should be applicable. The formulation of such a 
treatment will be given in the next section. 

A characteristic type of electronic noise proportional to reciprocal 
frequency increases the scatter of the measurements at low frequency. 
l‘or this set of measurements, where the values of the loss compliance 
were nearly zero over a large part of the temperature range covered, 


a 





4} 
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Fig. 3. Storage and loss compliances at 1000 cycles/sec. 


this scatter prevented us from defining the loss curve at any single 
frequency, although on a reduced plot a reasonable curve is defined by 
all the 1 atm. measurements. 

Figure 3 shows measurements at 1000 cycles/sec. as a function of 
temperature for several pressures. Here the loss compliances are 
clearly defined, at least in the region of the maxima. Some of the 
scatter at the lowest temperatures is apparently associated with a 
stiffening of the transmitting medium. Here again it appears that 
the curves have similar enough shapes to permit superposition. 
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5. Reduced Variables 


It is well established, both from a consideration of the molecular 
mechanisms which are used to account for the dependence of rubber- 
like behavior on frequency and by explicit experimental verification 
for several systems, that a change of temperature shifts the frequency 
dispersion region of both the bulk and shear moduli in the same 
fashion. It is, therefore, logical to use the William-Landel-Ferry' 
formulation, which has proved so successful in reducing shear data, 
as the basis for deriving reduced variables here. Moreover, Figure 
3 indicates that the effect of pressure can be included in an expanded 
reduction formula, as shown earlier by the work of Singh and Nolle"! 
on polyisobutylene. 

Both temperature and pressure change the high- and low-frequency 
compressibilities (beyond the dispersion region), and this effect must 
be taken into account in the reduction formula. The complex com- 
pliance can be written: 


B*(T,P,o) = B.(T,P) + AB(T,P) B*(a,) (2) 


where B. (7,P) is the compressibility beyond the high-frequency 
end of the dispersion region, AB(T,P) = B,(7,P) — B.(T,P), 
B,(T,P) is the compressibility beyond the low-frequency end of the 
dispersion region, and @®*(w,) is a normalized dispersion function 
equal to 1 at w =Oand to0atw, = ©. w, isareduced frequency, a 
function of the actual frequency, temperature, and pressure, which 
we assume is proportional to the actual frequency times the steady- 
state shear viscosity. 
To derive a reduced frequency expression we take: 


w, = wn(T',P)/0(T 0,0) 


where » is the shear viscosity at the temperature and pressure of 
measurement and m that at the temperature to which reduction is 
desired and 1 atm. pressure. Gage pressures are used, so that P = 


corresponds to 1 atm. The viscosity is supposed to depend on a free 
volume, 


o(T,P) = ¢(T,,0) + a(T — T,) — BP 
according to: 


n = Ce" 
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T, refers to the ordinary glass transition temperature at 1 atm., and 
g, the free volume at 7 = T, and P = 0. 

From these definitions we can obtain the expression for the com- 
pressibility reduced to 7’ = 7) and P = 0 in terms of the actual tem- 
perature, pressure, and frequency, 7’, P, and w. 


AB(T»,0 
B*(w,) = Ba(T0,0) + aps (B*(T,P,0) — B.(T,P)] (3) 
where 
l 8 
(7 -~=pP- rs) 
2.303¢, [ +—(h= 1) | - 
g = 


logio ao, = logio eo= 


2 [1 == r) | + (7 _ 8 p ~ 1.) 
a Po a 


This reduces to the usual form of the WLF equation if 7» is taken as 
T, and P set equal to zero. 
An equivalent representation in terms of a reduced temperature can 
be derived, reduced to w = w and P = 0: 
AB(T,,0) 


*(T.) = B.(T;, wt Na *(T,Pw) — B.(T,P 5 
B*(T,) = Ba(T,0) + poppy (BTP yw) — Ba(T.P)] 6) 


where 


= (* +7 —F pe r,) log — 
a 


T, = 7T-"p+—* - — = (6) 
Qa a Yo Wo 
~ T-—-P-T,)}\ 
2.3039, ¢ (° + a , al” 
The “universal” constants, 1/(2.303 ¢,) = 17.44 and ¢,/a = 


51.6 (from ref. 12) yielded a satisfactory reduced plot of both B’ 
and B” at one atmosphere. 


6. Evaluation of d7/dP for Constant Jump Rate 


Before the temperature-pressure equivalence factor, 8/a, (or the 
value of dT/dP for a constant jump rate), can be determined, 
AB(T,P) must be known. Bo(7,P) is well defined in these data, but 
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B., can only be approximated because the measurements could not 
be carried out much below the glass transition. 

An expression for By)(7',?) was derived as follows. The compres- 
sibilities were plotted against 7’ = 7’ — 0.024), a plot selected to line 
up the peaks of the loss curves. Asymptotic lines for the high- 
temperature portions of the storage compliances at each pressure 
were then drawn in, and the intercepts of these lines at 7” = 0 and 50 
fitted to expressions linear in P. This gave the following expression 


for By: 


B(T,P) X 10° = 3.21 + 1.58 K 10-? T — 1.22 
xX 10-*P — 5.80 XK 10-*PT + 1.42 KX 10-7P? (7) 


By is in bars~', 7 in °C., and P in bars. ‘The P? term arises in con- 
verting from 7’ to T; that in PT represents the fact that the slopes 
of the limiting lines depend on P. 

Relative values of AB could be obtained from the loss curves if we 
could define equivalent values of w, on each curve. Equivalent 
reduced frequencies, however, will be displaced slightly from the 
peaks of the loss curves when plotted against temperature, and our 
frequency range is insufficient to go through the peaks with an actual 
frequency plot. Thus an approximate value of B.. and its tempera- 
ture coefficient is required, to be used only in establishing tempera- 
tures corresponding to equal values of w, at each pressure. 

The 490 bar curve for B’ seems to define the best value of B., 
and moreover 490 bars is the median pressure employed. Therefore 
a trial function for B.. (7,490) was fitted to this curve, and from 
it and eq. (7) we obtained: 

AB(T 490) XK 10° = 0.65 + 5.6 K 10-°T 

From eq. (2) we derive the following condition for the peak in the 
B” vs. temperature curves: 

OlnB” dln AB(T,P) 0 ln B" (w,) 0 
or oT — = 


Therefore, equal values of w,(7',P) at constant actual frequency are 
found at temperatures for which: 

1 OB" 1 OAB 

B’ dT = AB- OT 
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The expression for AB(7',490) above was used for obtaining values of 
(1/4B)(OAB/OT) at all pressures, and the values shown in Table I 
calculated. It can be seen that the shift from the peaks of the B” 
vs. 7 curves are so small that the error involved in using AB(7',490) 
for all pressures is negligible. 


TABLE I 





1 dB” 1 dAaB 
B’ oT AB OT 











oB" - ——_——_— 
or ~” (B" = AB 
= (7,7 

B" x @'mx) X AB(T.P)X B. X 
P 7 105 T 10° 105" 10%» 
0 4 2.13 2.8 2.12 1.02 2.23 
98.1 6 2.02 4.0 2.00 0.96 2.19 
245.3 11 1.75 10.0 1.7 0.83 2.23 
490.5 15 1.49 13.6 1.48 0.71 2.11 
735.8 20 1.25 18.4 1.24 0.59 2.00 
981.0 29 1.08 27.6 1.07 0.51 1.91 





* Using 4B(13.6,490) = AB(15,490) = 0.71 x 10>. 
» Using tabulated 4B(7,P) and By from eq. (7). 


The last two columns of Table I were obtained by assuming the 
trial value of 4B(13.6,490) found above. The values of B, in the 
last column were then plotted at the appropriate temperature and 
pressure on the graph of B’ vs. 7’, and straight lines passing through 
each point and agreeing with the measurements at the lowest tempera- 
tures drawn. It was found that a reasonable fit (and lines defined as 
well as the measurements in this region justified) could be obtained 
using temperature coefficients independent of pressure. Intercepts 
of these lines at +30 and —30° were read off, linear functions of 
pressure fit to each set of intercepts, and the final expression for B. 
obtained as: 


B. X 10 = 2.25 + 0.85 x 10-°T — 0.57 X 10-*P_—s (8) 
From eqs. (7) and (8), the following expression for AB was obtained: 
AB X 10° = 0.96 + 0.73 K 10-°*T — 0.65 K 10-° P 

— 5.79 KX 10-*PT + 1.41 K 107P? (9) 
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The slope of a plot of the values of the temperatures corresponding 
to maxima in @"(w,) against the corresponding pressures gave 
B/a = 0.024°C./bar. 


7. Reduced Variable Presentation; Discussion 


Figure 4 shows all measurements presented on a reduced frequency 
plot, calculated from eqs. (3) and (4), the “‘universal’’ WLF constants 
for g, and a, and the expressions for B.., AB, and 8/a derived in the 
previous section. The reduction here is to 0°C. and 1 atm. (P = 0). 








REDUCED COMPRESSIBILITY, 8* 10° (ars) 
Nn 











4 4 2 ° 2 


4 6 - ee « 
REDUCED FREQUENCY, Log f, (eps) 


Fig. 4. Storage and loss compliances versus reduced frequency. 


Most of the storage compliance values are within 2% of the reduced 
curve, and the derivation of the points from the reduced curve seems 
to be random. Thus our reduction represents the data correctly 
so far as our precision permits us to judge. The loss curve is of sig- 
nificance only in the vicinity of the maximum, the large deviations at 
high reduced frequency coming from measurements at low tempera- 
tures where the difficulties due to stiffening of the transmitting fluid 
were encountered. 
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Fig. 5. Storage and loss compliances versus recuced temperature. 


Figure 5 shows the data presented on a reduced temperature plot, 
taking fo = 1000 cycles/sec. (f = w/2x) in eqs. (5) and (6). These 
two plots are, of course, entirely equivalent; the reduced temperature 
plot involves a smaller shifting of the observed data, but the reduced 
frequency presentation leads to simpler interpretation in some re- 
spects. 

The scatter of the points on the reduced plots is somewhat greater 
than that of the original data. This is not surprising in view of the 
approximations made in arriving at the constants used for the re- 
duced variables, although there is not any systematic deviation of 
points at any particular temperature or pressure on the reduced 
frequency plot, or at any particular frequency or pressure on the re- 
duced temperature plot. No great significance should be attached to 
the loss compliance at low temperatures (or high reduced frequencies), 
but it is interesting to note that the values appear to remain finite 
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rather than to approach zero, and indeed suggest a constant loss 
term. This same phenomenon has been observed by Litovitz'* 
in some of his measurements on liquids; no explanation consistent 
with a linear theory appears possible unless the apparent scatter of 
the storage compliance indicates the presence of additional dispersion 
regions. 

The temperature coefficient of the free volume used in our deriva- 
tion was that shown by Ferry and Landel'? and by Williams, Landel, 
and Ferry' to give satisfactory reduced variables for a wide variety 
of glass-forming substances. It corresponds in general to the dif- 
ference between the thermal coefficients of expansion of the rubbery 
and glassy states. The measurements of Martin and Mandelkern” 
show that the difference in these coefficients is approximately the 
same for the compound used here also; they repurt a difference of 
4.4 X 10~‘ to be compared with the WLI “universal’”’ value of 4.8 x 
10-*. We could hardly choose between values this close in reducing 
the data presented here. 

It is more difficult to compare our derived values for 8, the coef- 
ficient of pressure in the free volume expression, with other work be- 
cause of the lack of compressibility measurements covering both the 
glassy and rubbery regions. Our value of 1.15 X 10~° bar—', from 
our value of 0.024°C./bar and the WLI constant of 4.8 xk 10~‘ 
(°C.)~', should, from the viewpoint adopted here, be equal to the 
difference in compressibilities in the rubbery and glassy states. Our 
AB values should approximate this difference, if converted from adia- 
batic to isothermal values. Since we have found only an average 
value for 8, we should compare this with our 4B(15,490) which is 
0.74 X 10-*. Using an expression given by McPherson and Bek- 
kedahl,'* we find C, for rubber-12% sulfur equal to 2.206 joules/(g. 
°C.). This is an average value for the temperature range of +25 to 
+ 175°C. at a pressure of | atm., but appears to be the only one avail- 
able. Using this and the appropriate volumes and temperature co- 
efficients for the rubbery and glassy states from Martin and Mandel- 
kern,"” we find the correction terms (7'Va?/C,) for converting Bo 
and B., to isothermal values are (at 15°C.) 5.22 « 10-* and 4.94 x 
10~7 bar~'. The difference between these two, added to our AB- 
(15,490), gives 1.21 K 10-* bar—'. This appears reasonably close 
to the value of 1.15 X 10-* found from our shifting factors, consider- 
ing the approximate values used in the conversion. 
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The only direct measurements of the isothermal compressibilities 
of this material in our pressure range appear to be those of Scott,* 
and his measurements did not extend below the glass temperature, 
so there is nothing with which we can compare our value of B, or 
of AB. He gives 3.75 K 10~ bar—' for the compressibility at 25°C. 
and | atm., to be compared with our value (converted to an isothermal 
compressibility as above) of 4.14 K 10°. 

It is interesting to note that Singh and Nolle" find a value of dT’ /dP 
for polyisobutylene of 0.025°C./bar, which is so close to our value of 
0.024 as to suggest that this may be a characteristic constant appli- 
cable to many different materials, much like the universal temperature 
coefficient. Since we have this constant tor only two polymers, it is 
decidedly premature to do more than speculate on this point, but 
the possibility is intriguing. 
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Synopsis 


The dynamic bulk compliance of natural rubber-12% sulfur was measured 
for varying static pressure (0 to 10°0 bar), temperature (—30 to +70°C.), and 
fr queney (50 to 1000 cycles/sec ). The data can be represented by reduced 
fr-ueney or temperature plots, assuming viscosity is proportional to exp {1/¢}. 
¢ is a fractional free volume which can be taken as a linear function of tempera- 
tre and pressure, ¢ = yg, + a(7’ — 7,) — BP. The “universal” WLF con- 
stants, g, = 0.025 and a = 4.8 X 10~'(°C.)~', reduce the temperature-frequency 
dat. satisfactorily. A value for 8 of 1.15 X 10~* bar~' was found from the shift 
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of the peaks of the imaginary compressibility vs. temperature at various pres- 
sures; this corresponds to a value of d7'/dp at constant free volume of 0.024 
bar/°C. which is nearly the same as the value of 0.025 found by Singh and Nolle 
for polyisobutylene. § agrees reasonably well with the difference in compressi- 
bilities between the rubbery and glassy states. 


TRANSACTIONS OF THE SOCIETY OF RHEOLOGY _ IV, 363-368 (1960) 


Abstracts of Additional Papers Presented at the 
Society of Rheology Meeting, 
November 4—6, 1959 


Rheology in Search of Structures. Part II 


ANDRIES VOET and WM. N. WHITTEN, JR. 
J. M. Huber Corporation, Borger, Texas 


An investigation was made of the structures in dispersions of 
carbon blacks in white mineral oil. A selection of twelve blacks was 
made, representative of the commercially available types. 

In addition to the conventional rheological approach, measurements 
were made of the electrical conductivities and dielectric constants in 
quiescent dispersions as well as in dispersions deflocculated by shear 
or by chemical means. 

A detailed picture of the structural involvement could be derived 
from conductivity data, such as the minimum in the conductivity- 
shear rate relation, the induction period, and the rate of rebuilding 
of destroyed structures as well as the magnitudes of minimum and 
maximum conductivities. These conclusions are supported by dielec- 
tric data and can be explained from the standpoint of potential energy 
curves representing particle interaction. 

Rheological data, however, do not allow straightforward conclu- 
sions about the structure. Yield values, derived either from a rheo- 
logical diagram, obtained with the aid of a high-shear rotational vis- 
cometer, or by means of a parallel plate viscometer fail to show a cor- 
relation with actual structures. Oil adsorption data, when obtained 
under carefully controlled conditions, show a limited correlation with 
structure. A somewhat better correlation was found to exist for the 
specific plastic viscosity. 


[To be published in Am. Ink Maker] 
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Fluid Mixing in Agitated Vessels 


A. B. METZNER 


University of Delaware, Newark, Delaware 


Fluid motion in an agitated tank has been studied by following the 
motion of tracer particles in both Newtonian and non-Newtonian 
fluid systems. Measured velocity distributions were differentiated to 
obtain local shear rates and local rates of power dissipation. 

The above analysis indicated that the contents of an agitated 
vessel may be considered as consisting of two portions: a small region 
near the impeller which is nearly “‘perfectly-mixed,”’ and a surround- 
ing region in which the rates of turbulent mixing are nearly zero. 
The equation describing mixing rates which was based on this model 
has been experimentally verified in Newtonian fluids. While no ex- 
perimental verification has as yet been obtained in non-Newtonian 
systems, the tracer-particle work indicates that in this case the model 
would be obeyed even more closely than in Newtonian fluids. 


[To be published in A.J.Ch.E. Journal] 


Heat Transfer to Non-Newtonian Fluids under Laminar Flow Con- 
ditions 
A. B. METZNER and D. F. GLUCK* 


University of Delaware, Newark, Delaware 


Rates of heat transfer to non-Newtonian fluid systems passing 
through smooth round tubes under laminar flow conditions have been 
studied, both experimentally and theoretically, for the case in which 
viscous heat generation may be neglected. The data of three in- 
dependent investigators have been correlated with an average devia- 
tion of 16%. The final equation contains the conventional Grashof 
number type of correction to account (empirically) for natural con- 
vection effects and the Sieder-Tate correction for radial variation of 


* Present address: National Aeronautics and Space Administration, Cleve- 
land, Ohio 
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fluid consistency. Interestingly, up to 37% of the total heat was 
transferred by natural convection even in systems which were highly 
non-Newtonian, hence viscous, in nature. 


|To be published in Chem. Eng. Ser.) 


A Re-Interpretation of the Rouse-Bueche Theory of Viscoelastic 
Behavior 


R. S. MARVIN 
National Bureau of Standards, Washington, D. C. 


The Rouse and Bueche theories of the viscoelastic response of a 
rubberlike polymer were derived considering the response of a single 
polymer molecule to force, displacement, or velocity fields resulting 
from macroscopic forces or deformations applied to a bulk sample. 
rom this point of view, Ferry and Bueche have derived expressions 
for the response of a bulk sample containing a distribution of mo- 
lecular weights finding the equilibrium compliance proportional to 
MMoui/M,. 

An alternative point of view for the derivation is presented here, 
in which the form of the function can be shown to be equivalent to 
the empirical Voigt or Maxwell representations. From this point of 
view the expressions of the theories (or the equivalent model) corre- 
spond to the response of the bulk sample rather than that of a single 
chain. 

The constants are calculated from the equilibrium kinetic theory, 
the resistance per unit length of the particular polymer, the critical 
molecular weight where the dependence of viscosity on molecular 
weight undergoes an abrupt change in form, and the molecular weight 
of the sample. They are calculated entirely from measurements of 
molecular weights and steady-flow viscosities, and represent very well 
the response over the whole time scale of interest. Also the effect of 
entanglements is introduced in a more direct fashion than in previous 
work. 

Results for steady-state dynamic response are presented and the 
problem of the calculation of transient response (creep and stress re- 
laxation) discussed. 
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The Behavior of Particles in Laminar Shear 


S. G. MASON 
Physical Chemistry Division, Pulp and Paper Research Institule of 
Canada, Montreal and Department of Chemistry, McGill University, 
Montreal, Canada 


Particles suspended in a liquid subjected to a velocity gradient 
undergo rotational and translational movements and, when they are 
deformable, changes in shape. The general behavior of solid spheres, 
fluid drops, rigid and flexible rods and fibers are described with the 
aid of cine photomicrographs. 

The relevance of these phenomena to theories of viscosity of dilute 
suspensions are discussed. 


The Influence of Viscometer Design on Non-Newtonian Measure- 
ments 


R. MecKENNELL 
Ferranti Ltd., Moston, Manchester, England 


Uncertainty arising from viscometric data obtained from non- 
Newtonian fluids is minimized by observing two principal conditions: 
the shear rate should be uniform throughout the measured sample; 
and a consistent experimental procedure, including the amount and 
duration of shear, should be adopted. The effect of shear rate varia- 
tion within the sample fluid is discussed for some viscometers in 
common industrial use. An outline is given of the methods avail- 
able for eliminating variations in shear rate, and hence the tedium 
of applying corrections to flow curves for different types of non- 
Newtonian behavior. A viscometer is described which combines 
uniform shearing conditions with a flexible automatic flow curve re- 
corder giving a wide range of rheological test programs. The re- 
corder enables the duration of shear to be minimized in the higher 
ranges so that shear-induced heating in the thin layer of fluid is 
greatly reduced. Comparative data are presented for several rotation 
viscometers to show this effect. 
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Dynamics of Frictional Compressible Fluids—Application to Plastico- 
Dynamics 


C. TORRE 
Research and Development Laboratory, M. W. Kellogg Co., Jersey City, 
New Jersey 


The dynamics of frictional compressible fluids is formulated mathe- 
matically by eleven equations. There are three equations of motion 
of a continuum: the continuity equation, the “specifying” equation, 
and six stress-rate of strain relations. The eleven unknowns are: six 
stresses, three velocities, pressure, and density. 

The system contains eleven quasi-linear partial differential equa- 
tions. To obtain the real characteristics (hyperbolic case) which are 
different from zero, we have to complete Stokes’ stress-rate of strain 
relations by stress and pressure derivatives with respect to time and 
space (methods of rheology). 

Assuming a density which is a given scalar function of space and 
time or a constant density, we relate our system of equations to the 
plastico-dynamics of a solid body. The governing differential equa- 
tions are of the Hamilton-Jacobi type, while the characteristic direc- 
tions are expressed in Hamilton’s or canonic differential equations. 
Results describing the motion of a plastic mass have been obtained. 


A Thermodynamic Approach to Rheology 


HARRY H. HULL 
Research and Development Department, R. R. Donnelley & Sons Co., 
Chicago, Illinois 


The mechanical work done in deforming a body is either completely 
or partially dissipated into heat. That portion which is not dis- 
sipated into heat is a potential energy. This potential energy is the 
elastic energy of deformation. It is also the Gibbs free energy if the 
deformation is done at constant pressure. This could be called the 
rheological free energy. 

Since this rheological free energy is a function of rate of shear and 
amount of deformation in shear, these two variables are variables of 
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state with certain limitations as to the proper equilibrium conditions 
and as such are thermodynamically similar to pressure, temperature 
and volume. This permits the statement of various modifications of 
Gibbs phase rule and writing of partial differential equations of the 
usual thermodynamic type but including rate of shear and amount 
of deformation in shear. 

A perfect. viscous fluid is defined as one which has no elastic com- 
ponent of deformation no matter what the rate of shear or the amount 
of deformation. This fluid obeys the conventional phase rule F’ = 
C — P’ + 2 and the conventional partial differential thermodynamic 
equations under either static or deforming conditions. 

A perfect viscoelastic fluid is defined as one in which the free energy 
increases with the rate of shear but for which there exists a condition 
at each rate of shear such that the free energy does not vary with the 
amount of deformation in shear. The phase rule for this fluid is 
F’ = C — P’ +3. Partial differential equations involving P, V, T 
and the rate of shear are developed for this fluid. It is shown that the 
rheological free energy must result in a Weissenberg effect and equa- 
tions are developed for the normal forces which are indicated by the 
Weissenberg Rheogoniometer and the Garner Nissan and Wood 
Viscometer. 

Any change in molecular orientation caused by deformation indi- 
cates a change in entropy and this implies a change in free energy. 

The elastic solid and the general case of the viscoelastic body are 
discussed in a way similar to the perfect viscoelastic fluid. 





























